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Abstract

We consider a coupled system of partial and ordinary differential equations describing the interaction between
an isentropic inviscid fluid and a rigid body moving freely inside the fluid. We prove the existence of measure-valued
solutions which is generated by the vanishing viscosity limit of incompressible fluid-rigid body interaction system
under some physically constitutive relations. Moreover, we show that the measure-value solution coincides with
strong solution on the interval of its existence. This relies on the weak-strong uniqueness analysis.
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1 Introduction

We consider the motion of a rigid body inside an isentropic inviscid fluid. The fluid and the body occupy a bounded
domain 2 CE At the time ¢ € RT, we denote by B(t) C Q the bounded domain occupied by the rigid body and by
F(t) = Q\ B(t), the domain filled by the fluid. Assuming that the initial position B(0) of the rigid body is prescribed,
we denote By = B(0) and, similarly, 7o = F(0). The interface between the body and the fluid is denoted by 0B(t) and
the normal vector to the boundary is denoted by n(t,x) pointing outside © and inside B(¢). For T' > 0 we introduce

the following notation for the space-time cylinders

Qr = Ueo,n {th x F(1),

Qo = Uy (o, {t} x 9B(1), (1.1)
@5 = U o,m{th x B(?), '
QT = (07T) x €.



The fluid motion is governed by the following system of equations

our + (urp-V)ur +Vpr =0, divur=0 in Qr,
ur-n=20 on (0,T) x 09, (1.2)
Uur -n=ug-n on Qos, '
ur(0) =ur, in Fo,

where uz denotes the velocity of the fluid, the scalar function pr is the pressure, and ug is the full velocity of the
rigid body. We assume that the external body forces acting on the fluid are zero. The velocity of the rigid body is
given by

up(t,x) = V(t) + w(t) x (x — X(t)) (1.3)
for any (t,x) € Qp, where the translation velocity V and the angular velocity w of the body satisfy the following
system of the equations

m—V(t) :/ prl-ndS in (0,T),
dt oB(%)

d
I(1) - w(t) = J(w(t) x wit) + / (x = X(8)) x prI-ndS i (0,T), (14)
OB(t)
V(O) = V(), W(O) = Wpy.
Here, the mass of the body, the center of mass X and the inertial tensor J are respectively,
m = os(t, x) dx, (1.5)
B(t)
1
X(t)=— os(t, x)x dx, (1.6)
m JB(t)
Jt)a-b= / op(t,x)[ax (x —X(t)] - [b x (x — X(¢))] dx, (1.7)
B(t)

with op denoting the density of the body which is assumed to be smooth but does not have to be constant, i.e.
throughout this paper we assume 05(0,x) € C'(By) and 05(0,%) > ¢y > 0 in By, which then implies o5 € C*(Qp),
0B > co > 0 in Qp. Note that, without loss of generality, we can assume that the center of mass of the body is at the
origin at time zero, namely X (0) = 0. The position of the body B(t) is given by a time-dependent family of isometries
of R? such that

n[t] : R® — R3 B(t) = n[t](By) for 0 <t <T, (1.8)
where the mapping 7[t] satisfies
Nt](x) = X(t) + Ot)x, O(t) € SO(3). (1.9)
The velocity of the body up(t,x) is then naturally related to the isometries 7[t] by
d d -1
- —X - [ = 1.1
V(D) = X0, @) = (500 ©0) (1.10)

for a.e. t € (0,T"), where Q is an antisymmetric matrix such that
Q(t)(x = X(t)) = w(t) x (x = X(t)). (1.11)

Relations (1.10)-(1.11) are consequence of the fact that the body is transported by its velocity, hence the family of
isometries 7[t] satisfies

%n[t] (x) = up(t,9[t](x))  with 9[0](x) = x. (1.12)

Finally, equation (1.12) implies that the indicator function 15(¢,x) of the set B(t) as well as the density of the body
08(t,x) satisfy the following transport (and continuity) equations

Ol +ug - Vig = dlg +div(lgug) =0 on R, (1.13)
Orog +up - Vo = drop + div(opug) =0 on B(t). (1.14)



1.1 Discussion and Main result

In this paper, our first contribution is the proof of the existence theorem for measure-valued solutions to the system
(1.2)-(1.4). In our framework the measure-valued solution consists of the position of the body B, a Young measure Y; x
and a dissipation defect D, which is a bounded function in time. We give the precise definition of a measure-valued
solution in Section 2, see Definition 2.1. By LP, resp. H™ we denote the Lebesgue resp. Sobolev spaces. By X, we
denote a function space X with the additional property of consisting of divergence free functions. For simplicity of
notation we omit writing differentials dx and dt in the integral formulas in the rest of the paper.

Theorem 1.1. Suppose Q and By C Q are two regular bounded domains of R® and let T > 0. Let ur, € L?(Fo),
Vo, wo € R?, such that ur, -n = (Vo + wo x x) -1 on 0By and let Yo x = dvy+woxx for x € By and Yo x = duy, for
x € Fo. Then there exists a measure-valued solution (B,Y: x, D) of the system (1.2)-(1.4) on time interval (0,T) with
initial data (Bo, Yo x)-

Our second main theorem is the weak-strong uniqueness theorem for measure-valued solutions of system (1.2)-
(1.4). Before stating this theorem we first recall the result proved in [24, Theorem 1.3] regarding the existence of
strong solutions to the system of rigid body moving inside an incompressible inviscid fluid. We note that the strong
solution consists of the position of the body B(t) C €, fluid velocity uz(t, x), fluid pressure p£(t, x), translation velocity
of the body V(t) and angular velocity of the body w(t) such that the equations (1.2)-(1.4) are satisfied pointwise.

Theorem 1.2. Let m > 3 be an integer and By CC Q. Let Vo € R3, wg € R® and uz, € H™(Fy,R?) satisfy:

diVll]:O(X) =0, x€ Fy, (115)
ur,(x) n(x)=(Vo+wy xx) -n(x), x€ by, (1.16)
ur, (x) nx) =0, xe€oaN. (1.17)

Then there exists Ty > 0 such that the system (1.2)-(1.4) admits a unique strong solution (B,ur,pr, V,W) on time
interval (0,Ty) with initial data (B, ur,, Vo, Wo)

Ve C'0,Ty), weC'0,Ty),
uz € O([0,To); H™(F (1)) N CH([0, To); H™H(F (1)), (1.18)
pr € C([0,To); N™HH(F (1)),

where for any open set O C R3,
w0)={ge o)1 [t =o}.
o

Our main goal is to show the weak-strong uniqueness property for system (1.2)-(1.4). More precisely, we want to
prove the following result:

Theorem 1.3. Suppose Q and By CC Q are two regular bounded domains of R3. Let Vo € R3, wy € R3 and
ur, € H™(Fo,R3) satisfy the compatibility conditions (1.15)-(1.17).

