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Abstract

We consider the Navier—-Stokes—Fourier system describing the motion of a compressible
viscous fluid in a container with impermeable boundary subject to time periodic heating and
under the action of a time periodic potential force. We show the existence of a time periodic
weak solution for arbitrarily large physically admissible data.
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1 Introduction

There are numerous examples of turbulent fluid motion excited by changes of the boundary temper-
ature, among which the well studied problem of Rayleigh—Bénard convection, see see e.g. Davidson
[8]. Motivated by similar problems in astrophysics of gaseous stars, we consider a general com-
pressible viscous possibly rotating fluid, occupying a bounded domain 2 C R?, d = 2, 3, driven by
periodic changes of boundary temperature. The relevant system of field equations for the standard

variables: the mass density o = (¢, x), the velocity u = u(t, z), and the (absolute) temperature
v = 9J(t, x) reads:

( )

0o + div,(pu) = 0,
9i(ou) + div,(ou ® u) + o(w x u) + V,p(p,9) = div,S + oV, G, :
O(0e(p,v)) + divy(oe(o,¥)u) + V,q =S : D,u — p(p, J)div,u, (1.3)

. J

where S is the viscous stress given by Newton’s rheological law
2
S(¥, D,u) = u(9) (qu +Via— gdivxu]l> + n(9)div,ul, (1.4)

and q is the heat flux given by Fourier’s law
q(¥, V1) = —k(9) V0. (1.5)

The momentum equation is augmented by the Coriolis force with the rotation constant vector w,
the associated centrifugal force as well as the gravitation and other possible inertial time-periodic
forces are regrouped in the potential G. The fluid occupies a bounded smooth domain 2 C R¢,
d = 2,3 endowed with the Dirichlet boundary conditions



u|8Q = 07
o = U5 (1.6)

L J

The functions dp = v¥p(t,z) and G = G(t,z) are smooth and T'—periodic in the time vari-
able,

( )

ﬂB(t + T, [L’) = ﬁB(t,ﬁ),
Gt+T,x)=G(t,x). (1.7)

. J

Hereafter, the problem (1.1)—(1.6) is referred to as Navier-Stokes—Fourier system.

Our goal is to show the existence of a time-periodic solution to problem (1.1)—(1.7). There
is a substantial number of references, where such a result is proven under some smallness and
smoothness assumption on the data. Valli and Zajaczkowski [23], [24] observe that the distance
of two smooth global in time solutions decays in time for the system close to a stable equilibrium,
and, as a by product, they deduce the existence of a time periodic solution. Similar ideas have
been followed by many authors, see Brezina and Kagei [4], [5], Jin and Yang [17] , Kagei and
Oomachi [18], Kagei and Tsuda [19], Tsuda [22] to name only a few. Turbulent fluid flows given
by large forces out of equilibrium are mostly considered in the framework of weak solutions. Based
on the mathematical theory of compressible fluids developed by Lions [20], [21], the existence of
large time periodic solutions for the simplified isentropic system was proved in [9] for the isentropic
pressure—density equation of state p(g) = ag?, v > g. The later development of the theory in [12]
enabled to extend the result to the case v > 3, see Cai and Tan [6].

The situation is more delicate for the complete fluid systems including thermal effects. As a
direct consequence of the Second law of thermodynamics, the existence of (forced) time periodic
solutions is ruled out for problems with purely conservative boundary conditions, see [13]. In [10],
the heat flux was controlled by means of a Robin type boundary condition

q-n=d(Y— 6y) on 09, (1.8)

with a given “mean” temperature ©y. Accordingly, the internal energy is transferred out of the
fluid domain in the high temperature regime and the time periodic motion is possible, see [10,
Theorem 1]. Our goal is to show a similar result for the Dirichlet boundary conditions (1.6). Note
that the problem is much more delicate than in [10] as the heat flux through the boundary is a
priori not controlled.

Our approach is based on several rather new ideas that appeared only recently in the mathe-
matical theory of open fluid systems.



e The concept of weak solution for the Navier—Stokes—Fourier system based on a combination
of the entropy inequality and the ballistic energy balance developed in [7].

e Uniform bounds and large time asymptotics of the weak solutions in the spirit of [14].

e An approximation scheme based on a penalization of the Dirichlet boundary conditions via
(1.8).

