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A GALVIN-HAJNAL THEOREM FOR GENERALIZED
CARDINAL CHARACTERISTICS

CHRIS LAMBIE-HANSON

ABSTRACT. We prove that a variety of generalized cardinal characteristics,
including meeting numbers, the reaping number, and the dominating number,
satisfy an analogue of the Galvin-Hajnal theorem, and hence also of Silver’s
theorem, at singular cardinals of uncountable cofinality.

1. INTRODUCTION

One of the seminal results in cardinal arithmetic, and one of the first indications
that there are nontrivial ZFC constraints on the behavior of the continuum function
at singular cardinals, is Silver’s theorem.

Theorem 1.1 (Silver [18]). Suppose that & is a singular cardinal of uncountable
cofinality, n < cf(k) is an ordinal, and the set of cardinals

{n< |20 < )
is stationary in k. Then 2% < k17,

Silver’s original proof of this theorem involves a generic ultrapower argument; a
purely combinatorial argument for the theorem was soon provided by Baumgartner
and Prikry [1]. Around the same time, a generalization of Silver’s theorem was
proven by Galvin and Hajnal. The following statement of (a corollary of) their
theorem involves the notion of the Galvin-Hajnal rank ||¢||s of a function ¢; see
Definition 2.1 below for its formal definition.

Theorem 1.2 (Galvin-Hajnal [4]). Suppose that  is a singular cardinal of uncount-
able cofinality, (k; | i < cf(k)) is an increasing, continuous sequence of cardinals
converging to k, S C cf(k) is stationary, and ¢ : S — On is a function such that,

for alli € S, we have 2 < nj“’(i). Then 2% < gtllells

This theorem does indeed generalize Silver’s theorem, since, as we shall see, given
any stationary subset S of a regular uncountable cardinal €, and given any ordinal
n < 0, if ¢ is the constant function on S taking value 7, then ||| = 7.

One of the central aspects of research into cardinal arithmetic is the study of
certain methods of measuring the “size” of the power set of a cardinal x that are
in a sense finer than simply looking at the value of 2%. At singular cardinals, these
methods come from two primary sources, with some overlap between the two:

e Shelah’s PCF theory;
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e generalizations of cardinal characteristics of the continuum to singular car-
dinals.

Certain of these methods are known to satisfy versions of Silver’s theorem or the
Galvin-Hajnal theorem. For example, in [17, §2, Claim 2.4], Shelah proves a varia-
tion of Theorem 1.2 involving PCF-theoretic pseudopowers pp ;(x) and pp ;(k;) in
place of the cardinals 2% and 2%, respectively. Also, Kojman, in [12], proves that
certain density numbers satisfy an analogue of Silver’s theorem (see Section 3 for
details).

In this paper, we prove versions of the Galvin-Hajnal theorem for a variety of car-
dinal characteristics of the continuum generalized to singular cardinals of uncount-
able cofinality, focusing in particular on meeting numbers, the reaping number, and
the dominating number. Before proceeding to a summary of our results, let us say
a few words about our approach to cardinal characteristics at singular cardinals
in general. There are often multiple natural ways to generalize familiar cardinal
characteristics of the continuum to singular cardinals. For example, when defining
the dominating number 0, at a singular cardinal , any of the following possible
definitions of 0, seems potentially reasonable (see the end of this introduction for
any undefined notation):

e cf("k,<q), where, given f,g € "k, we let f <o ¢ if and only if |{i < & |
g9(i) < f()}H < ks

e cf("k,<1), where, given f,g € "k, we let f <; ¢ if and only if {i < &k |
g(i) < f(4)} is bounded below ;

o cf ("™ g, <), where, given f, g € Y™ g, we let f <o g if and only if |{i <

cf(k) [ g(i) < f(i)}] < cf(r).

In all such choices that we face here, we opt for the definition that emphasizes the
cardinality of k over its cofinality, as, at least in this context, this seems to be what
gives rise to the most genuinely new behavior at the singular cardinal . So, for
instance, we will define d,; to be what is called cf(“«, <o) above. (It is not difficult
to show that what is called cf(“(");, <5) above is in fact nothing other than de¢(s).)

We also note here that in this paper we are only considering cardinal characteris-
tics at a singular cardinal x that are provably strictly greather than . In particular,
we are not considering the bounding number b, the splitting number s,, or the
almost disjointness number a,, since, at least when generalized in accordance with
the principles laid out in the previous paragraph, these cardinal characteristics are
provably at most beg(,), Sct(x), and (), respectively (though we will have more
to say about the almost disjointness number in Section 6).