Let (Ba,usr,par, Vo, Wa) be a strong solution to (1.2)-(1.4) on (0,Tp) given by Theorem 1.2 satisfying (1.18)
emanating from the initial data given by By, ur,, Vo, Wo. Let (B1,Y:x, D) be a measure-valued solution to the system
(1.2)-(1.4) on (0,Ty) emanating from the same initial data, i.e. Ypx = Ovytwoxx Jor X € By and Yy x = Ouy, for
x € Fy.

Then for t € (0,Tp)

Bi(t) = B2(t), D(t) =0, Yix=0u,rq, onFa(t) and Yix = 0v,(t)+ws(t)x (x—Xa(t)) 0N Ba(t).

The existence theory of weak and strong solutions for systems describing the motion of rigid body in a viscous
incompressible fluid was studied by many authors. For introduction to the problem of fluid coupled with rigid body
see [15], [32]. Let us mention that first results on the existence of weak solutions until first collision go back to the
works of Conca, Starovoitov and Tucsnak [4], Desjardins and Esteban [7], Gunzburger, Lee and Seregin [22], Hoffman



and Starovoitov [23]|. Further, the possibility of collision in case of weak solution has been done in the works of [31],
[12]. Let us also mention existence results on strong solutions, see e.g. [34], [35], [16].

The case of the motion of rigid body in an inviscid incompressible fluid is more complex and we can expect that all
problems which appear just in fluid alone must appear also there. Let us mention what is known. The case of a smooth
initial data with finite kinetic energy a problem has been investigated, see [29]. The case of Yudovich-like solutions
(with bounded vorticities) was studied by O. Glass and F. Sueur, see [19]. The study with initial vorticity of the fluid
belonging to a LP vorticity, p > 2 and the index c is used here and in the sequel for “compactly supported” can be found
in work of O. Glass, C. Lacave, F. Sueur, see [20]. These works provided the global existence of solutions. The result
of [29] was extended to the case of a solid of arbitrary form for which rotation has to be taken into account, see [30].
The works [19] and [20] deal with an arbitrary form as well. Furthermore let us stress that in [21] the case of an initial
vorticity in L? with p > 1 was studied in order to achieve the investigation of solutions “a la DiPerna—Majda”, referring
here to the seminal work [10] in the case of a fluid alone. A famous result by Delort [8] about the two-dimensional
incompressible Euler equations is the existence of weak solutions when the initial vorticity is a bounded Radon measure
with distinguished sign and lies in the Sobolev space H~!. In paper by F. Sueur [33] he was interested in the case
where a rigid body immersed in the fluid is moving under the action of the fluid pressure. They proved the existence
of solutions "& la Delort" in a particular case with a mirror symmetry assumption. Let us also mention uniqueness
result of solution "a la Yudovic type" by Glass and Sueur, see [18§].

The aim of our first main theorem is to follow DiPerna, Majda [10] approach to get the existence of measure-valued
solution of the coupled system. In our knowledge, the concept of measure-valued solution in the case of fluid-structure
interaction problem is new in the literature. The idea is to view this "inviscid incompressible + rigid body" problem
as a vanishing viscosity limit of "viscous incompressible + rigid body" problem.

Second part of our paper is devoted to the so-called weak-strong uniqueness but in more general framework of
measure-valued sense. The weak-strong uniqueness is based on the concept of relative entropy (or energy) inequality
introduced already by Dafermos [5]. Our motivation goes back to work of Y. Brenier, C. De Lellis, L. Székelyhidi
[2], S. Demoulini, D. M. A. Stuart, A. E. Tzavaras [6] or Wiedemann [36]. Let us mention the references that deal
with the weak-strong uniqueness result for fluid-structure interaction problem. A weak-strong uniqueness result for a
motion on rigid body in an incompressible fluid has been shown recently in 2D case, see [1, 18], and in 3D case see,
[3], [28]. Similar result was proved for the case of rigid body inside a compressible viscous fluid by Kreml et al. [27].
In a case of rigid body with a cavity filled by incompressible fluid the weak-strong uniqueness was shown in [11]. For
an analogous result for a cavity filled by compressible fluid see [14]. We also refer to [9], [26] for problems on moving
domains. But in these previous mentioned references regarding weak-strong uniqueness for fluid-structure interaction
problem, the authors have always taken the motion of rigid body in a viscous fluid. In this article, we want to explore
the case of "inviscid incompressible + rigid body". Here we have established the uniqueness result by suitably defining
the relative energy functional and by estimating it via the energy inequalities of strong and measure-valued solution.

The outline of the paper is as follows. In Section 2 we define the measure-valued solution of the system (1.2)-
(1.4). In this section, we establish Theorem 1.1 via replacing inviscid fluid by viscous fluid (with suitable boundary
conditions) and by proving the viscosity limit of the sequence of weak solutions to "viscous incompressible + rigid
body" system converges to a measure-valued solution for the system (1.2)-(1.4). Section 3 is devoted to the proof of
Theorem 1.3. In this section, firstly, we have done a change of variable for strong solution so that we can compare it
with the measure-valued solution in the same domain. Secondly, we derived the energy estimate for the transformed
strong solution. Finally, we have established weak-strong uniqueness in Theorem 1.3 with the help of proper estimate
of relative energy functional. In Section 4 we provide more details about derivation of several identities which are
useful throughout the proofs of our main theorems.

2 Existence of measure-valued solutions

We want to derive a suitable formulation for the measure-valued solution of the system (1.2)-(1.4) with the help of
appropriate test functions. Due to the presence of this Navier-slip boundary condition, the test functions will also be
discontinuous across the interface of fluid-solid. Let us first introduce the space of rigid velocity fields:

R = {ps|pp(x) =+ w x x, for some { € R?, w € R*} .



For any T' > 0, we define the test function space Vr as:

@ € C([0,T]; L2(R2)), there exists @7 € D([0,T]; Dy (), 5 € D([0,T]; R)
Vr = ¢ such that ¢(t,-) = @#(t,-) on F(t), e(t,-) =p(t,-) on B(t) with
pr(t,) - n=pp(t, ) -nondB(t), pr -n=0on 0N for all t € [0, T

Now, let us mention some basics on Young measures. Let L, . . (Q7;P(R?)) be the space of essentially bounded

weakly-* measure maps Y : Qr — P(R?), (t,x) — Y;, where the notation P(R?) denotes the space of probability
measures on R3. By virtue of fundamental theorem on Young measures, there exists a subsequence of {u®}.~o and
parameterized family of probability measures {Y; x} ¢ x)eqQr

[(t,%) = Yix] € Lok (QTs P(RY)),

called Young measure associated to the sequence {u®}.~q, such that a.a. (t,x) € Qr
(Yix; G(u)) = @(t,x) for any G € C(Q2), and a.a. (t,x) € Qr,

whenever

—

G(u®) — G(u)(t,x) weakly- * in L=(Qr).