The constitutive restrictions imposed on the equations of state as well as the transport coeffi-
cients are the same as in the existence theory [7]. In particular, the general equation of state of
real monoatomic gases proposed in [11, Chapters 1,2] is included. From this point of view, the
result is apparently better than in the isentropic case studied in [9], and later revisited by Cai and
Tan [6], where the condition v > g is needed. The price to pay is the potential form of the driving
force f = V.G that, however, includes the physically relevant centrifugal as well as gravitational
forces.

The paper is organized as follows. In Section 2, we introduce the basic hypotheses concerning
the constitutive relations and state the main result. In Section 3, we introduce an approximation
scheme inspired by [10]. Section 4 is the heart of the paper. Here we establish the necessary
uniform bounds to perform the limit in the sequence of approximate solutions. Finally, in Section
5, we obtain the desired solution as a limit of the approximate sequence.

2 Main result

Before stating the main result, we recall the form of the constitutive equations proposed in [11,
Chapters 1,2]. To comply with the Second law of thermodynamics, we postulate the existence of
entropy s, related to the internal energy e and the pressure p through Gibbs’ equation

VDs(o0,9) = De(o,9) + p(o,9)D <é) : (2.1)

2.1 Constitutive theory
Similarly to [11, Chapters 1,2] we consider the pressure equation of state in the form
p(Q7 79) = pm(g7 79) + prad(ﬁ)7

where py, is the pressure of a general monoatomic gas related to the internal energy through

pm(0,0) = ;gem(e, ), (2.2)

augmented by the radiation pressure

Praa(9) = %94, a>0.



Similarly, the internal energy reads
a
e(0,9) = em(0,9) + raa(0, ), eraal0,9) = 5194,

Now, Gibbs’ equation (2.1) gives rise to a specific form of p,,,

5 0
m aﬁ =1v2P | =
Pm(0,9) (19>

3
2

for a certain P € C'(0,00). Consequently,

93
plo,9) = 03P (ﬁ) + 990 (o) =SV p (£> + 29t a>o0. (2.3)
2 3 20 2 0
In addition, we suppose
SP(Z)—-P(Z
P0)=0, P(Z)>0for Z>0,0< 2 (2) 7 2) <cfor Z > 0. (2.4)

that may be seen as a direct consequence of hypothesis of thermodynamic stability, see [11, Chapter
1], and Bechtel, Rooney, and Forrest [1]. It follows that the function Z — P(Z)/Z3 is decreasing,

and we suppose
. P(2)
Zh_r};o prake Poo > 0. (2.5)

The associated entropy takes the form

0 4a 9?
s(o,9) =82 ) +20 2.6
wn=s(5) 55 20
where SP(Z)—P(2)Z
/ __§§ - P
S'(Z) = 5 72 < 0. (2.7)

Finally, we impose the Third law of thermodynamics, see e.g. Belgiorno [2], [3], requiring the total
entropy to vanish as soon as the absolute temperature approaches zero,

lim S(Z) = 0. (2.8)

Z—0

It is easy to check that (2.4) — (2.8) imply

0< oS <19£3) <c(1+plog (o) + olog*(¥)) . (2.9)

2

As for the transport coefficients, we suppose that they are continuously differentiable functions
of the absolute temperature satisfying

0<p(l+9) <p@), [W@) <h,

5



() < R(1+097), (2.10)
where, in accordance with the existence theory developed in [7], we require

B> 6. (2.11)

2.2 Weak solutions

It is convenient to identify the time periodic functions (distributions) with objects defined on a
periodic “flat sphere”

Sr = [0,T]|10,1y

We are ready to introduce the concept of time periodic solution to the Navier-Stokes—Fourier
system (1.1)—(1.7).

( )

Definition 2.1 (weak solution). We say that a trio (o, 9, u) is a weak time-periodic solution
to the problem (1.1)—(1.7) if the following holds:

e Regularity class:

5
0 € Cyeax(ST; L7(Q2)) for v = 3

u € LA(Sr: W RY), ou € Cuenc(Sr, L751 (Q; RY)),
972 log(¥) € L (S WH2(Q),
(0 —0p) € L*(Sp; Wy *(Q)). (2.12)

¢ Equation of continuity:

/ / (00,0 + ou - V] dz dt =0, (2.13)

SrJa

/ / 0)0rp +b(o)u- Vo + <b(g) — b’(g)g)divmwp} dz dt =0 (2.14)
St

for any ¢ € C'(Sp x Q), and any b € C'(R), V' € C.(R).




