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WEIGHTED INEQUALITIES INVOLVING ITERATION OF TWO
HARDY INTEGRAL OPERATORS

AMIRAN GOGATISHVILI, TUGCE UNVER

ABSTRACT. Let 0 < p <1 and 0 < ¢q,r < co. We characterize validity of the inequality
for the composition of the Hardy operator,

(/ab (/j </atf(s)pv($)d8>zu(t)dt);w(x)dx>7ll < C/ab f(x)dz,

for all non-negative measurable functions on (a,b), —co < a < b < co. We construct a
more straightforward discretization method than those previously presented in the litera-
ture, and we characterize this inequality in both discrete and continuous forms.

1. INTRODUCTION AND THE MAIN RESULTS

Let —oo < a < b < 0o. Denote by 9™ (a,b) the set of all non-negative measurable
functions on (a,b) and M7 (a,b) is the class of non-decreasing elements of MM ™ (a, b).

In operator theory, weighted inequalities involving operator composition may be found
in a wide range of topics. Let 0 < ¢, < 0o and 1 < p < co. The validity of inequalities

(/000 (/OI (/too h(S)ds> qu(t)dt) ;w(x)da:>i < C(/OOO h(w)pv(x)dx) ;7 (1.1)
(/OOO (/0 (/Oth@)ds)qu(t)dt)Zw(x)dx)i < 0(/000 h(x)pv(x)dx);, (1.2)

for all h € 9T (0,00) are crucial, because many classical inequalities can be reduced
to them. For example, duality techniques reduce the embeddings between Lorentz-type
spaces, Morrey-type spaces and Cesaro-type spaces to the weighted iterated inequalities
(see, e.g. [3,5,7,27]).

Various approaches have been used to handle inequalities (1.1) and (1.2) resulting with
conditions of different nature. Inequality (1.1) is investigated thoroughly. Detailed in-
formation on the development and history of this inequality may be found in the recent

paper [4].
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Our goal in this paper is to characterize (1.2). When ¢ = 1 using Fubini’s Theorem,
inequality (1.2) reduces to the weighted Hardy-type inequality involving kernel, that is,

(/OOO </O <[u(t>dt> h(s)d5>rw(a:)dx)i < C(/Ooo h(x)%(x)dx)‘l’, h € M0, 50)

(1.3)
Inequality (1.3) was completely characterized in [2,19,22,26] when 1 < r,p < co. However,
for a long period there was no adequate characterization in the case when 0 <r <1 <p <
oo. Several attempts have been made to tackle this case (see, e.g. [10,18,23,26]), in some
works necessary and sufficient conditions did not match, while in others characterization
had a discrete form or involved auxiliary functions, hence it was not easily verifiable.
Finally, in [16] the missing integral conditions were provided.
We should also mention that in [9, 10], using reduction techniques, Hardy inequality
involving non-decreasing functions, that is,

(/ (/f ) ()d:x) <C</ F(a)Po( )dx)l, FeM(0,00) (1.4)

is reduced to inequality (1.3). However, as we have already mentioned, at that point of
time the characterizations of the reduced inequalities were not known. Combination of
Theorem 3.13, Theorem 3.18 and Corollary 3.2 from [10] provides a characterization of
(1.4) but the result is non-standard and it is hard to extract the characterization from the
theorems. The earlier works on inequality (1.4) can be found in [11,12,14, 21].

We would like to point out that the characterization of (1.4) may be obtained directly
from inequality (1.2) without any further work (see, the proof of Theorem 1.2). We can
provide the characterization of inequality (1.4) as a direct outcome of our main theorem
(see, Theorem 1.1); nevertheless, we would like to provide it here to integrate all relevant
parameter choices into a single theorem for the reader’s convenience (see, Theorem 1.2).

In the general cases (1.2) is characterized in [6] but the conditions are in a non-standard
form. It was also considered in [24], but the conditions are not applicable because they
involve auxiliary functions. The special case of the dual version of (1.2) which involves it-
eration of the Copson operators ftoo h is treated in [20] when p = 1, using a combination of
reduction techniques and discretization. Recently, in [17], a more complicated discretiza-
tion method is used to establish a characterisation of the same inequality that involves
iteration of the Copson operators and is restricted to non-degenerate weights, and the case
p = 1 is presented without a proof. In our approach the case p > 1 is not separated from
p=1.

As one can see in Theorem 3.1, discretization method transforms the inequality at hand
equivalently to discrete inequalities that involve local characterizations of inequalities hav-
ing low-order iterations. For the very reason our aim in this paper is to revisit inequality
(1.2) on (a,b) where —oco < a < b < 0.

Recently, in [4], with a new and simpler discretization technique requires neither pa-
rameter restrictions nor non-degeneracy conditions, characterization of (1.1) is given. We
adapt this approach to the specific demands of the inequality considered in this paper.
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Let —oo < a < b < 0o and a weight be a non-negative measurable function on (a,b).
The principal goal of this study is to determine the necessary and sufficient conditions on
weights u, v, w on (a,b) for which

r

(/ab(/j(/atfpv)gu(t)dt)qw(x)dx)igc/abf (1.5)

holds for f € M™(a,b), with exponents 0 < ¢,r < co and 0 < p < 1. It is worth noting
that if p > 1, inequality (1.5) only holds for trivial functions.

We should note that for a = 0 and b = oo, first taking v — v™P then replacing f — h%v,
(1.5) provides the characterization of (1.2) with the parameters ¢ = Lr=2p= 117 right
away.