Above, the hat over a function is intended as weak limit. If G € C(2) is such that

/OT/Q|G<uE>| <,

then G is Y; x - integrable for almost all (¢,x) € Qr and
[(t,%) = (Yix; G(w)] € LY (Qr),

and

—

G(u®) = G(u)(t,x) weakly- x in M(Qr).

Here, M(Qr) denotes the space of signed measures on Qr = (0,7) x . Note that the Young measure [(¢,x) —
(Y; x; G(u))] is a parameterized family of non-negative measures acting on the phase space R3, while G(u)(t,x) is a
signed measure on the physical space (0,7) x Q. In conclusion, the difference

—

pa = Ga) = [(t,x) = (Vi x; G(u))] € M(Qr),

is called concentration defect measure.

As it is quite common in works dealing with interactions between fluids and rigid bodies, one can combine the
momentum equation for the fluid velocity with the equations for the velocities of the body into one weakly formulated
equation. We provide the relevant calculations in Section 4.2 and this motivates us to introduce the measure-valued
solution to the system (1.2)-(1.4) as follows.

Definition 2.1. Let T > 0, Q and By C 2 be bounded domains and let Yy x € L2 (; P(R?)) such that

weak—x*

Y0,x = 0Vytwoxx for all x € By (2.1)

for some Vi, wgy € R3,
We say that a triplet (B,Y; x, D) represents a measure-valued solution for the system (1.2)-(1.4) on the set (0,T) x
with the initial data By, Yo x, if the following holds



1. B(t) C Q is a bounded domain of R? for all t € [0,T) such that
xs(t,x) = 1w (x) € L=((0,T) x Q) (2.2)
and there exists a family of isometries n[t] of R® such that (1.8)-(1.9) are satisfied.
2. Yix € L2 1. ((0,T) x QP(R3)) such that

Yix = Oup(t,x) for all (t,x) € Qg, (2.3)

where ug(t,x) = V(t)+w(t) x (x —X(t)), (1.10)-(1.11) are satisfied and X(t) and O(t) are absolutely continuous
on [0,T].

3. The dissipation defect D € L>(0,T), D > 0.

4. The continuity equation is satisfied as follows: for any test function p € C°([0,7) x Q), 7 € [0,T]

// <Y;5,xau]-'>‘V90:// us-np. (2.4)
0 JF@ o JoB)

5. The momentum equation is satisfied as follows: for any test function @ € V,, 7 € [0,T]

_/OT /}_(t)<Y;5,xau.7-'>-8t(P}'_/OT /B(t) 05Uz - 0pp —/OT /f(t)<5/%,X7(uf®uf) Vo r)
—/JT(](YO,x’Uﬁ "p]:(o)/}_T<YT,x’u]~'> '<Pf(T)+/ (o5us - ¢5)(0) —/ (QBUB'<PB)(T)+/OT<;LAD4,V¢;)

Bo B,
(2.5)
with some measure p € L1(0,T; M(F)).
6. The energy inequality
1 1
| Oegtusfhe [ Soslus +D(r) < B, (26)
F(7) B(7)
holds for a.a. T € [0,T] with Ey = f]:()(Yo,x, %|u}-\2> + fBo %(Q3|u5|2)|t:0.
7. The following compatibility condition holds: There exists & € L*(0,T) such that
{up (1), Vor)| < ET)D(T)lerller 7 (2.7)

for a.a. 7€ (0,T) and every ¢ € V.

Remark 2.1. Points 1. and 2. of Definition 2.1 imply in particular that the rigid body B is transported by the rigid
vector field ug, which can be written in the weak sense as follows: for all p € CX([0,7) x Q), 7 € [0,T] both of the

following identities hold
[ aw- [ usve= [ @ (28)
0 JB(t) 0 JB(t) Bo

—/OT /B(t) staﬂb—/(: /B(t) ogug - Vi) = /80(961/1)|t=o- (2.9)

The opposite implication holds as well, namely the fact, that the rigid body B is transported by a rigid motion ug
such that (2.8) holds implies the existence of a family of isometries n[t] with properties (1.8)-(1.9) related to the rigid
velocity ug through (1.10)-(1.11). For more details we refer to [17].



Remark 2.2. We also note here that for any 7 € [0,T]

;/B(T) oslus|” = %IV(T)\2 + %J(T)w(T) w(T) > (V)2 + [w(n)?) (2.10)

for some constant ¢ > 0 which is independent of time.

Remark 2.3. Let us mention that point 2. of Definition 2.1 introduces a generalized version of compatibility between
the family of isometries n[t] and the Young measure Y, x in the sense of Feireisl [12].

In order to establish the existence result Theorem 1.1 for the system (1.2)-(1.4), we first introduce the following
system by replacing Euler equations by Navier-Stokes equations (with suitable boundary conditions):

ousg + (u% - V)uz —divo(us,ps) =0, divuz =0 in Qr-,
ur>-n=0 on (0,7) x90Q,

u>-n=ujz-n on QoBe,
o(u%,pFr)n xn=0 on (0,T) x 0

o(u%,pF)n xn=0 on Qop-

d
m—Ve(t) = — o(u%,pF)n dS in (0,7), (2.11)
4 dt B¢ (t)
J(t)awe(t) =J)we(t) x wo(t) — (x — X(t)) x o(u%,pF)n dS in (0,7),
OB ()
ua}_(o) = ur, in ]:0;
VE(0) = Vo, we(0) = wy.

In the above, u% denotes the velocity of the fluid, the scalar function p% is the pressure, and the velocity of the rigid
body is given by
up(t,x) = VE(t) + wo(t) x (x — X5(1))

for any (t,x) € Qp-, we also denote ug, = Vo + wo x x. The Cauchy stress tensor o(u%,p%) is given by
1
o(us, p5) = 2eD(u5) — p51 with D(uy) = (Vi + Vs ") .

At first, we want to introduce the weak solution to the system (2.11).