¢ Momentum equation:
/ / [Qu~8tcp+gu®u:vmcp—g(w X u)-cp—l—pdivmcp] dz dt
SrJo
= / / [S : Vo — 0V, G - cp] dz dt, (2.15)
Sr Ja

for any ¢ € C1(Sy x Q; RY).

e Entropy inequality:

—/ / [Qsatgo + osu-V,p+ a. ngp} dz dt
srJo Y

.V,
2/ /f[s;mu—q Va } dz di (2.16)
o Jod 9

for any p € C1(St x Q), p > 0;

e Ballistic energy balance:

—/ 8t@/1/ 1g|u|2—i—ge—1§Qs dx dt+/ 1[1/2 S:Dxu—q'vﬂ? dx dt
Sr o l2 sr JaV v

S/ w/ [gu-VwG—gsu-Vgﬂg—g-szﬂ dr dt (2.17)
ST Q '19

for any 1 € C'(S7), ¢ > 0, and any J € (St x Q),

0 >0, 9]gg = Up. (2.18)

. J

The weak time—periodic solutions are therefore the weak solutions in the sense of [7] that
are T'—periodic in the time variable. The instantaneous values the conservative variables o(T,-),
(ou)(r, ) are well defined as well as the right and left hand limits of the total entropy S = ps(o, 9),

T+9
(Str=pio) = Jim 5 [ [ ostt0 dedt, (S 00 = Jim 5 [ [ ostego doa

2.3 Main result

Having collected the necessary preliminary material we are ready to state our main result.



Theorem 2.2 (existence of time periodic solutions). Let Q C R, d = 2,3 be a bounded
domain of class C**V. Suppose that the pressure p, the internal energy e, the entropy s, as
well as the transport coefficients p, n, and K satisfy the hypotheses (2.2)—(2.11). Finally, let
the data G € W1>°(Sp x Q), 9p € C3(Sp x RY) be time periodic as stated in (1.7), and

SlTanQﬁB =9 > 0.

Then for any My there ezists at least one time periodic solution (p,9,u) of the problem
(1.1)~(1.7) in the sense specified in Definition 2.1 satisfying

/ o(t,-) dx = My for any t € Sr.
Q

. J

Remark 2.3. In the hypotheses of Theorem 2.2, we assume that ¥ 5|sq is a restriction of a (smooth)
function defined on the whole space R?.

The rest of the paper is devoted to the proof of Theorem 2.2.

3 Approximate problem

The most efficient way of constructing suitable approximate solutions seems adapting the result
of [10] to the present setting. Specifically, the approximation scheme is based on penalization the
Dirichlet boundary condition for the temperature via the Robin boundary conditions

q-n:é]ﬁ—ﬁB\k(ﬁ—ﬁB), k>0, on 012, (3.1)

where € > 0 is a small parameter.
The approximate solutions (g., ¥, u.) are defined similarly to Definition 2.1:

¢ Regularity class:

5
Oc € Cweak(ST;LV(Q)) for Y= ga

w. € L2(Sp; Wi RY), 0-u. € Cer(Sr, L7 (9 RY))
992 log(v.) € L*(Sr; WH2(€)). (3.2)

e Equation of continuity:



/ / [0:01p + 0-u. - Vo] do dt =0, (3.3)

srJo

/ / [b(gg)&up + b(0)u. - Vo + (b(gs) — b’(gs)gg)divxusgo} de dt =0 (3.4)
SrJo

for any ¢ € C'(Sy x Q), and any b € C*(R), ¥ € C.(R).

¢ Momentum equation:
/ / [Qaug : 8t90 +ou.@u. : Vo — Qa(w X ua) @+ pdivyp| dz dt
SrJa
- / / [S Vo — 0.V,G - ga] do dt, (3.5)
SrJa

for any ¢ € C}(Sr x Q; RY).
e Entropy inequality:

—/ / |:9538t90 + 0esu. - Vo + a. ngo} dz dt
Sy JQ ¥,

. 1 — 9|k —
2/ /3 {S:]D)xug—q V“?E] dz dt+—/ / VB VLW =) gy
St o Ve v € JSy Jon Ve

(3.6)
for any ¢ € C'(Sy x Q), ¢ > 0;
e Energy balance:
1 1
—/ atw/ [—ge\uemgse} d dt+—/ G [ 0. =0l (0. — Vp)do, dt
St a2 € Jsr o0
:/ w/ o-u. - V,G dx dt (3.7)
sr Ja

for any ¢ € C''(Sr)

cf. [10, Section 2.2].