Let us first go through the essential notations and conventions before we present our
main results. The left and right sides of the inequality numbered by () are denoted by
LHS(%) and RHS(x), respectively. We put 0.00 = co/oo = 0/0 = 0. The symbol A < B
means that there exists a constant ¢ > 0 such that A < ¢B where ¢ depends only on the
parameters p,q,r. If both A < B and B < A, then we write A =~ B.

For 0 < p <1, and z,y € [a,b], denote by

Yoyt %, 0<p<l,
Vilw,y) = (eé;(suga v)(s), p=1 (1.6)
se(x,y

Now, we are ready to formulate our main result.

Theorem 1.1. Let 0 < p < 1, 0 < q,r < o0 and let u,v,w be weights on (a,b). Then
inequality (1.5) holds for all f € M*(a,b) if and only if
(i)1<r,1<gand

b to\ & :
(' := esssup (/ w(t)(/ u) dt) Vyo(a, x) < oo. (1.7)
z€(a,b) x T

Moreover, the best constant C' in inequality (1.5) satisfies C' ~ C}.
(i) r < 1 <gq,

1—7r

NG T\ o : "
Cy = (/ (/ w) w(x) ess sup (/ u) Vy(a, t)Hdﬂ?) < 00,
a x te(a,x) t

1—r

o ([ ([ [ e) oo ([ ) )<

(1.8)

and

Moreover, the best constant C' in inequality (1.5) satisfies C' ~ Cy 4 Cs.
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(iii) g <1 <r, Cy < oo and

q

b % x x ﬁ q 1%
Cy = sup (/ w) (/ (/ u) u(t)\/},(a,t)l—th) < o0,
z€(a,b) x a t

where C) is defined in (1.7). Moreover, the best constant C' in inequality (1.5) satisfies
C~C+Cy.
(iv)r<1,qg<1,C3 < oo and

r r(1—q) 1—r

o (L[ o [ ([ ) smra) ) <

where Cj is defined in (1.8). Moreover, the best constant C' in inequality (1.5) satisfies
C~ 03 -+ C5.

Theorem 1.2. Let 0 < p,q < 0o and u,v,w be weights on (a,b). Then inequality

</ </f ) ()d:c> <c< f@)Po(z dx)l, (1.9)

holds for all f € M (a,b) if and only if
() p<g¢ p<land

s ([ ([ o) ([2) <= ow

Moreover, the best constant C' in inequality (1.9) satisfies C' = C;.
(i) g <p <1,

pq q p—aq

e ([ (o) et ([ 7o) ([ o) Tae) T e
and
o= ([ (Lo ([ o) o) wtwreman (7] ([0) Tar) T <o

(1.11)
Moreover, the best constant C' in inequality (1.9) satisfies C' ~ Cy + Cs.
(i) 1 < p < ¢q, C; < 0o and

P

oo (L[ ([ () ") <

where C; is defined in (1.10). Moreover, the best constant C' in inequality (1.9) satisfies
C=~C +0Cy
(iv) ¢ < p, 1 <p, €3 < o0 and

1 a(p—1) P—q

o (L(f) [ ([ o) 7)) <
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where C; is defined in (1.11). Moreover, the best constant C' in inequality (1.9) satisfies
C =~ 63 + 65.

Proofs of Theorem 1.1 and Theorem 1.2 will be given in Section 4.

2. PRELIMINARY RESULTS

In this section, we cover the foundations of discretization as well as several new results
that will be employed often throughout the proof of the main theorem.

Definition 2.1. Let N € ZU{—o00}, M € ZU{+o0}, N < M, and {az}*L y be a sequence
of positive numbers. We say that {a;}2L  is geometrically decreasing if

sup{akﬂ, NSI{:SM} < 1.
Qg

Lemma 2.2. [8] Let a > 0 and n € ZU{—oo}. If {1}, is a geometrically decreasing

sequence, then
k a
sup Tk<2ai) A sup Tray (2.1)

n<k<oo i—n n<k<oo
0o k a 00
~ a
g Tk( E ai) ~ E Trag, (2.2)
k=n 1=n k=n
and

o0 [o¢]
E T SUp a; &~ E TrQ, (2.3)
— n<i<k _

k=n k=n

for all non-negative sequences {ax}2., .

Lemma 2.3. Let a > 0 and n € ZU{—o0}. Assume that {xy}32, is a strictly increasing
sequence. If {m.}%2,, is a geometrically decreasing sequence, then,

T o T o
sup Tk(/ g) ~  sup Tk(/ g> : (2.4)
n<k<oo Tn_1 n<k<oo Tp_1
0 Ty @ 0 T o
LIRS
Tn—1 Tk—1

k=n k=n
and

ZTk esssup ¢(s ZTk esssup ¢g(s), (2.6)

sE€(Tn—1,2k) s€(Tp_1,Tk)

for all non-negative measumble g on (x,_1, oo).

Proof. Assume that {z;}72, is a strictly increasing sequence. For each n € ZU {—o0}, we

can write
Tk k Ty
Tp—1 i=n Y Ti—1
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Then (2.4) and (2.5) are direct consequences of (2.1) and (2.2), respectively.
Similarly, for each n € Z U {—o0}, we have

esssup ¢(s) = sup esssup g(s),

SE(Tn—1,Tk) n<i<k s€(x;—1,%;)
so that applying (2.3), we obtain (2.6). O

Lemma 2.4. Let a > 0 and and n € Z U {—o0}. Assume that {x}}32, is a strictly in-
creasing sequence, {7 }32,, is a geometrically decreasing sequence, and {oy}32.,, is a positive
non-decreasing sequence. Then

Tk (07 Tk o4
sup T sup (/ g) o; X sup Tk</ g) Ok_1- (2.7)
n+1<k<oo n<i<k x; n+1<k<oo Th_1

oo T a 9] T o
Z T) Sup (/ g) o, ~ Z Tk(/ g) Ok_1- (2.8)
k=n n<i<k x; Tp_1

k=n+1

and

hold for all non-negative measurable g on (x,,0).