Definition 2.2. Let T > 0, Q and By C Q be two Lipschitz bounded domains of R®. A couple (B%,u®) is a weak
solution to system (2.11) with initial data ug,, Vo, wWo if the following holds:

1. BE(t) € Q is a bounded domain of R? for allt € [0,T) such that
Xg(t, ) = 1y (x) € L=((0,T) x Q). (2.12)
2. u® = (1 — xg)ux + xgug belongs to the following space
u® € L>®(0,T; L2(Q)), there exists u% € L*(0,T; H:(Q)), uz € L>(0,T;R)
Ur =< such that u®(t,-) = ux(t,-) on F°(t), u(t,-) =ui(t,-) on B(t) with
uz(t,-) -n=ug(t,:) -n on dB(t), uz-n=0 on I for allt € [0,T]
3. The transport of B by the rigid vector field ug:

8 5
gf iv(ugxg) =0 in R with x5|i—o = 15,. (2.13)

is satisfied in the weak sense: for all v € C°([0,7) x Q), 7 € [0, 7]

// Ob = //s(t)“B V¥ = [, Y=o (2.14)



4. Balance of linear momentum holds in a weak sense, i.e, for all ¢ € Vi and 7 € [0,T)

[ o [ ] dhusowes- [ [ wreuwsn):Verr [ [ Ds)ibes)
0o JFe@) o JB@) 0o JFre@) 0o Jreq)

:/fo ur, "PJ-'(O)_/}_E(T) ui’-‘"P]—'(T)“‘/ oBUs, ~<ps(0)—/ opup es(1). (2.15)

Bo Be(T)

5. The energy inequality holds for a.e 7 € [0,T):

1 1 T 1 1
[P+ [ Satsmree [ [ P < [ jusPeg [ esusP 210
Fe(t) Be(t) 0 e (t) Fo Bo

Remark 2.4. The density of the body 0% in (2.15) is naturally solution of
Orop + div(ogug) =0 in Qpe (2.17)
with initial data given by og(0,x).
We already know the following existence theorem due to [17, Theorem 2.2]:

Theorem 2.1. Let Q and By CC Q be two smooth domains of R3. Let ur, € L2(Q) and ug, € R be such that
ur, -n=ug,-n on 0By. There exists T € Ri Uoco and a weak solution (B%,u®) to (2.11) on [0,T). Moreover, such
a weak solution exists up to collision, i.e, either we can take T = oo or we can take T > 0 such that

BE(t) cC Q forallt €[0,T), tliHCIF dist(B*(t), 0Q) = 0.
—
Remark 2.5. In fact, Theorem 2.1 is proved in [17] for constant og and Navier slip boundary conditions, however
generalization for non-constant smooth density of the body and complete slip boundary conditions is straightforward.

Now we are in a position to prove that the sequence of weak solutions (B,u®) to system (2.11) converges to a
measure-valued solution (B,Y; x, D) for the system (1.2)-(1.4) as ¢ — 0. To do that, we recall couple of results.
We use a special case of [17, Proposition 3.4]:

Proposition 2.1. Let (x5, ug) be a bounded sequence in L>((0,T) x R?) x L>(0,T;R), such that xg = 1g- satisfying

X
ot

+div(uzxg) =0  in R® with x&|i=0 = 15,.
Then up to a subsequence
ug — up  weakly-* in L0, T; Ci2(R?))

with ug € L*(0,T;R) and
X5 — x5 weakly-+ in L>((0,T) x R3) and strongly in C([0,T); LY. (R?))

loc

for p < oo with xp is a solution to

0
% +div(ugxs) =0 in R with x5i=0 = 15,.

Moreover, xp(t,-) = 1 for all t.

Secondly, we recall the following comparison result [13, Lemma 2.1]:



Lemma 2.1. Let {Z,}5, Z, : 2 — RY be a sequence of equi-integrable functions generating a Young measure Y,
z € Q with Q C RY is a bounded domain. Let

G: RN - [0,00)
be a continuous function such that
sup [|G(Zn)||p1(0) < o0
and let F' be continuous such that
F:RY SR, |F(2)<G(Z), VZeR".

Define _ _
Fo=F —(Y,,F(2)) dz, Go =G —(Y,,G(2)) dz,

where F € M(Q), G € M(Q) are the weak-+ limits of {F(Z,)}°%,, {G(Z,)}2, in M(Q). Then
[Foo| < |Gol-

Proof of Theorem 1.1. For every € > 0, u%(0) = uz, € L2(f2) and ui(0) = ug, € R are such that ur, -n =ug, -n
on 0B. Let (B%,u®) be a sequence of weak solutions to system (2.11). We have xz(t,x) = 13-(4)(x) € L>((0,T) x Q)
from (2.12) and u® is a bounded sequence in L>(0,7T; LZ(Q)) from energy estimate (2.16) with ug € L>(0,T;R).
Thus, we can use Proposition 2.1 to establish the relations (2.2) and (2.8) from the equations (2.12) and (2.13) as
€ — 0. By the fundamental theorem of Young measures we denote Y; x the parametrized probability measure generated
by the sequence u®. Again by Proposition 2.1 we moreover get (2.3). Therefore we denote by ur the dummy variable
for the Young measure Y; x on the fluid part, whereas we denote ug directly the limit of u® on the solid part.

The divergence-free condition u® € L>(0,7T, L%(f2)) together with boundary conditions on Q and 9B° imply in
particular that for any test function ¢ € C2°([0,7) x Q), 7 € [0, 7]

/ / usf-Vgo:/ / up-np. (2.18)
0 e (t) 0 JoB=(t)
Observe that

// U?-W=//(1—x%)ua-v% // U%-mp:// u%-Wz//x%uE-W-
0 <(t) 0o Ja o JoBe) 0 JB=() 0o Ja

Proposition 2.1 helps us in passing the limit in (2.18) as ¢ — 0 to obtain (2.4). Now we can concentrate on the
momentum equation. Notice that

T T
[ D) D) = V2 / , VADUE) Dler) < VENEB() 007 D0 lioiaacro
0 = (t 0o Jre@
The energy estimate (2.16) implies ||\/eD(u%)||z2(0,7;22(F<)) < C. Thus the term

T
5/ / D(u%) : D(er) — 0 as € — 0.
0 =(t)

Now we can analyse the first two terms of left-hand side of (2.15). We can write

a £ 15 € a
/ /E(t) u - 8t‘PF+/ /E(t) oz - 3t‘PB / / { '@‘P?‘FQBXBU 31&“04

with u® = (1 — xg)uz + xgui. We already know from Proposition 2.1 that xg — x5 strongly in C([0,T]; L (R?))
for p < oo, therefore also o5x% — x5 strongly in C([0,T]; L (R?)) for p < co. From the choice of the test function
space Vr, it is clear that dwpr € D([0,T); D(Q)), Owpn € D([0,T); R). Using the above mentioned tools, we have

r 13 1> 8 £ 15 1> 8 T 8 a
/0 /Q (1—xg)u 'a‘ﬂ]ﬂ-%){su '&‘PB —>/0 /Q (1_XB)<Yt,x7u]-‘>'a‘PF‘FQBXBUB'E‘PB .