3.1 Existence of approximate solutions

Our aim is use the existence result proved in [10, Theorem 1] to obtain the approximate solutions
(0c, Ve, uc)eso. To perform this step some comments are in order. In comparison with [10], the
present problem features the following new ingredients:

9



e The action of the Coriolis force in the momentum equation (3.5).

e The function ¥p in (3.1) is time dependent whereas its counterpart O in [10] depends only
on .

e The exponent k in (3.1) equals zero in [10].

It is easy to check that the existence proof in [10] can be modified to accommodate the above
changes as soon as suitable a priori bounds similar to those in [10, Section 2.4] are established.
To see this, we start with the energy balance (3.7) yielding

1
—/ / 9. — 9p|*(9. — ¥p)do, dt_/ /geuE-VxG dx dt_—/ /gsatG dr dt
& Jsr Joa srJa sy Ja

< My|0uG | sy, Where My = / o dz. (3.9)
Q

As 9. > 0 a.a., (3.8) yields the bound

|9l i1 (5 x00) ~1 (3.9)

in terms of the data and uniform for ¢ — 0. Consequently, the entropy inequality (3.6) gives rise
to the bound on the entropy production rate

1 .
/ / — {S :Dyu. — q4-Vae dz dt < ¢(e, data) (3.10)
St JQ 195 195

and the remaining estimates are obtained exactly as in [10, Section 2.4]. Note that the right—hand
side of (3.10) may blow up for ¢ — 0.

With the necessary a priori bounds at hand, we obtain a family of approximate solutions
(0c, Ve, ue) s exactly as in [10].

Proposition 3.1 (Approximate solutions). In addition to the hypotheses of Theorem 2.2, let
e>0,6<k+1=0, My>0 (3.11)

be given.
Then the approximate problem (3.2) — (3.7) admits a solution (g., Ve, u.).

3.2 Approximate ballistic energy balance

Let 0 € C1(Sy x Q) satisfy (2.18). Choosing ¢(t, z) = 1h(t)0(t, z), where ¢» € C*(Sy), 1 > 0, as a
test function in the approximate entropy inequality (3.6) and adding the resulting integral to the
energy balance (3.7), we deduce

1 . J .
—/ @w/ —0:|uc|® + o.e — Vo.s| dw dt+/ w/ﬁ S:Dxug—ﬂ dz dt
St o2 St o Ve Ue

10



1 195 —_ k+2
+ = / Y [9e = V[ do, dt
€ ST oN 195

[

< / 1/)/ [gsu‘€ V.G — o.su. - V0 — a4, V.0 — 000.s| dz dt. (3.12)
sy Ja v

Inequality (3.12) is obviously a counter part of the ballistic energy balance (2.17) and will be used
in the forthcoming part to deduce the necessary bounds on the family of approximate solutions.

4 Uniform bounds

In order to perform the limit € — 0 in the family of approximate solutions obtained in Proposition
3.1, we need uniform bounds independent of €.

4.1 Mass conservation

Obviously, as the total mass of the fluid is conserved, we get

My = / 0:(t,+) dx for all t € S = sup ||e:(t, -)||L1(Q) RS (4.1)
Q

teSr
4.2 Energy estimates
As both 002 and the boundary data ¥'g are smooth, we may suppose that
A Up(t,) =01in Q for any t € Sr. (4.2)

Choosing 1 = 1, ¥ = ¥ in the ballistic energy inequality (3.12) we get

2
/ / Vs [S(Dmus) Dy, 4 LIValel® } do dt
s Jo 0. 9

1 an —9 k+2
+= / / [V = Op" do, dt
€ JSy Jon Ve

-V, — &ﬂgges(ga,ﬁa)} dz dt.
(4.3)

195 1195
S / / |:Qeu5 : Va:G - Qas(gaa ﬁe)ua : VxﬁB + %
ST JQ

By virtue of hypothesis (2.10) and Korn’s inequality, we obtain

9
< B
iy © [ 58000 Dy, o

11



Moreover, again by virtue of (2.10),

5 2
[ [iwoote + 9. tstop] aos [ 2nA0AVDL
@ Q 196 195

By Poincare inequality (see e.g. Theorem 4.4.6 in [26]) we obtain that

8, < 8 ] 8
[92]° dx ~ [W&|° do, + [ (092 — V2 do,
Q o9 Q o9

as well as
/|10g(?95)|2 dxs/ log(1,)|? dam—i—/ 1V, log(4.)]? da.
Q o0 Q

Collecting the last three inequalities, hypothesis (3.11) and estimating the boundary terms