Proof. Let us start with the equivalency (2.7). Since {7}32,, is a geometrically decreasing
sequence, interchanging supremum and (2.4) give

T « Tk @
LHS(2.7) = sup o; sup Tk(/ g) A sup o0; Ssup Tk</ g) .
n<i<oo i+1<k<oo z; n<i<oo i+1<k<oco Th_1

Interchanging supremum once again and monotonicity of {ox}%2,, yield that

LHS(2.7)~ sup Tk</ g) sup o; = RHS(2.7).
Th—1

n+1<k<oo n<i<k—1

Let us now tackle (2.8). Monotonicity of {o}}72,, gives that

x; a 00 k—1 x; «a
LHS(2.8) Z Tr Sup <ZO’ / " ) = Z Tk(ZJ}/ +1g) )
k=nt1 "Si<k k=n+1 j=n zj

Then, using (2.2), we have the following upper estimate

LHS(2.8) < i Tk( Z o 1/ ) ~ RHS(2.8).

k=n-+1 Jj=n+1

On the other hand, the reverse estimate is clear and the proof is complete. [l

Let w be a non-negative neasurable function on (a,b), denote by

W*(t) :/t w(s)ds, tela,b.
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Definition 2.5. Let w be a non-negative measurable function on (a,b). A strictly in-
creasing sequence {z;}2 v C [a,b] is said to be a discretizing sequence of the function
W+, if it satisfies W*(xy,) ~ 27%, N < k < co. If N > —oco then zy := a, otherwise
T = liMy_,_ oo ), = a.

It is worth noting that if N = —oo, then N + 1 is also —oo0.

Lemma 2.6. Let a > 0 and N € Z U {—oc}. Assume that w is a weight on |a,b] and
{z}32 N is a discretizing sequence of the function W*. Then for any n: N <n,

/ W*(x)*w(x)h(x)dr ~ Z okt p () (2.9)

k=n+1
and
esssup W*(x)*h(z) =~ sup 27 **h(x;) (2.10)
z€(zn,b) n+1<k

hold for all non-negative and non-decreasing h on (a,b).

Proof. Let {zx}22 5 be a discretizing sequence of the function W*. Monotonicity of h and
properties of the discretizing sequence {zx}32 5 yield

0 Tk & Tk
LHS(2.9) = Y / B)W* @) w(@)de S S bl / af W (@)
k=n+1"%k-1 k=n4+1 Th—1
~ Yy 27Men(z,) = RHS(2.9),
k=n+1
and, conversely
00 Tht1 oo Thi1
LHS(2.9)> / ()W (x) w(z)de 2 Y hla) / d[—W*(:U)a“
k=n+1" Tk k=n+1 Lk

~ Y 27Men(z,) = RHS(2.9).
k=n+1
Thus, (2.9) holds.
On the other hand, similarly,

LHS(2.10) = sup  esssup W*(z)%h(z)~ sup 2% esssup h(x) = RHS(2.10)

n+1<k<oo z€(zg_1,Tk) n+1<k<oco z€(xp—1,Tk)

hold. U

3. DISCRETE CHARACTERIZATION

We begin this section by observing that inequality (1.5) is equivalent to two other discrete
inequalities, and we present the characterization in discrete form, which is noteworthy on
its own.

Let us start with the discretization of inequality (1.5).
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Theorem 3.1. Let 0 <p <1, 0 < q,r < 0o and let u,v,w be weights on (a,b). Assume
that {x}32 5 C la,b] is a discretizing sequence of the function W*. Denote by

T t % %
. | (fx:_1 (ka_1 h(S)pU(S)d8> u(t)dt)
Tk-1,Tk) = sup T .
h€m+(xk,1,$k) kaIil h(t>dt

Then there exists a positive constant C' such that inequality (1.5) holds for all f € M (a, b)
if and only if there exist positive constants C' and C" such that

< Z QkCLZB(Ikl,Ik)T>T SC’ Z ag, (31)

k=N-+1 k=N+1

and
k

oo Tha1 00
( 3 2—k( / u) ( 3 agv;,@j_l,xj)p) ) <" (32

k=N+1 Tk j=N+1 k=N+1
hold for every sequence of non-negative numbers {ay}7> ., . Moreover the best constants
C, C" and C", respectively, in (1.5), (3.1) and (3.2) satisfies C ~ C" + C".

S =

Qs
hSA bt

Proof. Let {zx}32 y be the discretizing sequence of the function W*. Applying (2.9) with
a = 0, we have that

LHS(1.5) ~ (ki;:ﬂzk(/ (/t fpv>zu(t)dt>;>i.