A slightly suboptimal but succinct summary of our main results can be stated
as follows (we refer the reader to Section 2 for the definition of canonical function
and to Section 5 for the precise definition of the cardinal characteristics under
consideration):

Main Corollary. Suppose that

e K is a singular cardinal with cf(k) = 6 > w such that p° < k for all p < K;

o (k; | i< 0) is an increasing, conltinuous sequence of cardinals converging to
Ky

e (3 is an ordinal for which the canonical function on 6 of rank (3, w%, exists;

e S C 0 is stationary;



A GALVIN-HAJNAL THEOREM FOR GENERALIZED CARDINAL CHARACTERISTICS 3

e cc is one of the cardinal characteristics m(0,k), d(0,k), tx, or 0., and,
for all i < 0, cc; is the corresponding cardinal characteristic m(ct(k;), ki),
d(cf(Ks), ki), Ty, OT Dy, s

. +¢5 (1)

o for alli € S, we have cc; < K, .

Then cc < k15,

The slight suboptimality in this statement comes from the assumption that u? <
k for all p < k. As we will see, something weaker than this is needed for our
results; the precise weakening depends on the specific cardinal characteristic under
consideration and will require some further notation to state, so we leave the exact
statements for later sections.

The structure of the remainder of the paper is as follows. In Section 2, we
review the definitions and facts regarding canonical functions and the Galvin-Hajnal
rank that we will need for our results. In Section 3, we recall certain notions of
density. This is important for two reasons: first, because the analogue of Silver’s
theorem for density numbers proven in [12] was direct inspiration for this paper, and
secondly and more immediately, these density numbers will appear in the precise
formulations of our results. After this, we begin with the proof of our main theorem.
The proofs of our various analogues of the Galvin-Hajnal theorem all have the same
general shape, so in Section 4 we develop an abstract framework that will apply to
all of our specific instances. In Section 5, we apply this abstract framework to our
cardinal characteristics under consideration to obtain our Main Theorem, which is
precisely stated at the end of the section. Finally, in Section 6, we record some
questions that remain open.

1.1. Notation and conventions: Unless otherwise noted, we believe our nota-
tion and terminology to be standard. We refer the reader to [11] for any undefined
notions or notations from set theory, and we refer the reader to [2] for an introduc-
tion to cardinal characteristics of the continuum, generalizations of which form the
subject of this paper.

If X is a set and ~ is a binary relation on X, then cf(X, ~+) denotes the minimal
cardinality of a subset Y C X such that, for all z € X, there is y € Y for which
x ~» y. If 0 is a regular uncountable cardinal, then NSy denotes the nonstationary
ideal on #. If S C 0 is a stationary set, then, formally, NSy [ S is the ideal on 6
generated by NSy U {6\ S}; in practice, we will typically think of NSy | S as the
ideal of nonstationary subsets of S, considered as an ideal on S. If X is a set and
k is a cardinal, then [X]*:={y C X | ly| = k}.

2. CANONICAL FUNCTIONS AND THE GALVIN-HAJNAL RANK

Suppose that S is an infinite set and [ is a proper ideal on S. Given two functions
©,7 € SOn, we write ¢ <7 ¥ to denote the assertion that the set {i € S | ¥(i) <
(i)} is in I. Define =, <;, etc. in the obvious way. We will be particularly
interested in the case in which S is a stationary subset of a regular uncountable
cardinal @ and I = NSy [ S, i.e., I is the collection of nonstationary subsets of
S. In this context, given two functions ¢, € SOn, we will write ¢ <g v instead
of ¢ <ns,rs ¥ (and similarly with <g, =g, etc.). In particular, for functions
@, € %0n, ¢ <4 ¢ will denote ¢ <ng, 1. Note that ¢ <g ¢ if and only if there
is a club C' C 6 such that, for all i € C'N S, we have (i) < 9 (4).
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Fix for the remainder of this section a regular uncountable cardinal §. Given a
stationary set S C 6, the corresponding relation <g is well-founded and therefore
has a rank function, which yields what is known as the Galvin-Hajnal rank.

Definition 2.1 ([4]). Suppose that 6 is an uncountable regular cardinal and S C ¢
is stationary. The Galvin-Hajnal rank of a function ¢ € °On, denoted |¢|s, is
defined by recursion on <. by letting

lells = sup{[[¢’lls + 1|+ € On and ¢ <. ¢}
for all ¢ € SOn.

It is readily verified by recursion on ||¢||s that, for all stationary T'C S C 6 and
all ¢ € 9On, we have |¢|ls < ||¢ | T|lz. In general, it is quite possible to have
strict inequality here. However, if ¢ is what is known as a canonical function, this
inequality is in fact always an equality. With this in mind, let us now recall the
definition of and some basic facts about canonical functions.

By recursion on ordinals «, attempt to define the canonical function on 6 of rank
a, ¢? € 90n, as follows. If 8 is an ordinal and @Y has been defined for all a < f3,
then let w% be the least upper bound for (p% | o < ) with respect to <, if such

a least upper bound exists. In other words, 90?3 € ?0n is a function such that

. <p% is a <g-upper bound for (¢? | a < B);
e if 4 is another <g-upper bound for (¢, | & < ), then ¢% <g 1.
If such a least upper bound does not exist, then @% is undefined (and therefore gpf)y

is undefined for all v > 8 as well).