2

B B
de <~ [ |92 dax+/ V92| da
oN Q

8 . — Ip|Ft?
9 + log(o)? < 12— Veh

gives

52 1 9. — 0 p|F+2 0 k(9.)| Va0 |2
V2 + |log(9) |2, §<1+—/ #dagj—k/ﬁ#dx).
wi.2(Q) H ( )HW1 @ 2e Joq Ve o Ve Ue

Note that as € is small, thus the coefficient at the boundary term may appear without violating the
estimates, but aiming to match the formulation of approximate ballistic energy balance. Gathering
the previous observations, we may infer that

2
/ST [HU‘aHWOLQ(Q;Rd) + ‘

2

B
Ve

+||10g(?95)||3w,2(m] d
wh2(Q)

1 . — OplPHt
4= / / [Ve = V7 do, dt
€ Jsr Joa v

V5 — atﬁgas(gg,ﬁg)} da dtD .
(4.4)

/ / |:qu6 Val - QES(Qaaﬁa)ue -V g + w
St JQ

5(1+

Now, as g., u. solve the equation of continuity (2.13),

)

/ /QEuE-VxG dr dt = —/ 0:0,G dt < ¢(M,, G).
ST Q ST

In addition, denoting




we obtain, by virtue of (4.2),

/ ROQE)VI&E : V;ﬂ9B dr = / Vxlc(ﬁa) : VxﬁB do = / K(ﬁf)vxﬁB ' ndo_ﬂﬁ'
Q 198 Q o

Consequently, as k satisfies hypothesis (2.10), we conclude

_ B+1
/M-Vﬂ%dm §(1+//Mdgzdt)_
Q 19& St JOQ 195

/ /C(ﬁg)vxﬁB : I’IdO'a;
o

Thus inequality (4.4) reduces to

2
/ST [HuaHWOLQ(Q;Rd) + ’

512
vé

+||10g(195)||3w,2<m] dt
wi2(Q)

1 . — OglPHL
4= / / [Ve = V" do, dt
€ Jsr Joo U

S (1 —I—/ / <|Q€S(Q5,195)u€ -V, Up| + |8ﬂ§ggs(ge,195)| dx dt) ) (4.5)
Sy J0

N———

In accordance with hypothesis (2.6), we decompose the entropy as

B 4
QES(Qeaﬁe) = QES <Q_s> + _aﬁg
vz) 3

Consequently, the radiation component may be handled as
/Q |92, - V, 0| do < (5HugHig(Q;Rd) +¢(9,9p) /9192 dx

for any > 0. Consequently, as § > 6, this term can be absorbed by the left—-hand side of (4.5)

yielding
/ [”%Hivgrz(gﬂd) + ’
St wi2(Q)

1 _ B+1 3
+_/ / [9e = 95" do, dt < [ 1 +/ 0-S Q—i u. - V,ip 0:S Q—i O
€ Jsr Joo Ve Sr /0 V2 02

Finally, following the arguments of [14, Section 4.4], we make use of the Third law of thermo-
dynamics enforced through hypothesis (2.8). Specifically, if

2

B
Ve + ||10g(19a)||?a/172(9)] dt

dx dt) )

(4.6)

+

Y

. 3
F < r meaning o < 12,
2

13



we get, by virtue of (2.9),
0 < 3 + 3 +
< J— ~ 2 2 .
0< oS (193) (1 + 7 [1og (rv2) + log (19)])

Consequently, we deduce from (4.6),

2 1 9. — 0|+

||ua |2 1.2/0.pay T ‘ Ve + Ilog 195) |2 1,2 dt + —/ / = = do, dt

/. [ L IR LT R A
5 Q¢ 7
/ / 0:S ( )ug V0| dx dt+/ / 0:S (—3> o dx dt |,
seda {4 92 srdo {ap=d 77\ 2
3 92
(4.8)

where A(r) — 0o as r — oo.
Now, again by hypothesis (2.8),

Ve

sy

€

OS]I{ }S(%)SS(T)—)O&ST—)OO.
>r

RIS

9

In an analogue way we treat the term fST Jo d00.s dz dt. Going back to (4.8) we conclude

/. [nugu ey
1 . — IplPH!
_/ / | B| do, ( _|_S / / ’Q€u€|—0—gs dx dt)
€ Jsp Jon v Sy

) = 00, S(r) — 0 as r — 0.