Since, {27*} is geometrically decreasing, using (2.5), we obtain that

q

= ([ ([ )] )

k=N+1 -

~(3 ([ () o))
(L))

S~ T—1
- ( > 2—k(/ f%)

k=N+2 a
Then, it is clear that there exists a positive constant C' such that inequality (1.5) holds for
all f € 9MM*(a,b) if and only if there exist positive constants €’ and €” such that

=3

o0 x

( i Qk(/: (/;_ fpv>zq)u(t)dt>;>i <¢ k:ZNH x: f, (3.3)

k=N+1
Th41 5 % OO T
< / u) ) <e > 1, (3.4)

e} 2_k( Tk fp )
( Z /“ ’ k=N+1"YTk=1

k=N+1

and

D=
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hold for all f € 9M*(a,b). Moreover, C' ~ €' + C”.
Next, we will show that (3.3) holds for all f € 9M*(a,b) if and only if (3.1) holds for

every sequence of non-negative numbers {a;}3 n, -
Assume that (3.3) holds. By the definition of B(xy_1, ), there exist non-negative
measurable functions hg, N +1 < k on (a,b) such that

Ty T t % %
supp hi C [Xg_1, T, / hi, =1, (/ (/ hiv) u(t)dt) 2 B(wg_1,Tk)-
Tp_1 Tr—1 Tk—1

Thus, inserting h = >\ | Gphim, Where {an}oe_y,, is any sequence of non-negative
numbers, into (3.3), (3.1) follows. Moreover, C" < ¢’

Conversely, (3.3) follows by, inserting a = ffk’il h in (3.1) and € < C'. Further, we
have ¢’ ~ C".

Lastly, we will show that (3.4) holds for all f € 9™ (a,b) if and only if (3.2) holds for
every sequence of non-negative numbers {a;}3> v ;-

Suppose that (3.4) holds. Furthermore, V,(xx_1,2x), N +1 < k defined in (1.6) can be
expressed as

1
Tk P
< Ll g(t)pv(t)dt)
sup z
9EM* (21 ,21) S 9(t)dt

Then, there exist non-negative measurable functions g, N + 1 < k on (a, b) such that

T Tk %
supp gk, C k-1, T, / g =1, (/ gﬁv) 2 Vo(xp_1, k).
Tp_1

Trk—1

=V, (21, zp).

Thus, inserting g = > .| GmGm, Where {a,}50_y,, is any sequence of non-negative
numbers, into (3.4), (3.2) follows. Moreover, C” < €” holds.
Conversely, taking ap = f;}ilf in (3.2) gives (3.4). Additionally, ¢” < C” holds.

Consequently €” ~ C” follows. O
Now, we are in position to formulate the discrete characterization of inequality (1.5).

Theorem 3.2. Let 0 < p <1, 0 < ¢q,r < oo and let u,v,w be weights on (a,b). Let
{zr}iin i be the discretizing sequence of W*. Then inequality (1.5) holds for all f €
M+ (a,b) if and only if
i)1<r,1<gq
N
A= sup PR ess sup (/ u) Vo(2g-1,1) < 00,
) t

N+1<k<oo te(zr—_1,2k

o ) Tit1 g :
By:= sup (22’(/ u> > Vy(a,xy) < oo. (3.5)
N+1<k<oo i—k T;

Moreover, the best constant C' in inequality (1.5) satisfies C' ~ A; + Bj.

and



10 AMIRAN GOGATISHVILI, TUGQE UNVER

(il)) r <1 < g,
e’} . o5 ﬁ ) 1;'r
Ay = ( Z 271" esssup (/ u) %(mk_]_?t)l—v") < 00
k=N+1 t€(Trp—1,Tk) t
and
- Tt \a [ S Tiv1 O\ g\ o7 S\
k=N+1 Tk i=k T

Moreover, the best constant C' in inequality (1.5) satisfies C' =~ Ay + Bs.
(iii) g <1 <r, By < oo and
q 1-¢g

. Tk Tk T4 q Ta
Az = sup 2% (/ (/ u) u(t)Vp(xk—ht)l‘th) < 00,
N+1§]{?<OO Th—1 t

where B; is defined in (3.5). Moreover, the best constant C' in inequality (1.5) satisfies
C =~ Ag + Bl-
(iv) r<1,q <1, By < oo and
r(l—q) = l=r

o0 . Tk Ty 1;1[1 q q(1—-r) r
Ay = ( Z 2_157“(/3% (/t u) u(t)‘/;,(:pk_l,t)lth) ) < 00,

k=N+1

where B is defined in (3.6). Moreover, the best constant C' in inequality (1.5) satisfies
C~ .A4 + BQ.

Proof. According to Theorem 3.1, the best constant C' in (1.5) satisfies C' ~ C'+C", where
C’ and C" are the best constants in the inequalities (3.1) and (3.2), respectively.

First, combining the embeddings between weighted /¢, sequence spaces (see, [8, Propo-
sition 4.1]) with the best constants in weighted Hardy inequalities (see, [15,25]) we obtain
the characterization of C" =~ A}, i =1,...,4.

Next, we will find C”. Applying [1, Theorem 1, (viii)] if max{r,p} < 1 and [13, Theo-
rem 9.2] if < p = 1, we obtain that C” &~ By. Moreover, using [1, Theorem 1, (v)(b)], we
have C” =~ B; when p < 1 < r. Lastly, if p = 1, applying [1, Theorem 1, (iv)|, we have

> ) Tit1 3 %
C"~ sup (22Z</ u) ) Vo(Tp—1, k).
N+1<k<oo i— x;

k
Finally, interchanging supremum yields that

[e'e) Tyl r 1
O/l ~ V 2—i ‘ T\
A sup »(Tk_1,%)) Sup u
N+1<k<oo k<m<oo S z;