Now we analyze the convergence of the convective term in the momentum equation and the energy inequality. Re-
garding the diffusive term in the energy inequality (2.16):

26/ / >Oass—>0

We have from the energy inequality (2.16) that ((1 — xg) + X505)3|u°|? is bounded in L>(0,T; L*(£2)). We can
identify

1 _
(1 —x%)+ X%Q%)§|u5|2(7’, -) € M(Q) bounded uniformly for 7 € [0, 7.
Up to a subsequence, we can assume

1 . 0 ey
((1—x3)+ x%g%)§|u5|2(7, ) = E weakly- * in L. (0,7; M()).

We introduce a new non-negative measure:

1
Es = E = (Yix; (1= Xp) + X50p) 5 [u[") dx.

We can take the limit € — 0 in the energy balance (2.16) that yield: for a.e. 7 € (0,7T)

1 1 1 1
/ (¥rs S usl?) + / L oslusf? + Ex(n)Q] < / Lum 4 / L ol 2. (2.19)
F(r) 2 B(r) 2 2 2

Fo Bo

Thus, it gives us the energy inequality (2.6) with
D(1) = Eo(7)]Q| for a.e. 7€ (0,T).

Regarding the convective term, the quantity u% ® u% is bounded only in L>°(0,T; L'(F*¢)). Moreover, we have the
following observation:
[u% @ uz| < [u%[*.

Thus, using Lemma 2.1, we have the following convergence: as ¢ — 0

T T
/ / (uF ®uF): Vor — / / (Yix, (ur®@ur): Vor) +/ (uh Veor),
o Jrew 0 JFw 0

:uD - {/J’D z,]}gj 1 /J’Dz] € Lweak(O7T;M(]:t))7

//|N |<2/ E(7)|Q| for a.e. 7€ (0,T).

Thus, we have established the relations (2.5) and (2.6) with £ = 2 and D(7) = Ex(7)|Q] for a.e. 7 € (0, 7). O

where

along with the relation

3 Weak-strong uniqueness

3.1 Change of coordinates

Let {B1,Y: x, D} be a measure-valued solution to (1.2)-(1.4) on time interval (0,7") in the sense of Definition 2.1 with
u1g = Vi + wy x (x — X3) being the associated velocity of the rigid body. Moreover we denote by u; the dummy
variable of the Young measure Y; x on the fluid domain. Let (B2, usr, p2r, Vo, Wa) be a strong solution to (1.2)-(1.4)
on time interval (0, 7). We denote by Fi(t) the domain occupied by the fluid at time ¢ for the measure-valued solution
and analogously, F(t) for the strong solution.
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We denote _
Ugr 11 Q]:Qa (31)

UQ:‘ V2+W2X(X—X2) inQBZ.

A priori, there is no reason why the body Bj(t) of the measure-valued solution would not touch the boundary 99 at
some time instant ¢ < Ty. Therefore, following Kreml et al. [27], we introduce a time T, such that

Tpin = inf {t € (0,Tp); d(B (1), Q) < } : (3.2)

N =

where, for the strong solution, k satisfies the following relation
d(Ba(t),00) > k>0, Vtel0,Tp], forsome d(By,dN) >k > 0. (3.3)

In particular, we have T},,;,, > 0 and on the interval (0, T}y, ) there is no collision between the body B; and the boundary
0N. Here and hereafter, our analysis will be performed on the time interval (0, T},,). However, for simplicity of the
notation, we keep denoting the time interval by (0, 7).

In order to compare the two solutions, we need to transfer them to the same domain, because in general By # Bs.
In particular, we need to transform the strong solution to the domain of the measure-valued solution in such a way
that By(t) is transformed to Bi(t). For this purpose, following the analysis developed in [27], we introduce cutoff
functions (;(t,x) for ¢ = 1,2 such that (;(¢,x) = 1 in a neighborhood of B;(¢) and (;(¢,x) = 0 in a neighborhood of
0. Moreover, we extend the domain of definition of the rigid body motions u;z to the whole (0,7") x £, namely for
x € §) we have

w;s(t,x) = Vi(t) + wi(t) x (x — X;(t)).
Then we set
Ai(t,x) = G(t, x)un(t, x).

Note that A; is a rigid motion in a neighborhood of B;(t) and vanishes in a vicinity of 9. In addition, A; should
be smooth in the space variables and divergence free, in order to preserve the divergence-free condition on the fluid
velocity.

Now, we introduce the transformations

as solutions to the following ODEs

d
&Zz(t;y) = Al(tv Z?(t7y))a vy € Q7 te (OaT)v

Z;(0,y)=y.

Then, we define Y; = Zi_1 and the mappings ZZ 0 — Qas

Note that Zi(t,-) = Z5 (£, ) and Zy(t, By (t)) = Ba(t) for all ¢t € [0,T). In particular in the neighborhoods of the body
Ba(t) the mapping Z (¢, -) is rigid and vice versa. More precisely we have

Z(t,x) = Xy (t) + 01 (1)OF (t) (x — X (1)) in the neighborhood of Bs(t),
Zo(t,x) = Xa(t) + 02 (t)OF (1) (x — X4 (1)) in the neighborhood of B (t). (3.7)

For simplicity of notation we denote

O(t) = 02(1)07 (t). (3.8)
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Now, we define the transformed strong solution U% as
Uk(t,x) = Iz (t, Zo(t, X)) ugr(t, Zo(t,x))  for all (¢, %) € Qr, (3.9)

where (Iz )i;(t, Zo(t,x)) = %(t, Zo(t,x)), and the transformed pressure as Pi(t,x) = par(t, Z(t,x)). In partic-
ular, for x € B;(t), the transformed rigid velocity reads
Ui(t,x) = VI(t) + wi(t) x (x — X1(t)) (3.10)
with _ _
Vi(t) = QT (t)Va(t), w(t) = O (t)wa(t). (3.11)
The following lemma holds (see [27], Lemma 3.1).

Lemma 3.1. (i) It holds

@T(t)%(t)x = (w* —w1)(t) x x. (3.12)

(ii) The following estimates hold for x € 0By (t), t € (0,T)

|Zs(t, %) — x| < C (Vi — V| z200.0) + W1 — W[ £20.0)) » (3.13)
0, Z(t,x)| < C(|V1— V|(t) 4 |wy — w*|(1)). (3.14)

(iii) The following estimates hold for t € (0,T)
1Z2(t, ) = idllwa.e (70 < C (V2 = VEll 20 + W1 — W*l|z2(0,0)) (3.15)
[0:Za(t, ) [ (7y (1)) < C (V1 = V(E) + [w1 — w®|(2)).. (3.16)

We would like to mention that such transformation was introduced by Inoue, Wakimoto [25] and properties of it
were discussed in details by Takahashi, see [34]. The same transformation has been used in [3, 27, 28] to show the
weak-strong uniqueness property for the incompressible and compressible fluid-structure interaction problem.