2

B
02|+ log(y >||3Vm(m] at

Wi2(Q)

(4.9)

4.3 Pressure estimates
To close the estimates we have to control the density in terms of the integrals on the right—hand
side of (4.9). To this end, we use the nowadays standard pressure estimates obtained via Bogovskii

operator. Specifically, we use the quantity

1
gp(t,x):B{Q?——/g‘: dx} ,w >0,
€2 Jo

as a test function in the momentum equation (3.5). Here B denotes the operator enjoying the

following properties:

14



B: Lq(Q)E{UELq ‘/ }—>W01Q(QR‘1) 1 < g <o

div,B[v] = v;
o if v = div,g, with g € LY(Q; RY), div,g € L"(Q), g - n|sq = 0, then
|B[div,g]|| - (Q;Rd) ™ ||g”LT Q;R%)>

see Galdi [15, Chapter 3] or GeiBert, Heck, and Hieber [16]. After a straightforward manipulation
(see e.g. [9]), we obtain

/ST/Qp(Qs,z?s)@: dxdt:/ST‘%l </ng dx) (/Qp(geﬂgg) dx) "

1
_ / os(u-®@u.) : V. B |:QZJ —— [ o dx} dr dt
Q €2 Jq

1
—i—//ggwxug) B{g‘;——/gfdx] dz dt
srJo 9] Jo

/S e, Deu) - V. B |:Q:) _ L oY dx} dx dt
Q € Ja

/ /Qev G- B[Qg /g6 dx} dz dt
s Jo 12

+/ /ggu‘E B[div,(o%u.)] dz dt
St

Q

1
+ (w— 1)/ /gsug B [ngdivxus — —/ o¥div,u. dx] dz dt. (4.10)
srJo €[ Jo

Since the total mass M is constant, the smoothing properties of B yield

1
B @Z’——/@Z’ dx}
H { Q| Jo

Moreover, in accordance with hypotheses (2.3)—(2.5),

1
< ¢(My) as soon as w < 7

Lo (Spx QU R4)

Q§+ﬁ45p(g,ﬁ)§g§+ﬁ4+1.

In view of these facts, inequality (4.10) gives rise to

/ /Q§+w dzdt < C(M0)<1+/ /19? dz dt
ST Q ST Q
15



1
_/ /Qe u5®ue . va |:QL;_ — QL; d.T:| dz dt
sz Jo €2 Jo
1
+/ /Qa w X ua |:Q€ Qg} dl‘:| dz dt
srJa 12 Jq

+/ S(¥., Dyu,) : V,.B |:Q5 /Qs dx] dx dt
srJo [
+/ /QEuE~B[divx(g;Ju€)} de dt

srJa

1
+ (w— 1)/ /qug -B [Q‘;divctu6 - —/ o¥div,u. dx} dx dt). (4.11)
sy Jo €2 Jq

The following steps will be performed for d = 3. Obviously even better estimates can be
obtained if d = 2. First,

/ /Qe u€®ua :V.B |:Q5 dl':| dz dt’
Sr 121 Ja

S / ol e e o | 02l
T

< sup [lozl| @) / el sy sup [0 oo .
teST St teSt

where 3 3
q:2713>1provided7>§.
Fixing
oo 2 (4.12)
Ty YT 3T 15 '

and using the fact that the total mass M, is conserved, we get

/ /Qe U, ®u€ : V.B |:Q5 diC:| dzx dt‘
Sr 1] Ja

< eMo) sp ey [l
tEST ST

Seeing that the integral containing the Coriolis force can be controlled in a similar way we may
rewrite (4.11) in the form

//Qg+wd:cdt<c]\/[0 1+/ /194dxdt
ST ST

+ sup HQSHL’Y / HuSHWLQ(Q;RC”) dt

tes T ST
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1
+/ /S(ﬁa,ﬂ)xug) - V.B |:QL;——/Q:} dx} dx dt
o Jo A o
+/ /gsuE'B[divm(ggus)} dz dt
srJa

1
+ (w— 1)/ /ggu8 -B [ngdivgﬁu8 — —/ oldiv,u, dx} dz dt).
srJa €2 Jo

In a similar way, we get

/ /Qaua'B[divx(Q;"ua)] de dt
St JQ

S / N Lo el s sy | 00 sy,
St

where
1 1 1
—4+-=-+-=1.
v 6 ¢

In addition,

=
AR

W w 1
o= | ocins) < J[uellzosmll6E oy, where = =

/TTH/QQU - Bldiv,(o%u)] dz

as soon as (4.12) holds.
Finally,

1
/ /quE-B {Q‘;divxus — —/ oZdiv,u, dx] dz dt‘
srJo €2 Jo

whence

T7+1
<e(M) swp ol 5 / lallyas g
te(r,m+1) L3(Q) T WHALRS)