(]
r
q

e ) Tit1
= sup <Z2_Z(/ U) ) sup ‘/p(l’k_l,l’k) = Bl.
N+1<m<oo . N+1<k<m

i=m

RIS
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4. PROOFS

Proof of Theorem 1.1
(i) Let p <1 < min{r,¢}. We have from [Theorem 3.2, (i)] that C' ~ A; + B;. We will
prove that C; =~ A; 4+ B;. First, we will show that A; + B =~ A; + By, where

1

T =
Ay = sup 277 ess sup (/ u) qu(a,t).
t

N+1<k te(a,zy)
It is clear that A; < A;. On the other hand, observe that

1
T 7
Ay = sup 27" sup  esssup (/ u) Vy(a,t)
) t

N+1<k N+1<i<k tE(J}i_hmi
1

u) 7‘/;7(a,t)

_k
/A sup 2°r sup esssup (
N+1<k N+1§i§kte(mi_1,zi)

T
+ sup 277 sup (/ u) Vio(a, x;).
N+2<k N+1<i<k T;

Then, interchanging the supremum in the first term and applying (2.7) with n = N + 2,
for the second term, we have that

1 1
A~ sup 277 esssup (/ u) Vo(a,t) + sup 277 (/ u) Vo(a, xr_1).
N+1Sk te(xk,l,xk) t N+2§k Ti_1
Note that, for any k£ > N + 2, we have

Vo(a,t) = Vy(a,xp-1) + Vp(xp_1,t), forevery te& (xp_1,xk). (4.1)
Then, in view of (4.1),

1 1
Al ~ sup 97 ess sup (/ u) Vp(xp—1,t) + sup 2_}:(/ u) Vio(a, x_1)
N+1§k‘ tE(Ik,hlk) t N+2§k Tr_1
< Ap + By

Then we have that A; + By < A; + By S Ay + By,
It remains to show that A; + By ~ C;. Applying (2.10) with o = %,

b % T %
A; =~ esssup (/ w) ess sup (/ u) Vy(a,t)
z€(a,b) T te(a,x) t

holds, and interchanging supremum gives that

b % T L
Ay = esssup V,(a,t) esssup (/ w) (/ u> '
te(a,b) z€(t,b) T t
b s
Sesssupvp(a,t)(/ w(s)(/ u>
te(a,b) t t

e\é

Q=

Q3

ds)i = . (4.2)
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On the other hand, applying (2.9) with @ = 0, then using (2.5) with n = k + 1, we obtain
for any k£ > N that

/xiw(s)</x:u>gdsz i 2(/u)ds%22(/+u) (4.3)

i=k+1

Therefore, in view of (4.3),

b s g %
B, ~ sup (/ w(s)(/ u) ds> Vy(a, zy)
N+1<k Ty T

b s 2 ,l
< sup esssup (/ w(s)(/ u) ds) Vp(a,t) = Cy. (4.4)
N-l-lgkte(l‘k_l xk) t t

Thus, combining (4.2) with (4.4), we have that A; +B; < C.
Conversely, using (4.1), we have

b s g %
O, ~ sup (/ w(s)(/ u) ds) Vo(@p—1, xk)

1
T E
+ sup 2% esssup)(/ u) Vo(2g—1,1)
t

N+1<k tE(xk,l,xk

T 1
T s 7 -
+ sup esssup </ w(s)(/ u) ds) Vip(@g_1,t)
N+1<k te(xk—1,2) t t
b s g %
+ sup (/ w(s)(/ u) ds) Vo(a, xr—1).
N+2<k Tp_1 Tp_1

Then, using (4.3), we arrive at

1
T E
Cy < sup 277 ess sup (/ u) Vy(a,t)
t

N+1<k te(wp_1,2k)
o0 ) Ti41 2 r
e, (5 (L)) e
N+1<k —k T
< A+ B;. <4'5)

As a result, we arrive at the conclusion that the best constant C'in (1.5) satisfies C' = C}.
(ii) Let r < 1 < q. Then, we have from [Theorem 3.2, (ii)] that the best constant in
(1.5) satisfies C' ~ Ay + By. We will start by showing that Ay + By ~ Ay + Bs, where

> k e\ a-n .
Ay = Z 27T esssup / u Vy(a,t)T=r
t

k=N+1 te(a,zy,)

1—r

)
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and

3

(5 ([ (S (7)) )

1—r ” r
Vio(a, xp) T )
k=N+1 i=k+2

We have A, < A, by the definitions of As and As. On the other hand,

0o T 1—r
T4l @ r r
By ~ By + ( Z 9T (/ u) V;p(a,xk)l—r>
kE=N+1 Tk
o) T r2 1—r
Tk+1 q Thk+42 q(l1—7) - 3
—i—( Z 2_157“(/ u) (/ u) Vp(a,azk)l—r)
k=N+1 Tk Th+1
o) T 1—7r
Lh+2 a(l-r) r T
cone (0 ([) )
E=N+1 Tk
o) s 1—7r
Tk+2 q(l1—r) r r
< By + ( Z 2 T ess sup (/ u) Vp(a,t)l—r>
k—N+1 te(a,xk) t
S By + Ay

holds, hence Ay + By < Ag + Bs.
Next, we will show that Ay < As 4+ Bs. Observe that,

o0 T\ 700 N -
AZZ( Z 9 T sup  esssup (/ u) Vp(a,t)lr)
t

k=N-+1 N+1<i<k te(xi,hxi)

o T\ =9 N -
%( Z 9 T sup  esssup (/ u) Vp(a,t)lr)
) t

et NA1<i<k te (w1 ,1;

1—r

(T aam () )’
+ 1-r  sup U a,x;)i-r .
N+1<i<k z; g

k=N+2
Applying (2.3) for the first term and (2.8) for the second term, we obtain that

1—7r

S T ﬁ , -
AQ%( Z 271 esssup) (/t u) Vp(a,t)lr)

k=N+1 te(xk_l,xk
r 1—7r
< & Tk a(i=7) -\ T
+ E 27T u Vp(a, xp_q) 77 :
k=N-+2 Tk-1

Using (4.1) we arrive at

o Th+1 - r v
Ay S Ag + ( Z 21kr</ u) V},(CL,IQ”) S Ay + Bo.
Ty

k=N+1

(4.6)

(4.7)



14 AMIRAN GOGATISHVILI, TUGCE UNVER

Furthermore, it is clear from the definitions of By and By that By < By. Then, we have
As + By < As + Bs, as well. Consequently, C' =~ A + B, holds.