Note that 4,0% is not uniquely determined, but is unique up to =p-equivalence.
We will let q)% denote the set of all canonical functions on 6 of rank 3. We will
slightly abuse notation and use gp% to denote an arbitrary element of <I>%. We will
always be working in contexts that are invariant under =g-equivalence, so this will
not result in any loss of generality. The following well-known fact (see [14, §1] for
an introduction to canonical functions of rank less than 67) shows that, for all
B < 0%, there are canonical functions on 6 of rank 3.

Fact 2.2. Let B < 07, and let e : § — B be a surjection. Then the function ¢ € %0
defined by letting f(i) = otp(e“i) for all i < 0 is in @%.

The following proposition follows almost immediately from the definition of
canonical function.

Proposition 2.3. Suppose that 5 is an ordinal for which go% is defined, 1 € 9On,
and the set S :={i < 0 | ¥(i) < (p%(z)} is stationary in . Then there is a stationary
S"C S and an a < 3 such that (i) < @9 (i) for all i € S'.

Proof. Suppose not. Then, for all & < f3, there is a club C,, C 6 such that ¢ (i) <
(i) for all i € SN C,. Define a function 7 € On by letting

o {0 ifies
T 6 ificon s,

Then, by our assumptions, 7 is a <g-upper bound for ((pg | @ < fB), so, by the
definition of canonical function we must have goz <p T, contradicting the fact that

S C 0 is stationary and, for all 7 € S, we have 7(:) = ¥(i) < gag(i). O
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The following basic facts will be relevant to our arguments.
Proposition 2.4. Suppose that 5 > 0 is an ordinal such that @% is defined.
(1) ¢%+1 is defined and @%Jrl =9 gag +1.

(2) If B is a limit ordinal, then there is a club C C 0 such that @%(i) is a limit
ordinal for alli € C.

Proof. (1) Clearly, w% + 1 is a <g-upper bound for (¢% | a < 8). Moreover, if 1 is
any other <g-upper bound, then there must be a club C' C 6 such that @g(i) +1<
(i) for all i € C, and therefore % + 1 <g 1. It follows that %, = @4 + 1.

(2) Suppose for sake of contradiction that [ is a limit ordinal and yet there is a
stationary set S C 6 such that gog (i) = v + 1 is a successor ordinal for all i € S.
Define a function ¢» € ?On by letting

. Yi ifie S
i) =9 4. g
¢5(i) otherwise

for all + < 6. By Proposition 2.3, we can find a stationary S’ C S and an ordinal
a < B such that ¥(i) < ¢? (i) for all i € S’, and hence, by removing a nonstationary
subset from S’ if necessary, we can assume that ¢(i) +1 < ¢% (i) for all i € 5.
But, by our definition of v, we have (i) + 1 = @%(i) for all © € S’, and hence
@ZH £o go%, contradicting the fact that o + 1 < . O

Proposition 2.5. Suppose that 0 is a reqular uncountable cardinal, B is an ordinal
such that @% is defined, and S C 0 is stationary. Then ||<p% [ Slls = 8.

Proof. The proof is by induction on 3, so we assume that, for all a <  and all
stationary 7' C 0, we have ||¢? | T||z = . Since ¢% <y cp% for all & < 3, it follows
that [l¢ I Slls > 5.

For the opposite inequality, fix a function ¢ € SOn with ¢ <g apg [ S; it suffices
to show that |[¢)]|s < 8. An application of Proposition 2.3 yields a stationary T' C S
and an o < 3 such that (i) < % (i) for all i € T. By the induction hypothesis,
we have ||¢? | T||r = a, so it follows that ||[¢) [ T|lz < a. But then, since T C S,
this implies that ||¢||s < «a < 8, as desired. O

We now recall two results from [10], the first of which is already implicit in [17].

Theorem 2.6. [10, Corollary 2.3] Suppose that A is an infinite set, I is an ideal
on A, and (i1, | a € A) is a sequence of reqular cardinals such that g > |A|T for all
a € A. Then there exist a set B € I'", a regular cardinal A > |A|T, and a sequence

f= (fa | @ < X) such that fis <rip-increasing and <pyp-cofinal in [[,c g fa-

Our statement of the next theorem is less general than its statement in [10]; we
focus on ideals of the form NSy [ S rather than the arbitrary normal ideals of [10].

Theorem 2.7. [10, Main Theorem] Suppose that
(1) & is a singular cardinal and cf(k) =0 > w;
(2) (k;| i< 0) is an increasing, continuous sequence of cardinals converging to
py
(3) (ui | i < 0) is an increasing sequence of regular cardinals such that, for
some function ¢ € 9On, we have p; = ﬁj_W(i) for all v < 6;
(4) S C 0 is stationary;
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(5) X\ is a regular cardinal and f = (fo | & < \) is a <g-increasing and <g-
cofinal sequence from [];cg fhi-
Then A < kHllelslls

Putting these two results together yields the following corollary.