3.2 Transformed solution and weak formulation

The transformed strong solution U*® satisfies pointwise the following system of equations in the fluid part of the domain

Q

0,U% +div(U%> @ U%) + VPz =F(U%), divU%:=0 in Qr,,
U% -n=Uj;-n on (0,7T) x 0By, (3.17)
U n=0 on (0,7) x 09, '
U;:(O, ) = ur, in .7:0.

In order to express the term on the right hand sides of the momentum equation, we introduce the following notation

H=(V,Zy) ' =V,Zy, ie (H)y=38;(Z), (3.18)
G = HHT, i.e. (G)U = 8k(21)18k(21)j, (319)
Lip = 01(Z1)i0as(Z2)1. (3.20)

Consequently, we have

Fi(U%) = ~Hia0:03(Z2)a(U%)s + Tig(0:21)a(Us)s + (0:21)503(U% ;) — Tis(US)a(US)s — (G — 1)ip05 P
(3.21)
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The velocity of the rigid body is given by (3.10), where the transformed translation velocity V*® and the transformed
angular velocity w* of the body satisfy the following system of the equations

de = —m(w® —wy) x V* +/ PiIndS  in (0,7), (3.22)
dt OB, (t)
I %: = Iiw* x W — ((w® —wi) x Jw®) + / (x = Xy(t)) x PzIndS  in (0,7), (3.23)
OB (t)
VH(0)=Vo,  w*(0) = wo, (3.24)

where we have used J; = @TJ2©
Relations (3.21)-(3.24) are obtained from a similar computation of the proof of [3, Lemma 3.1]. A consequence of
the Lemma 3.1 is the following lemma that gives a control on the terms of (3.21) (see [3, Lemma 3.3]).

Lemma 3.2. The following estimate holds
¥l z20,7522(7 ) < C (IIVL = VOl L20,m) + [[wi = Wl 220,1)) » (3.25)

where C' depends only on [[U%| 20,1127, 1)), |1PE| 20,001 (7 1)) and U || Los (0,111 (F, (1)) -

Given F as in (3.21), we can write the weak formulation for the strong solution. Using (3.17)-(3.24) we obtain that
the transformed solution satisfies the following equality for 7 € [0,7]. We present more details about derivation of
(3.26) in Section 4.3.

T a T 8 T
R / ooV o= [ [ (e mn)®U3) : Vior—(Us (Y1) VU35
0 .Fl(t) at 81 8t .7:1(t
// pis((wis © Up) : Vipis — (Uf —wis) - VU3 - s // (F-o7)
Bi(t) Fi(t)
- / (W° = w1) X (Jaw®) - @5, + m(W® — w1) X V° - @pv) + / (U - 07)(0) - / (U5 )
0 ]‘—0 ]:17'
+ / (053 - 05)(0) — / (05U% - 05)(7),  (3.26)
Bo Bi(1)

where the test function ¢ € Vr with ¢ is rigid on By (t), i.e,

e(t,x) =ppv(t) +ew(t) x (x —X1(t)), forx € Bi(t).

Observe that by applying the Reynolds transport Theorem 4.1, we have

T a 1 S S 1 S S T S S
[ ] usgus =g [ wruno -5 [ W unms [ (@ews e U5) s VU5, G20
0 JFi(t) Fo Fi(r) 0 JF1

T 0 1 1 T
[ esUp g Us =5 [ eeUs U5 [ (@UpUn@+ [ [ (estmsoUs): VUR). (325)
0 B (t) Bo Bi(7) 0 Bi(t)

Consequently, by taking the test function ¢ = U%, o = Ug in (3.26) and by using (3.27)-(3.28), we obtain the
following energy equality: for a.e. 7 € [0,T]

1
| gt [ GeslUsPe / [ (U5~ (i w)) VU3-UR) / / 05 (U —u15) VU3 U}))
.7'-1 T) Bl(‘l') .7:1(t Bl

// (F-U%) /<<ws—wl>x<J1ws>-ws+m<ws—wl>><VS-V3>+/ L, 24 2 Vo 2+ 23(0)wo - wo
Fi(t) Fo 2 2 2
(3.29)
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3.3 Proof of Theorem 1.3

We introduce the following energy functional for the measure-valued solution

E(i)(0) = |

1 1
(Yix, §|u1f|2> / = oslwis)*. (3.30)
Fi(t) B

(1) 2

Similarly, for the transformed strong solution we have

S S 1 S
B0 = [ sk [ SV = [ tiagUst + [ SeslURE @3
Fi(t) By (t) Fi(t) By (t)

Given (3.30) and (3.31), we write a relative energy functional as follows
1 t=T1 1 t=T1
s\1t=7 s s
00T = | [ Wiz~ U5+ [ [ onluis - 03P
Fi 2 t=0 5, 2 t=0

— B0 + B - | [ (ieuir) us] : -[f oo uil : (332)

In particular we emphasize that the integral over the rigid body gives the control
e[V = V(1) + [wy — w*[?(1)) < E(Yix[U")(7) (3.33)

for some strictly positive ¢ which does not depend on 7.
Now, from the weak formulation (2.5), we have

- / / (Vi iz} - 0,U% — / / oss - O, U — / / Vi, (w7 @ w1 7)) : VU
o JFEw® 0 JBi(t) o JFE®

— /}_O<Yo,x,u1}‘>~U§-‘(0)/}_I(T)<YT,x,u1}‘>~U5}'(T)+/BO(QBU13'U%)(O)/BI(T)(QBIMB,U%)(T)+/OT<M%4,VU}>’
(3.34)

t=1

where we used as a test function the strong solution U®. Relation (3.34) could be written in a more concise form as
t=r1
+

[/ (Yix, mir) - Uk / 0Bz - Ufs]
F1() =0 Bi()

- / / (Vi 17} - 0,0% + / / oswis - U + / / Vi, (W ® W) - VU5 + / (Wl VU,
0 Fi(t) 0 Bi(t) 0 F1(t) 0

t=0

(3.35)
Now, using the energy balance (2.6) and (3.29), we have from (3.32):
a0 <D = [ [ (U5 = Grwir) - VU5 U3) = [ (U5~ ) VU U)
f1(t) Bi(t)
+/ / (F-U%) */ (W =wi) x (J1w®) - W’ +m(w® —wy) x V- V?)
0 .Fl(t) 0
t=1 t=1