Next, we will prove that Ay + By &~ Cy + (5. First of all, applying (2.9) with a =
and

1—r

T\ A .
h(x) = esssup (/ u) Vo(a,t)™=, x € (a,b),
t

te(a,x)

it is clear that

1—1r

b b S & q(lT—T) r r
Ay (/ (/ w) w(x) esssup (/ u) ‘/p<a7t)de> = (4.8)
a x te(a,x) t

On the other hand, using (4.3),
l‘k+1 5 , -
( o) Vi)

me (2 (L)

k=N+1

(2 (L] )

k=N+1

Th+1 , =
X esssup (/ ) )H)
te(a,xr+1)
93k+2 q 14
( Z (/ w(s)( u) ds)
k=N+1"Y Tk+1 Thk+2 Thk+2
Th+1 2 ” T
X esssup (/ u) V;J(a,t)lr)
te(a,rpy1) t
Tk+2 s 5 lir
/ (/ w(s)(/ u) ds)
Lh+1 x
z r 1—1r
q r T
X €SS sup (/ u) %(a,t)l—wlx)
te(a,x) t

._
|
5

(%

k=N+1

< Cs. (4.9)
Combination of (4.8) and (4.9) yield that As + By < Cy + Cs.
Conversely,
s L = T z lor
( Z / (/ (/ u) ds) w(z) ess sup (/ u) Vp(a,t)lzrdz>
k=N+1"YTk-1 T te(a,x) t

(3 L (o [ 'e) "o ([ o) stwrar)

k=N+1
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(B o) sz () ena)”

(S (ol [ ) s ([ i)

T q(lriir) z g ) 1;7“
( Z 2k / (/ u> w(z) esssup(/ u) %(a,t)lrdx)
k=N+1 Tk—1 x te(a,x) t
00 b s 3 = rxi . L ) 17"
+ ( Z </ w(s)(/ u) ds) / w(x) esssup </ u> %(a)t)lrd‘r)
k=N-+1 N7 T, Tho te(a,x) ¢

=: (U371 + C32 + C33.

It is easy to see that

Csy < ( Z

k=N+1

(2

~ A27

/ (/ w) x) esssup (/ u) pr(a,t)l—de)
Tk, te(a,x) t
/ w) x)dx esssup (/ u> V;?(a,t)l—r>
te(a,zy) t

and

1—r

C52 < < Z ok / w(x) esssup </ u) Vp(a,t)lrdx> < A,
Th_1 te(a,x) t

k=N+1 -

hold. Furthermore,

s T 1—r

= ’ S \a \T7 o\ L\ T
03,35< Z Q_k(/ w(s)(/ u) ds) esssup(/ u) V},(a,t)l—r)
k=N41 Tk Ty te(a,zy) t
s b S g lir
( Z 2’“(/ w(s)(/ u) ds)
= Tk Tk
Tk g S\ T
X sup  esssup (/ u) %(a’t)lr)
N+1<i<k te(xi—1,%;) t

(L))

Z; )
X sup  esssup (/ u) Vp(a,t)=r
N+1<i<k te(@i—1,2:) \ Jt

Q3
<
3
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1—1r

c( (L o) ) s () i)

k=N-+2
=1+ 1I.

Since, the sequence {ay}32 v 1, With

T

(o [2)4)

is geometrically decreasing, (2.3) yields that

1—7r

o b s % = T , -
I~ ( Z 2_'“(/ w(s)(/ u) ds) ess sup (/ u) V;)(a,t)l—r) )
T Tp te(zg—1,2k) t

k=N-+1
Let yr € [zx—1, k], N < k be such that

Ty 2 . Ty z
ess sup (/ u) Vp(a, t)T=r < (/ u) Vpla, yp) ™. (4.10)
te(xp_1,71) t Yk
Then, we have

(S (o)) ([ seme)

k=N+1
Thus, (4.3) ensures that

Q3

Q

e e Tit1 21; Tk 2 1;T
(3 (L)) (L) )

k=N-+1 i=k Ti Y

ey e Yit2 A Yk+1 q e
(2 (e (7)) () )

k=N+1 i=k Yi Yk

Moreover,

b b b
2_k%/w§/w§/ w2 FYD N 41 <k
Tk Yk Tl—1

As a result, {y,}2y 1 is a discretizing sequence of W*, as well. This fact together with
On the other hand, applying (2.8) with

T T

b s q —r .
T = 2k(/ 'U}(S) (/ 'LI,) dS) , O = ‘/p(a’xk)ﬁ7 o = 27
T T

gives
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Finally, using (4.3) and (4.7), we obtain that
> < Tiv1 O\ ¢\ Tor Tk q N\
Im( 3 2_;@(22_1(/ u) ) (/ u) ‘/;,(a,xk_l)l—r) < Ay + Bs.
i=k T Tr—1

k=N+2
Cy < Ay + Bs. (4.11)

Finally, combination of (4.8) and (4.11) yield, Cy 4+ C3 &~ Ay + Bs. Accordingly, the best
constant C' in (1.5) satisfies C' =~ Cy + Cs.

