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Let {G;}?°, be a sequence of graphs.
@ What does it mean that {G;}?°, is convergent?
@ What is the limit of the sequence?

o Can we always find a convergent subsequence?
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Let {G;}?°, be a sequence of graphs.
@ What does it mean that {G;}?°, is convergent?
@ What is the limit of the sequence?

o Can we always find a convergent subsequence?

A graph is a pair (V, E) where V is a finite set and E is a family of
two-element subsets of V.
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Graph convergence

@ Benjamini-Schramm convergence
(1. Benjamini, O. Schramm, 2001)
Local-global convergence
(B. Bollobas, O. Riordan, 2011;
H. Hatami, L. Lovasz, B. Szegedy, 2014)
Convergence of subgraph densities
(L. Lovasz, B. Szegedy, 2006;
C. Borgs, J. T. Chayes, L. Lovéasz, V. T. Sés, K. Vesztergombi, 2008)
Action convergence
(A. Backhausz, B. Szegedy, 2018)

@ s-convergence

(D. Kunszenti-Kovécs, L. Lovész, B. Szegedy, 2019)
@ X-convergence

(J. Nesetfil, P. Ossona de Mendez, 2020)
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Graph convergence

@ |Benjamini-Schramm convergence

(1. Benjamini, O. Schramm, 2001)

@ [Local-global convergence

(B. Bollobas, O. Riordan, 2011;

H. Hatami, L. Lovasz, B. Szegedy, 2014)
@ [Convergence of subgraph densities
(L. Lovasz, B. Szegedy, 2006;

C. Borgs, J. T. Chayes, L. Lovéasz, V. T. Sés, K. Vesztergombi, 2008)

@ | Action convergence

(A. Backhausz, B. Szegedy, 2018)

@ |s-convergence

(D. Kunszenti-Kovécs, L. Lovész, B. Szegedy, 2019)
@ | X-convergence

(J. Nesetfil, P. Ossona de Mendez, 2020)

sparse graph sequences dense graph sequences
arbitrary sequences
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s-convergence

The limit objects of s-convergent sequences of graphs:
s-graphons = symmetric Borel probability measures on [0, 1]?

The limit objects do not remember edge densities. Instead, they remember
the structure of the edge sets.
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s-convergence

The limit objects of s-convergent sequences of graphs:
s-graphons = symmetric Borel probability measures on [0, 1]?

The limit objects do not remember edge densities. Instead, they remember
the structure of the edge sets.

@ Let G; be the random graph on i vertices with edge density %
Then, with probability 1, s-lim;_. G = I
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s-convergence

The limit objects of s-convergent sequences of graphs:
s-graphons = symmetric Borel probability measures on [0, 1]?

The limit objects do not remember edge densities. Instead, they remember
the structure of the edge sets.

@ Let G; be the random graph on i vertices with edge density
Then, with probability 1, s-lim;_. G = I

@ Let G; be the random graph on i vertices with edge density
Then, with probability 1, s-lim; .. G; = =

N[ =

W=
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s-convergence

The limit objects of s-convergent sequences of graphs:
s-graphons = symmetric Borel probability measures on [0, 1]?

The limit objects do not remember edge densities. Instead, they remember
the structure of the edge sets.

@ Let G; be the random graph on i vertices with edge density
Then, with probability 1, s-lim;_. G = I

N[ =

W=

@ Let G; be the random graph on i vertices with edge density
Then, with probability 1, s-lim; .. G; = =

o Let G; = C; be the cycle of length i.
Then s-lim;_,00 G; = pio (for some a € R\ Q), where

ta(Z) = %/ (Lz(x,x + a mod 1) + 17(x,x — a mod 1)) dA(x),
x€[0,1]

Z co,1%.

T = = e

.
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s-convergence

Let K(k, n) be the set of all nonnegative k x n matrices with
@ each column sum equal to 1,

@ each row sum equal to 7.
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s-convergence

Let K(k, n) be the set of all nonnegative k x n matrices with
@ each column sum equal to 1,

@ each row sum equal to 7
Let G be a graph (with non empty edge set) on n vertices.
Let A be the adjacency matrix of G.
For every k € N we define the k-shape C(G, k) of G by

C(G, k) = {|AG||1 MAGMT : M € K(k, n)} C R<¥K,
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s-convergence

Let K(k, n) be the set of all nonnegative k x n matrices with
@ each column sum equal to 1,

@ each row sum equal to 7
Let G be a graph (with non empty edge set) on n vertices.
Let A be the adjacency matrix of G.
For every k € N we define the k-shape C(G, k) of G by

T . kxk
C(G, k) = {||AG||1 MAGMT : M € K(k, n)} C R<¥K,

Definition

A graph sequence {G;}%, is s-convergent if, for every k € N, the sequence
{C(G;, k)}22, is convergent in the Vietoris topology of IC(RK*K).
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s-convergence

Recall: K(k,n) is the set of all nonnegative k x n matrices with
@ each column sum equal to 1,
@ each row sum equal to 7.

The k-shape of G (on n vertices) is

_ 1 T . kx k
C(G, k) = {nAGnl MAGMT : M € K(k, n)} C RK*K,

Martin Dolezal (IM CAS) Measures as Graph Limits 6/15



s-convergence

Recall: K(k,n) is the set of all nonnegative k x n matrices with
@ each column sum equal to 1,
@ each row sum equal to 7.