) 1 w1
S/ [ 0ell 2o lluell oo rs) || B [Q?dlvxus— ﬁ/ o2div,u, dx} dt,
St | | Q L9(Q;R3)
where 1
S+ =1
Y q
Here,
. 1 w1 w1 3r
HB [QZJdlvgﬁu8 - —/ ordiv,u, dx} N |0 divou, || prirsy, ¢ = ,
€2 Jo La(Q;R3) 3—r
and

: w 1
|ofdivaue||prore) < [lucllwizre) |02 Lre), with 5 + 5 =
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Thus using (4.12) we may infer that

1
/ /gguE-B [Q‘E"divmug - —/ ordiv,u. dx] dx dt‘
srJa 12 Jq

< (M) st el gy [ el
T

Going back to (4.13) and summarizing the previous estimates we conclude

/ /Q§+w da dt < e(My) (1+/ /19;l dz dt
ST Q ST Q

+ Sup ”QEHLg(Q)/ HuEH%/VLQ(Q;R?’) dt

1
/ST/ (Ve,Dpu) - V. B |:Q€ |Q| dx} dx dt> , where w = IR (4.14)

The last step is estimating

/S(ﬁE,Dxue) - V.B [Q‘;’ — i/ o” d$:| dx
Q €2 Jo
1

‘VIB [g‘; —— [ o dx]
Q

<(1+ H??sHL‘*(Q))Hueleﬂ(n;R?») 0]

LA(;R3)
< (M) + (19l s @) [[ue w2 ()

We therefore conclude the pressure estimates:

/ /g§+‘“ dz dt < e(Mp) {1+/ /193 dz dt
ST Q ST Q

1
2 —
+ (1 +EEUSIT) ||Qa||L§(Q)) /ST e [[fy12 m9) dt} W= 15 (4.15)

4.4 Uniform bounds for ¢ — 0
As > 6, we deduce from the inequalities (4.9), (4.15) that

B
/ /193 de dt & (1+/ 10213120 dt)
ST Q ST
N (1+/ /Q5|ug| dz dt)
St JQ

provided we fix r = 1 in (4.9). Furthermore,

/ /g5|ua| dr dt < = / /Qa dr dt + = / /95|ua| dx dt
ST St St



<

DO | —

1
TMy+ = 7
ot 55 Nl gy [ Il

< ¢(Mo) (1 + sup HQEHLg(Q)/S

Consequently, inequality (4.15) reduces to

540 2 1
o2 dxdt < c(M [1 + <1 + sup ||o:||. 5 ) / U || .2(0: 7 dt] , w=—. (4.16
/] (M) ol ) [ Il T

Next, going back to (4.9) we get

/s TR dté(sm / / (o.[u] + 0.) da dt+A<r>)

where, by means of the standard Sobolev embedding theorem,

T dt)

T

/ ocue| do < ||\/o: || L2 lvee |l s llacll Lo s rsy < c(Mo)|[v/0c | 3o [ue w2 :rs)-
Q

Consequently,
<
[ By @t = (S0) [ Neds g, dt+am) (4.17)
Now, introducing the total energy of the system,
1
E(o,d,u) = Solul” + oc(o, V)

we first observe that

sup/E(Qg,ﬂg,uE) de = (1+/ /E(gs,ﬁg,us) dx dt). (4.18)
teST JQ St JQ

The estimate (4.18) follows from the mean value theorem and the ballistic energy inequality (3.12).
Indeed, in view of the uniform bounds established in Section 4.2, we first deduce (4.18) for the
ballistic energy

E(Qa7 7987 115) - /ﬁBQ«ES(Qzﬂ ﬁa)a

and then use (2.9) to observe that the entropy part ¥pe.$(g.,J:) is a lower order perturbation.
Now, we estimate the kinetic energy using (4.17),

o|uc]? dadt < sup ||o.|| s / lucll36ig.psy dt
/ST/Q e|Ue S, i3 (@) S eI L8 (Q;R3)
T+1
< 2
<esup oy [ 10l d
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<
<A : : , .
(r) sup llocll 3 o) + () sup flecll 3 /ST loell 3 ) dt
In addition, by interpolation,
loell 3 g < HQst’ HQaHLl
Consequently,
/ /ge\ugl2 dzdt <
SrJa
< 5
~ ¢(My)A(r) su 5" + S(r - / |C s dt.
(Mo)A(r) sup floell g+ S(r) sup floellpg el o