Corollary 2.8. Suppose that 0 is a reqular uncountable cardinal, S C 0 is station-
ary, and B is an ordinal such that @z is defined. Suppose also that k is a singular
cardinal, cf(k) =0, and (k; | i < ) is an increasing, continuous sequence of cardi-
nals converging to k with kg > 0. Then there is a stationary S’ C S and a sequence

@+ such that

—

F=(fala <A from [Lieg 57 *"

(1) fis <gr-increasing and <g/-cofinal in [],cq K
(2) X< B+

+05(i)+1
i ;

9 (i)+1
In particular, there exists a <g-cofinal subset F C [[;c g /ﬁj%(ZH

Bt

such that | F| <

Proof. By Proposition 2.4, we have cp%H = (p% + 1. For each i € S, let pu; =
Kng(z)ﬂ. Then, applying Theorem 2.6 to the set S, the ideal NSy [ S, and the
sequence (u; | i € S) of regular cardinals, we obtain a stationary S’ C S, a regular
cardinal A > |A|*, and a sequence f = (f, | & < A) such that f is <g-increasing
and <g/-cofinal in [[;cg pi- Then Theorem 2.7 implies that A < g lehe rS/”S’, S0,
by Proposition 2.5, we have \ < gT/+1, O

3. DENSITY

In this section, we recall some notions of density that will play a role throughout
the paper. The first of these notions was the subject of Kojman’s [12].

Definition 3.1. [12] Suppose that § < p are infinite cardinals. The 6-density of
u, denoted d(6, ), is the minimal cardinality of a set ) C [u]? that is dense in

([, <)
If & < p, then [u)’ denotes the set of z € [u]® such that sup(z) < p, and the

lower 0-density of u, denoted d(0, ), is the minimal cardinality of a set ) C M

that is dense in (M Q).

)

Remark 3.2. In [12], the #-density of u is denoted by D(u, ). We have chosen the
notation d(f, ) to match the established notation m(f,u) for meeting numbers,
which are among the cardinal characteristics considered here. Our notation for
both density numbers and meeting numbers follows [16].

Note that, if § < p, then d(0, ) = p-3_, ., d(0,v). Therefore, if v? < p for all
v < u, then d(0, u) = p.

As remarked in [12], if cf () # cf(0), then

d(0,p) = d(0.p1) = -y d(0.v).

v<p

In particular, if cf(1) # cf() and v < p for all v < p, then d(6, u) = p.
If cf(u) = cf(f), then a routine diagonalization argument shows that d(6, u) >
+

ut.
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The main result of [12] is a version of Silver’s theorem for the density number
d(cf(k), k); this result served as direct motivation for the initial work that led to the
results of this paper. Our main result here, when applied to the density number,
will generalize and slightly improve upon the results of [12].

If I is an ideal over a set X, then the density of I, which we will denote d(I),
is the minimal cardinality of a set ) C IT such that, for all S € IT, there is
T € Y such that T\ S € I. We will particularly be interested in densities of the
form d(NSy [ S), where S is a stationary set of a regular uncountable cardinal 6.
Concretely, d(NSp | S) is the minimal cardinality of a collection T of stationary
subsets of S such that, for every stationary S’ C S, there is T' € T such that T'\ S’
is nonstationary in 6.

Finally, we introduce a notion of density that, in a sense, combines the two
notions introduced in this section thus far.

Definition 3.3. Suppose that # and k are infinite cardinals, with 6 regular, and

suppose that S C 6 is stationary. Then the stationarity density of °k, which we

denote by dgat(° k), is the minimal cardinality of a family F of functions such that
(1) every f € F is a function from a stationary subset of S to k;

(2) for every function g from a stationary subset of S to k, there is f € F such
that the set

{i € dom(f) | i ¢ dom(g) or f(i) # g(i)}
is nonstationary. (Less precisely but more evocatively, f is contained in g
modulo a nonstationary set.)

In analogy with lower density, we define the lower stationary density of °k,
denoted dgat(°k), in the same way as dgai(° k), except that, in item (2), we only
consider functions whose ranges are bounded below x (and hence we can require
that all of our functions in F also have ranges bounded below k).

Remark 3.4. Note that d(NSy | S) < dgat(°k). Also, whenever T C S are
stationary subsets of 6, we have

o d(NS, | T) < d(NSy | S);

L dstat (TH) S dstat(SH);

L4 dstat (T/{) S dstat(sﬁ)~

4. THE GENERAL FRAMEWORK

The cardinal characteristics we consider in this paper all have the following
form: a set X and a binary relation ~» on X are fixed, and the relevant cardinal
characteristic is then cf(X, ~), i.e., the minimal cardinality of a subset J) C X such
that, for all x € X, there is y € ) such that = ~ y.

Because of the structural similarity of these cardinal characteristics, the inductive
steps in the proofs of our main results end up being essentially the same, so in this
section we prove a general lemma that we can directly apply to all of the specific
situations under consideration here, and that we expect will find application beyond
the scope of this paper, as well.