The k-shape of G (on n vertices) is

_ 1 T . kx k
C(G, k) = {nAGnl MAGMT : M € K(k, n)} C RK*K,

Let f1,%,. .., fx be nonnegative continuous functions on [0, 1] with
k _
(] j=1 f_-] = 1,

° f[o 1 f,d\ = % for every j.
We define the k-shape C(u, k) of an s-graphon u by

Clu, k) = {M(f, foy ..., f) : f1, o, ..., Fi} C RFXK

Where M(fla f27 RN fk)(lv./) = f(X,y)G[O,l]Z f;(X)f,-l(y) d/L(X,y)
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s-convergence

Definition

A graph sequence {G;}?°; is s-convergent to an s-graphon p if, for every
k € N, the sequence {C(G;, k)}22, is convergent to C(u, k) in the Vietoris
topology of IC(R¥*K).
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Basic facts

Every sequence of graphs has an s-convergent subsequence.

Theorem (Kunszenti-Kovacs, Lovasz, Szegedy, 2019)

If {G;j}22, is an s-convergent sequence of graphs then there is an
s-graphon p such that {G;}32, s-converges to (.

Theorem (Kunszenti-Kovéacs, Lovasz, Szegedy, 2019)

For every s-graphon i there is a sequence of graphs which s-converges
to L.
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Alternative approach

Let s& be the space of all s-graphons, equipped with the weak topology
(inherited from the space of all Borel probability measures on [0,1]?).
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Alternative approach

Let s& be the space of all s-graphons, equipped with the weak topology
(inherited from the space of all Borel probability measures on [0,1]?).

A non-negative continuous function f: [0,1]? — [0, c0) is called fairly
distributed (wrt A) if for every x,y € [0, 1] it holds

/VE[OJ] f(x,v)dA\(v) = / F(u,y) dA(u) = 1.

uelo,1]

Let FDC denote the set of all fairly distributed functions on [0, 1]2.
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Alternative approach

For every i € s& and every f € FDC we define a function
p(f, 1) € LY([0, 1], A%) by

o(Frp)(u,v) = / Fx, u)f(ya V) dp(xoy), v e [0,1].
(x,y)€[0,1]?

Let ®(f, ) be the absolutely continuous (wrt A?) measure on [0, 1]2 with
the Radon-Nikodym derivative ¢(f, p).
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Alternative approach

For every i € s& and every f € FDC we define a function
p(f, 1) € LY([0, 1], A%) by

o(Frp)(u,v) = / Fx, u)f(ya V) dp(xoy), v e [0,1].
(x,y)€[0,1]?

Let ®(f, ) be the absolutely continuous (wrt A?) measure on [0, 1]2 with
the Radon-Nikodym derivative ¢(f, p).

For every 1 € s& we define the shape C(u) of u by

C(p) ={o(f,u) : f € FDC} C 6.
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Main result

Convergence of k-shapes is equivalent to convergence of shapes.
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Main result

Convergence of k-shapes is equivalent to convergence of shapes.
That is, for s-graphons . and pu;, i € N, the following conditions are
equivalent:
@ Vien: limioo C(ui, k) = C(u, k) in the Vietoris topology of
K(RkX k),
@ lim;_o0 C(pi) = C(p) in the Vietoris topology of K(s®).
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Main result

Convergence of k-shapes is equivalent to convergence of shapes.

That is, for s-graphons p and p;, i € N, the following conditions are
equivalent:
@ Vien: limjsoo C(ui, k) = C(u, k) in the Vietoris topology of
K(Rka),
@ lim; o C(u;i) = C(u) in the Vietoris topology of K(s&).

Similarly, for an s-graphon p and graphs G;, i € N, the following
conditions are equivalent:
@ Vien: limisoo C(Gj, k) = C(u, k) in the Vietoris topology of
/C(Rka),
@ lim;_ o C(G;) = C(u) in the Vietoris topology of K(s®).
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Key steps of the proof

The k-shape C(u, k) of an s-graphon y is a subset of R¥*k.
But each M € C(u, k) can be naturally represented by an s-graphon pp.
So C(u, k) can be represented by a subset C(y, k) of s&.
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Key steps of the proof

The k-shape C(u, k) of an s-graphon p is a subset of R¥*k.
But each M € C(u, k) can be naturally represented by an s-graphon pp.
So C(u, k) can be represented by a subset C(y, k) of s&.

Convergence of shapes =—> convergence of k-shapes:

For every s-graphon 11 and every k € N we have

Cu, k) = C(n) N {/,LM M e Rka}.
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Key steps of the proof

Convergence of k-shapes =—> convergence of shapes:

For every s-graphon 11 we have

C(w) = |J Clu k).

keN

Let p be an arbitrary compatible metric on s&. Then for every € > O there
is K € N such that for every i € s& we have

dfy (C(), T, K)) <,

where df, is the Hausdorff distance on s& obtained from p.
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Final remarks

Two s-graphons w3 and pp are isomorphic if C(u1, k) = C(u2, k) for every
k e N.

Question (Kunszenti-Kovécs, Lovasz, Szegedy, 2019)

Is there a more simple analytic characterization of isomorphism between
s-graphons?

Two s-graphons 11 and pp are isomorphic if and only if C(u1) = C(p2).
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