Combining (4.16), (4.17), (4.19) we get

[ [ aar<com |1+ (1 s ledyig)) [ oo o
< o) 14 (1 3 el ) (SO [ Nl 0+ 400 )]
et [1+ (13l ) (5600 [ el jg(m a0 |

Interpolating L' and L3+ and using boundedness of the total mass we have

10
5 5. i 1
/ / 02 da dt < e(My) </ / Q53+ dx dt) provided w = —.
srJa SrJa 15

Thus summing up (4.18)—(4.22) we may infer that

(4.18) = sup/E(gE,ﬁa,ug) do < (1+/ /E(ga,ﬁa,ug) dx dt)
teST JQ St JQ
2
1+/ /<HUEH%/VOL2(Q;R‘1)+
St JQ w12(Q)
5
+/ /g5|u5]2 dz dt+/ /Qé” dz dt}
ST ST
(4.9) =~ ll—l—/ /Q5]u5| dz dt—i—/ / dz dt]
ST ST
(4.20) =~ {1%—/ /QS de dt
srJa

g
Ve
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(4.20)

(4.21)

(4.22)



+ A(r) (sup/E(gE,ﬁg,uE) dx) + S(r) (sup/E(gE,ﬁg,us) dx)]
teSt JO teSt JQ

70
1+ < / Y dz dt)
+JQ

1

(sup/E 0, Ve, 0,) dx> + S(r) (sup/E(gE,ﬁE,ug) dx)]
teST JQ teST

(4.21) = < (M) {A(T)—FS}?( (sup/E 0-, 92, 1.) dx)

teSr

(422) =<c Mg

—

+ A(r) (Sup/QE(Qayﬁg,uS) dx) +8(r) (Sup/QE(QE,ﬁg,ug) dx)]. (4.23)

teSt teSt

As §(r) — 0 as r — oo, we fix r > 0 large enough to deduce from (4.23) the desired energy bound

sup / Bloe,0.1.) da < c(Mo). (4.24)
Q

teSt

5 Convergence

Our ultimate goal is to perform the limit in the sequence of approximate solutions (o, ¥¢, Uc)eso
to obtain the existence of the time—periodic solution claimed in Theorem 2.2. With the energy
estimate (4.24) at hand, this is a routine matter nowadays well understood. Indeed the test
functions used in the entropy inequality (2.16) are compactly supported thus unaffected by the
boundary integral in its approximate counterpart (3.6). Similarly, the approximate ballistic energy
(3.12) is in fact stronger than (2.17) due to the penalization

1 _ k+2
—/ ¢/ Md% dt <1, ¢ > 0. (5.1)
€Jsr Joo v

)

In particular, for ) = 1, the above inequality together with the (3.12) yield
¥, — 9 weakly in L?(0, T; W'?(Q; RY))

with the limit trace ¥|gq = ¥p as required in Theorem 2.2.

Consequently, the proof of convergence is exactly the same as in the existence theory elaborated
in [7] with the exception of the strong convergence of the density, the “initial” value of which
is unspecified in the periodic setting. Fortunately, the compactness arguments based on Lions’
identity and boundedness of the oscillation defect measure can be modified to accommodate the
time periodic setting exactly as in [10, Section 9.3]. Thus the proof of Theorem 2.2 can be
completed.
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6 Concluding remarks

In comparison with [10], the available a priori bounds do not allow to handle a general driving force
0g in the momentum equation. Although the potential case g = V.G is physically relevant, more
general (non—potential) forces occur when the fluid is stirred up by the motion of the container. A
detailed inspection of the arguments in Section 4.3 reveals they could be considerably improved in
the case d = 2 due to the Sobolev embedding W12 C L? for any finite ¢q. Similar improvement may
also be expected in the case the total mass M is small, cf. Wang and Wang [25]. We therefore
strongly conjecture that the present result can be extended to a general driving force g provided

e cither d = 2,

® Or

Moz/gdx
Q

is small enough with respect to the amplitude of g.

As potentiality of g was also used in the estimate (3.8) crucial for boundedness of the approximate
sequence, the proof of the above conjecture would require a different kind of approximation scheme.
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