In order to state and prove our general lemma, let us fix some objects and
notation for the remainder of this section:

e k is a singular cardinal and cf(k) = 6 > w;
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(ki | 1 < 0) is an increasing, continuous sequence of cardinals converging to
K, with kg > 0;

X is a set and ~~ is a binary relation on X;

for each ¢ < 0, X; is a set and ~; is a binary relation on Aj;

for each i < 0, m; : X — A} is a function;

e: NS; — Card is a function such that, for all stationary T'C S C 6, we
have e(T) < e(S).

Remark 4.1. To help orient the reader, let us preview here some typical inter-
pretations of these objects. In a typical application, we might have X = P(k),
X; = P(k;), and m;(z) = x N Ky, or X = "k, X; = "ik,, and m;(z) is a modification
of x | k; to ensure that it takes values in ;. The function e will typically (though
not always) output one of the density numbers introduced in Section 3.

In this context, if S C 0 is stationary and g is an ordinal for which the canonical
function go% is defined, then let ¥(S, 3) denote the following assertion:

If Z and (Y; | ¢ € S) are such that
(1) ZC X and Y; C X, for all i € S

@) D] < 577D for all i € S;
(3) for all z € Z, there is a club C' C 6 such that, for all i € C'N S,
there is y € Y; for which m;(2) ~; y;
then there is )V C X such that |V| < k™8 +d(NSy | S) +e(S) and,
for all z € Z, there is y € Y for which z ~ y.
Let U*(S, ) be defined in the same way, except, in the conclusion, we only
require |V| < k17 +e(S).

Lemma 4.2. Suppose that S C 0 is stationary and ¥(T,0) holds for all stationary
T C S. Then, for all ordinals 8 for which go% is defined, ¥(S, 8) holds.

Proof. The proof is by induction on S, simultaneously for all stationary S C 6.
Thus, fix an ordinal 8 for which 4,0/93 is defined and a stationary set S C 6. By
the hypothesis of the lemma, we can assume that 8 > 0, and by the inductive
hypothesis, we can assume that (7T, «a) holds for all @ < S and all stationary
T CS. Fix Z and (); | € S) as in the hypothesis of U(S, 3); we will find Y C X

+5 (i)> (with

i

as in its conclusion. For each i € S, enumerate ); as (y;¢ | £ < K
0,
repetitions if |V;| < K;WB(Z)).
Suppose first that § = ' + 1 is a successor ordinal. By Proposition 2.4, we
can assume that go% = go%, + 1. Then, by Corollary 2.8, we can fix a stationary

0/ .
S" C S and a <g/-cofinal family F C [], g k%" such that |F| < k8. For each

o ..
feF, let Yy :={yie| &< f(4)}, and note that |Y; 5| < nj%'(l). Let Z¢ be the
set of z € Z for which there is a club C' C 6 such that, for all i € C N .S’, there
is y € Vi, ¢ such that m;(2) ~»; y. Recalling that d(NSg [ S") < d(NSp [ S) and
e(S”) < e(S), apply ¥(S',8') to Zy and (Vs | ¢ € S") to find Yy C X such that
V| < kT8 4 d(NSg | S) + e(S) and, for all z € Zy, there is y € Vs such that
2z~ .

Let Y = Ufef Y¢; we claim that Y is as desired. It is evident that Y C & and
V| < kTP +d(NSg | S) + e(S), so it remains to verify that, for all z € Z, there is
y € Y such that z ~» y. For this, it suffices to show that Z C Ufe}' Z¢. To this
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end, fix z € Z. By assumption, there is a club C' C 6 such that, for all i € C N S’,
+0% (4)

i

0.
there is §; < /f:_%(z) for which 7;(2) ~+; yi¢,. Define a function g € [[;cq #

by letting
g(i) = {

0 otherwise

0,
for all i € S". Since F is <.-cofinal in [];cq /i:_%(z), we can find f € F such that
g <c¢ f,i.e., there is a club D C @ such that, for all i € DNS’, we have g(i) < f(4).
But then, for all i € DN CNS’, we have & < f(i) and m;(2) ~; yi¢,, so DNC
witnesses that z is in Zy, and we are done.

Finally, suppose that 3 is a limit ordinal. By Proposition 2.4, we can assume that
@%(i) is a limit ordinal for all 4 € S. Let T be a collection of stationary subsets of
S such that | 7] = d(NSp | S) and, for every stationary S’ C S, there is T' € T such

that T\ S’ € NSy. For each ov < B and each i € S, let Y := {y;¢ | { < nj“ﬁi(z)}.
For each o < B and each T" € T, let Z7, be the set of all z € Z for which
there is a club C' C 6 such that, for all ¢ € C N T, there is y € YV such that
7i(2) ~; y. Apply ¥(T, @) to Zp, and (V9 | i € T) to find Yr o C X such that
V1ol <kT*+d(NSy | S)+e(S) and, for all z € 27, there is y € Y7, such that
2z~ .