- l/ (Yix,uir) - U}] - [/ 08U - USB]
Fi(-) Bi(-)

t=0 t=0
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Namely, using (3.35), the above relation becomes
a4 20 <= [0 [ (U = W) T3 U3) = [ on((Ug — i) VU - U)
Fi(t) Bi(t)

+/ / (F-U%) 7/ (W? —wqp) x (J1w®) - w’ + m(w® — wq) XVSoVS)f/ / (YVix,mir) - 0, U%E
0 .Fl(t) 0 0 ,Fl(t)
- / / osuys - U — / / Vi, (117 @ 0 5)) s VU — / (W, VUS).  (3.36)
0 JB(t) 0 JFi(t) 0

Now observe that, using (3.17), we have

- / / (Vi wi7) - 0,U% = / / (div (U3 © U%) - (Yoo, w1 7) — F - (Yo wi7)) + / / (w7 -n)P;
0 fl(t) 0 fl(t) 0 861(15)
- / / (div (U @ U - (Vi tip) — F - (Yo, uir)) + / / (g )Py, (3.37)
Fi(t) OB (t)

where we integrated by parts the pressure term in (3.17), and use the divergence-free condition with the boundary
condition for the measure-valued solution. Consequently, using the compatibility condition (2.7) and the equality
(3.37), the relation (3.36) reads

[€ (th|US)]t o +D(7 <C/ / /( (Ur—(Yix, uir)) VUfo / / QB (Ug—u15)-VUj: US)
Fi(t Bl

—I—/ / F-(U}—(Yt)x,ul;»—/ (Ww® —wy) x (J1w?®) - w* + m(w® —wy) XV“‘-VS)—/ / opuig - 0:Uj
0o JFE(@) 0 0 JB(t)

+/ / (uip -n)Pz +/ / div(U: @ U%) - (Yix,urr) — / / (Yix,(mir®@uir)) : VUZ.  (3.38)
o Josi(t) 0 JF (@) 0 JFE®

Now, we analyze the last two terms in (3.38). We have

/ / div (U © U - (Vi urs) — / / Vi, (17 @ wir)) : VU5

0 F1 0 .Fl(t)

- / / (US - VUS) - (Vi ) — / / Vi s - VU (Vix, i)
.7:1(75 0 F1

— [ [ ez VUR(U5 - (Viwwir).
o Jrw

Thus (3.38) can be rewritten as:
[E(Yix|U,Z] +D(r <C/ D(- / / (U% — (Yix, wir)) - VU - Uf)
]:1(1‘,)

+ / / <Yt,x,u1f>-VUjf-(U;—<n,x,u1f> + / / F (U — (Vi ui7))
.7:1(t) .7:1(t

/ / QB —ulg) VUB US / / oBU1IB - 8tUB+/ / 1113 n)P
Bi(t) B (t) 0B1(t)

—/O (W® —wy) x (J1w®) - w* +m(w® —wp) x V5. V¥) c/ D)+ Iy +T:+ T3+ Th+T1% + I3+ Ip
(3.39)
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Now, observe that
2= [ [ (U (Viws) - TUR (U~ (Vi i)
0 F1(t)

and therefore .
I +1%| < c/ £().
0

The estimate (3.25) of the forcing term F in Lemma 3.2 gives us

|I%|=\// F-(Uz—mmumnsc/ £().
0 Fi(t) 0

Regarding the terms on the rigid body, observe that as uiz - VUE - w1 = (w1 ® uip) : VUZ = 0, we can write
- ((Ug —wg) VU - Ug) — g OU
:U%-VU%-ulg—U%-VU%-Ufg—ulg-VU%-u13+u15-VU%-U%— (U%~VU%~U15+U13~atU%>
— (Uj — wiz) - VUj - (wis — Up) — (U VU5 - wip + wis - 0,Uj ).

Moreover, using the calculations presented in detail in Section 4.4, we have:

— / / (QBU% -VUg -uig + oguis - BtUSB) = f/ / (uip - n)Pz Jr/ (m(w® —wyp) x V®) -V,
0 JBi(t) o JoBi(t) 0
+/ (Ww® —wyp) x (J1w?)) -wy. (3.40)
0

Thus,

T i+ Ti+ Th= [ [ on(Uj -~ ws) VUG- (s = Up)+ [ (9 = w) x (iw?) - (o = )
0 OB (t) 0
—|—/ m(w® —wi) x V¥ (V1 —V?)).
0
So,
T+ 73+ T3+ Th| < C/ £().
0
Hence, (3.39) becomes
EWalU)() + D7) <€ [ (E0)+D0) +EXiad U(0).
0

Since the initial states coincide and therefore the value of the relative energy functional at time zero is equal to zero,
we use Gronwall lemma to conclude that for ¢ € (0,T):

D=0and Y, x = (5Ujf for x € F1, uip = Uj.

Finally, we have to show that in fact Vi = Vg, wq = wq, Bi(t) = B2(t) and Y, x = du,, on Fi(t). This argument
is the same as was presented i.e. in [27]. We start with (3.11) to write Vi = 010V, and w; = Q;0% w,, therefore

ofv, =0lv,, (3.41)
0w, = OF ws. (3.42)
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Moreover, we use the relation between the angular velocity of the body and the isometries describing the motion of
the body (1.10) to conclude

dO;
w; x x =Q;x = fil 0rx (3.43)
for 4 = 1,2 and for all x € R3. Thus
dO; dO;
Of'w; x x = OF (w; x 0;x) = O} dtz 0f0ox =0f d;x (3.44)
for i = 1,2 and all x € R3 and finally combining this with (3.42) we deduce
dO dO
T 1 T 2
_ . 4
We rewrite (3.45) as
d(@l - @2) . Td@Q
(0= 020
Denoting Oa = 01 — O3 and treating Oy as a given function of time we end up with
dOa (¢
(?t( ) _ Oa(H)W(t), (3.46)
0a(0) =0, (3.47)

for some given matrix valued function W(t). The problem (3.46)-(3.47) has a unique solution Oa(t) = 0, therefore
07 = 04 and taking into account (3.41) and (3.42) we finally end up with V; = V5 and w; = wy. This also proves
that the position of the bodies of the measure-valued and strong solutions are the same, i.e. Bi(t) = Ba(t).

Finally we can set the cutoff functions (;(¢,x) (i = 1,2) introduced in Section 3.1 to coincide in the case that
By = By. Therefore Ay (t,x) = Ay(t,%), Z1 = Zy and Zs(t,x) = Z1(t,x) = x for all x € Q and ¢ € (0,T). Finally we
use (3.9) to conclude that U% = uar. This also proves that T, has to be equal to Tp.