(iii) Let ¢ < 1 <r. According to [Theorem 3.2, (iii)], the best constant in (1.5) satisfies
C =~ Az + B;. We will begin our proof by showing that A3z + By ~ A3 + By, where

Therefore,

—q

Tk Tk ﬁ q IT
Az = sup 97 (/ </ u) u(t) Vy(a, t)lth> )
N+41<k<oo a ¢

It is clear that Az < Az, the proof of this part is complete if we show that A < Az + By.
Assume that max{As, B;} < co. Then,

q 1—q

Tk Tk 1—q q Tq
(/ </ u) u(t) Vy(a, t)l—th> <oo, k=N+1
Th—1 t

holds. Thus, for each t € [zy_1,zx], K > N + 1, we have

q ]
q

([ s ([ () e

Therefore, we have
T %
t_l}g:_ (/t u) Vy(a,t) = 0. (4.12)

In that case, integration by parts gives

(/ (/t wk “) &U(t) Vola, t)”th)
~(L u)ﬂd[v”(a’t)&olgq e ([ U)ivpm,t)

q

(3 K3 —q q
(2 L) o)
i=N+17Ti-1 \Ji
k—1 N . =

(2 (L) sen=)
+ lim (/t u);Vp(a,t).
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Moreover, Minkowski’s inequality with l—iq > 1 yields that

1—gq

(32 ()7 [ awewra)

q

/:_1 </tgC u>1iffd[%(a’t)ltzq})lq
/:H u) (/j] d[Vy(a, t)qu})lq)é

1
Tp 7
—i—tl_lgr (/t u) Vy(a,t). (4.13)

Now, we are in position to find the upper estimate for A3. Using (4.13), we have that

1—gq

k z; z; ﬁ q Tq
o (5 () o)
N+1<k<oco N1 i t
Lkl Tj1 zj . N
o (5 ([ o))

j=N+1

k kN9
+ sup 27+ lim (/ u> Vy(a,t
N4+1<k<oo t—a+ t p( )

Further, (2.1) yields,

1 1—q

Ay S sup 2—’2(/ (/ u) qd[%(a,ﬂqu])q
N+1<k<oco Th_1 t



WEIGHTED INEQUALITIES INVOLVING ITERATION OF TWO HARDY INTEGRAL OPERATORS19

& Tk+1 % Tk q %
+ sup 2_r</ u) (/ d[l/;,(a,t)lq})
N+1<k<oo ok a

1
k Tk a
+ sup 27 r lim (/ u) V,(a,t
N+1<k<oo t—a+ t p( )
=: Az + Azp + Az

Integrating by parts again, we have that

q 1—q

k[ T\ Te o\
Az S N+?l<1113< 27r / / u u(t)Vy(a,t)=adt .
= o X1 t

Thus, (4.1) gives,

q 1—gq

X Tk Tk 1—q q 7
As1 S oS 27" (/ (/ u) u(t)Vp(p— 1,75)1th>
Sr<o0 Tp_1 t

1
T 7
+ sup 21:(/ u) Vio(a, xr—1)
N+2§]€<OO Tp_1
S P (4.14)
Additionally,

Tk+1 q
A3, < sup z-i“(/ u) V,(a,z1,) < By. (4.15)
Tk

N+1<k<oo

Lastly, we will find a suitable upper estimate for A3 5. To this end, we will treat the cases
N = —o0 and N < oo, separately. Observe that, if N = —oo, since x; — a if i — —o0, we
have for any k,

Tp % Tk %
. _ < ; .
tlir(g (/t u) Vip(a,t) il}linoo ( ) Vy(a, z;) Szlig (/x u) Vo(a,z;). (4.16)

Then, then using (4.16) together with (2.7), we get

Aszs Ssup2” Tsup< ) v(a, ;)

kEZ i<k

A~ sup2 T (/ u) Vo(a, xp—1) S By.
kezZ Th-1
On the other hand, if, N > —o0

1 1
lim (/ u) Vy(a,t) < esssup </ u) Vip(a,t)
toat t te(a,xn41) t
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TN+1 % Tk %
A esssup (/ u) Vo(a,t) + (/ u) Vo(a, zni1).
te(a,xN+1) t TN+1

(4.17)
Additionally, it is easy to see that

1—¢q
q

ess sup (/ja)év;)(xm) < (/: (/tyu) lzqu(t)%(x,t)qudt) . (4.18)

First, using (4.17), we get

TN+1 q
As3 < sup 27" ess sup (/ u) Vy(a,t)
) t

N+1<k<oo te(a,zN+1

Ty =
_k a
+ sup 27 sup (/ u) Vi(a,z;).
N+2<k<oo N+1<i<k \ Ja,

Then, using (4.18) for the first term and applying (2.7) for the second term, we get

q 1—¢q

_k ok O\ T o\
Ass S v 27 / / wl u(t) Vp(a,t)=adt
SR00 Tp_1 t

o/ [T\
+ sup 2_r(/ u) Vip(a, zp_1).
N42<k<oo o

Finally, using (4.1), we arrive at

1
Tk =
A373 5 .A3 + sup 2_2 (/ u) qu(a, xk—l) ,S Ag + 'Bl.
N+2<k<oco Tho1

Consequently, we have for any N € Z U {—o0}, A33 < Az + By. Combining the last
estimate with (4.14) and (4.15), we arrive at A3 < Az + By, hence, C' = A3 + B;.