Let Y = H{Vra | T € T, a < }; we claim that ) is as desired. As in the
successor case, it suffices to verify that Z C | J{Zr | T € T, a < }. To this end,
fix z € Z. By hyg)othesis7 we can find a club C' C 6 such that, for alli € C NS,
there is & < f{jwﬁm for which m;(2) ~; yi¢,. For each such i, use the fact that
gpz () is a limit ordinal to find v; < @%(i) such that & < k1", Define a function

¥ € 9On by letting
W)_{% ifiecns

go% (i) otherwise
for all ¢ < 6. By Proposition 2.3, we can find a stationary S’ C CNS and an « < 8
such that v; = (i) < % (i) for all i € S’. We can subsequently find a T' € T and
a club D C 0 such that DNT C S’. Then, for all : € DN T, we have Yie, € V5
and ;(2) ~; Yi.e,, 50 D witnesses that z is in Z7 ,, and we are done. O

Notice that the only place in which the value of d(NSy | S) plays a role in the
proof of Lemma 4.2 is in the case in which £ is a limit ordinal (in the successor case
it only makes an appearance via the inductive hypothesis). Therefore, if < w
and U*(T,0) holds for all stationary T C 6, then we can do away with d(NSy | .S)
in the conclusion of the lemma. More precisely, the proof of the successor case of
Lemma 4.2 yields the following corollary.

Corollary 4.3. Suppose that S C 0 is stationary and V*(T,0) holds for all sta-
tionary T C S. Then U*(S,n) holds for all n < w.

The translation from Lemma 4.2 and Corollary 4.3 to our main results will
happen via the following corollary.

Corollary 4.4. Suppose that
(1) B is an ordinal for which g@% is defined;

.y 210N ) _—
(2) S :={i<0|cf(X;,~) <k, } is stationary in 0;
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(8) W(T,0) holds for all stationary T C S.

Then cf(X,~) < kTP +d(NSy | S) +e(S). If, moreover, B < w and V*(T,0) holds
for every stationary T C S, then cf(X,~) < ktP +¢(9).

Proof. By Lemma 4.2, we know that ¥(S, ) holds. Let Z = X and, for each

i €8, let ¥; C A&; be such that |V;| < mng(z) and ); is ~»;-cofinal in X;. In
particular, for all z € Z and all ¢ € S, there is y € Y; such that m;(2) ~; y.
Therefore, applying ¥(S,5) to £ and ()); | ¢ € S) yields a set ) C X such that
V| < kTP +d(NSp | S) +e(S) and, for all z € Z, there is y € ) such that z ~ y,
i.e., ) is ~»-cofinal in X.

For the “moreover” clause, if 8 < w and U*(T,0) holds for every stationary
T C S, then Corollary 4.3 implies that ¥*(S,3) holds. Applying ¥*(S, ) to
the Z and (); | @ € S) of the previous paragraph then yields ) C X such that
V| < kT8 4 ¢(S) and Y is ~-cofinal in X. O

5. SPECIFIC INSTANCES

We now turn to applications of the general framework introduced in the previous
section to particular cardinal characteristics at singular cardinals. Let us fix for
this entire section cardinals £ and 6 such that w < 68 = cf(k) < k, as well as
an increasing, continuous sequence of cardinals (k; | ¢ < 6) converging to x, with
Ko > 0.

Each cardinal characteristic cc, we consider will entail a choice of a set X and
a binary relation ~ on X such that cc, = cf(X,~>). The sets (X; | i < 0) and
relations (~»;| i < 0) will be defined analogously, so that cc,, = cf(X;,~;) for
each i < #. We will also have natural restriction operations m; : X — &} for each
1 < 0. Together with an appropriate choice of function e : NS; — Card, these
assignments give rise to instances of the formulas ¥(S,3) and ¥U*(S5, 3) from the
previous section. The primary work of this section will consist of proving that all
of these instances of U*(T,0) hold; Corollary 4.4 will then directly yield our main
results.

We will begin by introducing each of the cardinal characteristics we will be
considering and specifying the appropriate assignments for X, ~», ((X;, ~;,m;) |
i < ), and e for each characteristic. We will then prove a lemma indicating that,
for all of these assignments, the corresponding instance of ¥*(7T,0) holds for every
stationary T' C 6.

We note that for some of the cardinal characteristics, we will only define X;,
~+;, and m; for limit ordinals ¢ < 6. Since the clubs C' in the statement of ¥ (S, )
can always be assumed to consist entirely of limit ordinals, this is sufficient for our
purposes.

5.1. The meeting number. The first cardinal characteristics we consider are the
meeting numbers.

Definition 5.1 ([16]). Suppose that o < A are infinite cardinals. Then the meeting
number m(co, A) is the minimal cardinality of a collection J) C [A]? such that, for
all z € [\]?, there is y € Y such that |z Ny| = 0.

The meeting number m(o, A) is of special interest when cf(o) = cf()), in which
case a routine diagonalization argument implies that m(o, A) > A. A result of Matet



A GALVIN-HAJNAL THEOREM FOR GENERALIZED CARDINAL CHARACTERISTICS 11

indicates that Shelah’s Strong Hypothesis, a statement in PCF theory, is equivalent
to the statement that all such meeting numbers take their minimal possible value:

Theorem 5.2 (Matet, [15, Theorem 1.1]). The following are equivalent:

(1) Shelah’s Strong Hypothesis;

(2) for every singular cardinal X of countable cofinality, m(Rg, \) = A*;

(3) for all infinite cardinals o < X\, we have m(o,\) = AT if cf(0) = cf(N\) and
m(o,\) = X\ if cf(o) # cf(N).