4 Appendix

4.1 Reynolds transport theorem

For completeness of presentation we state here the Reynolds transport theorem which is one of the key ingredients in
analysis of fluid on moving domains.

Theorem 4.1. Let f be a function such that all integrals in the formula below are well defined. Let ug be a rigid
velocity field describing the motion of the body B(t). Then the following formula for time derivative of an integral over
the fluid domain holds.

4 fdx = atfdx—l—/ fug-ndS (4.1)
dt J F ) F() OB(t)

4.2 Weak formulation of the momentum equation

In this section, we present the calculation behind the weak formulation of the momentum equation (2.5).
Let all the functions be sufficiently smooth so that we can do integration by parts. We multiply equation (1.2); by
test function ¢ € Vp and integrate over F(t) to obtain

d 0
p ur - pr— / Ur o PF = / (ur ®ur): Vor = —/ prln-@r — / prln-pr. (4.2)
U JF@) Ft) t F) o0 aB(t)
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As ¢ € Vp, we have o -n = 0 on 9Q2. Using the Reynolds transport theorem 4.1 and the mass transport of the body
we have

d 0 .
d*/ 0BUB - PB =/ 5(96“8 '<PB)+/ div (epus(us - ¢5))
tJB) B(t) Ot B(t)

0 0
= / 0BUSB * P58 +/ QB(*UB +ug - Vuzs) -©B +/ pe(up @ up) : Ves.
B(t) ot B Ot B(t)

As D(pg) = 0, we have (up @ ug) : Vg = 0. Using the rigid body equations (1.4) and the boundary condition
pr-n=g-non dB(t), we obtain

d 0
- prln-pr =—— 0BUB - PB + 0BUB * - PB. (4.3)
2B(t) dt Jpe) B(t) ot

Thus by combining the above relations (4.2)-(4.3) and then integrating in time, we have

T a T 8 T
—/ / UF'5¢F_/ / QB‘MS';‘PB‘/ / (ur ®@ur): Vor
0o JF@) t 0o JB@) i 0o JF@

- /f (7 pr)(0) - /f (urpr)(r) + /B (o )(0) - / (osus - 05)(7) (4.4)

B,
for 7 € [0,T7.

4.3 Derivation of (3.26).

We multiply equation (3.17); by test function ¢ € Vi, integrate over Fi(t) and use the Reynolds transport theorem
4.1 to obtain

d 0
Gl Urer— [ U Zer— [ (ew) @ UR): Vir - (U - (Vi) - TUS - o5)
dt Jr, ) Fi(t) ot Fi(t)
:*/ P}HH'SOI*/ P}Hn"Per/ F-or, (45)
a0 dB1(t) Fi(t)

where we combine the weak formulation of the continuity equation and the boundary condition. As ¢ € Vr, we have
pr-n=0on 0. We use the Reynolds transport theorem 4.1 together with the mass transport of the body to obtain

qa
dt Bi(t)

0 0
= / QBU%’5¢B+/ 98(5 ;;-i-U%VU%) ‘QDB-l-/ ,03(([113 ®U%) : V(pB—(Ufg—ulg)-VUSB‘QDB).
By (t) t Bi(t) t By (1)

) , .
sV pu= [ SowUpepm)+ [ div(geuis(Up o)
Bi(t) Bi (t)

Using the rigid body equations (3.22)-(3.23) and the boundary condition ¢ £ - n = g - n on 9B (t), we obtain

d 0
*/ Prln-pr = —— QBHB'<PB+/ QBUB'*WSJF/ PB((IMB@U%) : V‘PB*(USB*ulB)'VUSB"PB)
OB, (1) dt Jp, @) By (t) ot Bi(t)

—((w® = w1) X (J1w?) - pw + m(w® —w1) x V° - ppv). (4.6)
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Thus by combining the above relations (4.5)-(4.6) and then integrating in time, we have for 7 € [0, T:

T a T 8 T
[ ovrger [ [ wUpgen [ [ (((awsioUs) : Ver- (U5 (Vi) VU5 o)
o Jrw T Ot 0 JBi(t) ot 0 JEw

—/ / PB((Um@U%) : Vi — (U —uip) - VUj "PB) :/ / (F-oF)
0 B (t) 0 F1(t)

- / (W —wn) X (J1w®) - @+ (W — 1) X V* @) + / (U% - 07)(0) - / (U - 07)(7)
0 Fo F1(T)

+ /B (05U 05)(0) - / (05U% - 08) (7).

Bi(1)
4.4 Derivation of (3.40).
In this section, we follow the calculations of [26, Appendix] to derive our desired identity. We know that

wip(t,z) = Vi(t) + wi(t) x (x — X1(t)) in @p,
Ui(t,z) = V() + wi(t) x (x — X1(t)) in Qp, .

A simple calculation gives

oU;, dve  dw?®
B | (Uy-V)US = Y x - X)) W x (W x (x—X1))  in Qp,. (4.7)
ot dt dt
We use (3.22) to deduce
dVS S S S
/ QBT.VIZ/ P]_—Il'Vl—(m(W —Wl)XV )Vl (48)
Bi(t) t OB (t)
Next, by (1.6) we get
dve dvs
/ v (w1 x (x—X4)) = ( % Wl) / op(x —X1) =0, (4.9)
B1(t) B1(t)
dw? dw?
/ 0B < ETale (x — X1)> -Vi=V;- < 7 % / og(x — X1)> =0, (4.10)
Bi(t) Bi(t)
/ op(W® x (W x (x—X1))- V1=V | w’x [w®x / o(x—Xy) =0. (4.11)
Bl(t) Bl(t)

Using (1.7) and (3.23) we obtain

S

dw? d

= Jiw'x w®)-wy — (W —wq) X (J1w?®)) - wy +wy / (x —Xj) x Pzn

-wy (4.12)

881(15)
=Jiw® - (W xwy) — (W —wy) x (J1w?)) - wy +/ Pin- (w; x (x —Xy)).
OB, (1)
We also have
/ o (W* x (W x (x —X1))): (w1 X (x—X7)) = =J1w’ - (W*® x wy). (4.13)
Bi1(t)
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Summing (4.8)-(4.13) and using (4.7) we end up with

/ / (gBUf‘g -VUg - w1 + opmiB - 8th3> = / / (wip-n)Pz — / (m(w® —wyp) x V®) -V,
0 JBi(t) 0 JoBi(t) 0

- /T((WS —wi) X (Jiw?)) - wy.
0
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