Let us now continue the proof by showing As + B, ~ C; + (Y.

To this end, taking o = 1/r and

q 1—q

h(z) = (/ (/ju)l_qu(t)\/;,(a,t)qudt)q, z € (a,b)

in (2.10), we have that A; ~ Cy. Moreover, we have already shown in (4.4) and (4.5) that
By < Cy S A+ By. Furthermore, (4.18) yields that A; < As. Consequently, we have
Az + By S Cy+ Cy S Az + By, which is the desired estimate.
(iv) Let max{r,¢q} < 1. Then, using [Theorem 3.2, (iv)], we have that C' = By + A,.
First of all, We will show that By + Ay =~ By + A4, where
r(l-—q) 1-r

A= ( i Z_Iﬂ”(/jk (/jk U)quu(t)%(a,t)qudt) qu”) "

k=N+1

and By is defined in (4.6).
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It is clear that A4 < A4. We have already shown in (4.7) that By < Ay + By. Moreover,
analogously as in the previous proof, using (4.18), one can easily see that Ay < Ay. Thus,
By + Ay S By + Ay follows.

[t remains to prove that By + Ay < By + Ay, Assume that max{A4, Bo} < oco. Then,
using the same steps as in the previous case, we can see that (4.12) holds, therefore (4.13)
is true in this case, as well.

Applying (4.13) combined with (2.5), we obtain that

1—7r

00 1 r(l=q)
Tk Tk 1—q q q(1-7) r
A45( 3 2(/ (/ u) d{%(a,ww]) )
— Tp—1 t

k=N+1
oo & Tl q(lr_r) Tr—1 q ;8:% IZT
(Ul UL o)) ™)
k=N+2 Tk—1 @
00 1 T 1—r
& Tk q 1—r r
+ 2_17[ im </ u) V(a,t)} )

=1 A1+ Ay + Ay,

holds.
As in the proof of the previous case, using integration by parts in combination with
(4.1), we have that

o0 & Tk Tk TgE 2%5%% lfi
As1 S ( Z 2_1—r(/ (/ u) u(t)Vp(a,t)) )
Th—1 t

k=N+1

0 k. Tk q(lr—'r) o 1'r;T
~ Ay + Z 27 1-r / U Vo(a, xp—1) T
Th—1

k=N+2
S As+ Bo. (4.19)

On the other hand, it is clear that

1—r

As2 S ( Z 271 </ u) Vp(a,xkl)lr) < Bs. (4.20)

k=N+2 k-1

Furthermore, if N = —o0, using (4.16), and then applying (2.8), we get

—_T

00 . @y, PTeE=] B} =
Ays S Z 277 sup / u Vo(a, ;)7

e oo —oo<i<k

1—r

00 . T\ @D 2\ T
~ < > 2 (/ u> Vp(aaﬂikl)”) S Bo.
Tk—1

k=—o00
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If N > —o0, (4.17) together with (4.18) yields,

r(l—q) 1—r

o q q(1-r) r
Ags < ( > 2—&( ( ) )V(a,t)lth) )
k=N+1

1—r

<Z21r sup ( )qur) (aa:)r)T.
N+1<i<k

k=N+2

Applying (4.1) to the first term and (2.8) to the second term, we have

1—7r

> k Tk aa—n -\ T
A4,3 5A4+ Z Q_G / u %(a,xk_l)ﬁ §A4+‘BQ
k=N+2 k-1

Thus, for any N € Z U {—oo}, we arrive at Ay 3 < Ay + Bo. This fact, combined with
(4.19) and (4.20) yields Ay < Ay + By. Since By < By, we have Ay + By < Ay + By and
consequently, C' ~ By + Ajy.

Now, we will show that By + Ay =~ C3 + Cs. Applying (2.9) with a = = and

h(z) = (/ (/txu>quu(t)vp(a,t)li’th>m, v € (a,b),

it is clear that A4 ~ C5. We have also shown in (4.9) that By < C3. Hence, it remains to
show that C3 < Ay + By. To this end, we can use (4.18), and obtain Ay < Ay. Moreover,
we know from (4.11) that C5 < Ay + By. Consequently, C5 < Ay + Bs holds and the proof
is complete. O

Proof of Theorem 1.2 We will prove that inequality (1.9) holds for all f € 9" (a,b)
if and only if inequality

(/ab (/j (/ath(T)dT);u(t)dt)qw($)d1‘>5 gC’p/abh(x)</:v)dx (4.21)

holds for all h € M*(a,b).

Assume that (1.9) holds for all f € 9" (a,b). Substituting f(z) = ([ h)", z € (a,b)
for h € M*(a,b) in (1.9) and applying Fubini on the right-hand 51de (4.21) follows.

Conversely, assume that (4.21) holds for all h € 9™ (a,b). Since any f € MM (a,b),
even if f(0) > 0, can be approximated pointwise from below by a function of the form
f(@)P = [T h, x € (a,b), then the validity of (4.21) yields (1.9).

Next, in (4.21), transferring the weight f; v to the left-hand side, we get that (1.9) holds
for all f € M (a,b) if and only

(/ab (/ (/t h<7)</j“)1dT);U(t)dt)qw(m)dm)z <cr /abh(x)dx

holds for all h € 9™ (a,b). Therefore, the result follows from Theorem 1.1.
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