We now specify assignments to define a version of the formula U*(T,0) appro-
priate for the meeting number. Let X = [s]’ and, for each limit ordinal i < 6, let
X; = [k]°"D. Define relations ~» on X and ~+; on &; by letting x ~ y iff |z Ny| = 6
and © ~»; y iff |z; Ny;| = cf(é) for all limit ordinals ¢ < §. Then it is evident that
m(0, k) = cf(X,~) and m(cf(i), k;) = m(cf(k;), ki) = cf(X;, ~;) for all limit ¢ < 6.

For each limit ordinal i < 6, define a map m; : X — X; as follows. For any
i < 6 and z € X, if sup(z N K;) = Ky, then let m;(z) be an arbitrary unbounded
subset of z N k; of order type cf(i). If sup(z N k;) < K;, then simply let m;(x) be
an arbitrary element of X;. Note that, for every x € X that is unbounded in «, the
set {i < 0 |sup(zNk;) =K} is aclub in 6.

Let e : NSJ — Card be the constant function taking value > j<om(0, ;).

5.2. Density. As mentioned above, a version of Silver’s theorem for density is
proven in [12]. We include density here for completeness, since our results are
slightly more general than those of [12].

We are interested in particular in the number d(6, x). The setup for density will
be similar to that for the meeting number. Again let X = [k]? and, for each limit
ordinal 7 < 6, let X; = [ni]Cf(i). Define relations ~» on X' and ~»; on X; by letting
x~yorz~;yiff # 2y, Then d(0, k) = cf(X,~) and d(cf(k;), ki) = cf(X;, ~)
for all limit ¢ < 6.

Define maps 7; : X — A&} for limit ordinals ¢ < 6 exactly as in the case of the
meeting number in the previous subsection. Let e : NSg‘ — Card be the constant
function taking value d(0,x) = >_,_,d(0, ;) (recall Definition 3.1).

5.3. The reaping number.

Definition 5.3. Let A\ be an infinite cardinal.
(1) If z,y € [\]*, then we say that = splits y if [y Nz| = |y \ | = \.
(2) A family Y C [\]* is unreaped if there is no single 2 € [A\]* that splits every
element of B.

(3) The reaping number t) is the minimum cardinality of an unreaped family
in A}

A standard diagonalization argument shows that ty > A for every infinite cardi-
nal A.

Let X = [x]" and, for each i < 0, let X; = [k;]"". Define a relation ~» on X by
letting « ~ y iff « does not split y, i.e., either [y N x| < k or |y \ | < k. Similarly,
for each i < 0, define ~»; on X; by letting = ~~; y iff  does not split y. Then it is
evident that v, = cf (X, ~) and v, = cf(X;, ~;) for all ¢ < 6.

For each i < 0, define a map m; : X — X as follows. For all x € X, if |[zNk;| = Ky,
then let m;(z) = z N k;. Otherwise, let m;(x) = ;. Note that, for all z € [k]", the
set of 4 < @ for which |z N k;| = k;, and hence for which 7;(x) = x N Ky, is a club in
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0. Finally, as in the case of density, let e : NS;r — Card be the constant function
taking value d(0, k).

5.4. The dominating number.

Definition 5.4. Suppose that A is an infinite cardinal.
(1) If f,g € *On, then f <* g if and only if |[{n < X | g(n) < f(n)} < \.
(2) The dominating number 0y is the minimal cardinality of a family F C *\
such that for every g € ), there is f € F such that g <* f.
(3) More generally, for any limit ordinal o, 9 , is the minimal cardinality of a
family F C *o such that, for every g € *o, there is f € F such that g <* f.

Proofs of the following basic facts can be found in [7].

Proposition 5.5 ([7, Claim 3.2 and Lemma 3.1]). Suppose that A is an infintie
cardinal.

(1) o5 > X and cf(d5) > .
(2) O\ = D et(r)-

The proofs of [7, Claim 3.2 and Lemma 3.1] can be routinely adapted to yield
the following generalization of the preceding proposition.

Fact 5.6. Suppose that X is an infinite cardinal and o is a limit ordinal.
(1) 9x0 > A and cf(0x5) > A
(2) x0 = O ct(o)-

Let X = *0 and, for each limit ordinal ¢ < 0, let X; = ®i4. Let ~» and ~»; be the
relations <* on X and A&}, respectively. By Proposition 5.5 and Fact 5.6, we have
0, = cf(X,~») and, for all limit 7 < 6, we have 0., = cf(X;, ~;).

For each limit ordinal ¢ < 6, define a map m; : X — X as follows. For all x € X
and all n < K, let

0 otherwise.

(@) () = {x(n) if x(n) <1

Note that we do indeed have 7;(z) € i = X}, as desired. Finally, let e : NS@|r —
Card be defined by letting e(S) = dgat(°k) for all stationary S C 6 (recall this
notation from Definition 3.3).

5.5. The general lemma. We now show that, in all of the cases introduced in
this section, the corresponding version of U*(T,0) holds for all stationary T C 6.
Note that we may assume that ¢§(i) = 0 for all i < 6, so clause (2) in the definition
of (T, 0) asserts that |V;| < k; for all i € T.

Lemma 5.7. For any cardinal characteristic cc € {m(0, k), D(k,0),t,,0.}, the
corresponding formula O*(T,0) holds for every stationary T C 6.

Proof. We begin with some general preliminaries and then split into cases depending
on the cardinal characteristic under consideration.

Fix a stationary set T' C 6; we may assume that every element of T is a limit
ordinal. Fix assignments for X, ~, ((X;,~;,m;) | i < 0), and e corresponding to
one of the cardinal characteristics introduced in this section. To verify ¥*(T’,0), fix
a set Z C X and, for each 7 € T, a set J; C X; such that

o forallic T, |Vi| < ki
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e for all z € Z, there is a club C' C 0 such that, for all i € C'NT, there is

y € Y; for which m;(z) ~; y.
For each i € T, enumerate V; as (y;¢ | £ < k;) (with repetitions if |V;| < k).
We will find ¥ C X such that |Y| < k+ e(T) and, for all z € Z, there is y € Y
for which z ~» y. Our method for doing this will depend on the precise cardinal

characteristic.
Case 1: m(0, k). Recall that in this case e(T') = > ;_,m(0, ;). Therefore, for

each j < 6, we can fix a family W; C [T x x,]? such that
o Wil <e(T);
e for all u € [T x k,]?, there is w € W; such that |w Nu| = 6.
Let W :=J._gW;. For ecach w € W, let yi := | Hyie | (¢,§) € w}, and note that
Vi € K],
Also, for each j < 0, let Vi C [£;]? be such that [V| < e(T) and, for all z € [x;]?,
there is y € J¥ such that |y N z| = ¢. Finally, let

Y=y uys lwewinx’).
j<0
We claim that Y is as desired. It is evident that Y C X and |Y| < k +e(T). It
remains to show that, for all z € Z| there is y € Y such that z ~ y, i.e., |[yNz| = 6.
To this end, fix z € Z. If there is j < 6 such that z C &, then there is y € y; such
that |y N z| = 6, and we are done. Therefore, we may assume that z is unbounded
in k. By assumption, there is a club C' C 6 such that, for all : € C' NT, we have

<6

e sup(zNk;) = k4, and hence 7;(z) is an unbounded subset of z N k; of order
type cf(i);
o there is §; < k; for which m;(2) ~; yie,, 1.e., |yie, Nmi(2)| = cf(3).
Since each ¢ € T is a limit ordinal, we can apply Fodor’s lemma to find a fixed j < 6
and a stationary 7" C C'NT such that §; < k; for all i € T". Let u = {(i,§;) | i €
T'}. Then u € [T x r4]?, so, by our choice of W;, we can find w € W; such that
|wNu| = 6. Tt follows that the set T" := {i € T" | (i,&;) € w} is unbounded in 6.

Consider the set ¥, = U{yie | (4,§) € w}. Note that, for all i € T”, we know
that m;(2) is an unbounded subset of z N k; of order type cf(7), and we know that
|yie, Ni(2)| = cf(3). It follows that y; ¢, N m;(2) is an unbounded subset of z N k;,
and therefore ¢ Nz is an unbounded subset of z. In particular, ¥ € YV and z ~~ y3,
as desired.

Case 2: d(#,k). The argument in this case is very similar to that in the
previous case, so we suppress some details. Since e(T') = d(0, k) = >_;_,d(0, k;),
we can fix, for each j < 6, a family W; C [T x ;)% that is dense in ([T x x;]%, )
and has cardinality at most e(T). Let W := (J; 4 W; and, for each w € W, let
vl = Uluie | (1:€) € w}.

Also, for each j < 0, fix Y7 C [k;]? that is dense in ([x;]?, C) and has cardinality
at most e(T'). Let ¥ :=J;_,Yj U ({yz, | weW;}n[x]?).

It is evident that Y C X and || < k + e(T). To verify that ) is as desired, fix
z € Z. We must find y € Y such that y C z. If there is j < 6 such that z C &;,
then there is y € V7 such that y C z, and we are done. Thus, suppose that z is
unbounded in x. Then there is a club C' C 0 such that, for all i € CNT, we have

o sup(z Nk;) = K;
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e there is §; < k; for which y; ¢, C m;(2).
We can again find a stationary 77 C C'N T and a fixed j < 6 such that & < k; for
alli € T". Let u = {(¢,&) | i € T}, and find w € W, such that w C u. As before,
the set 7" := {i € T" | (4,&) € w} is unbounded in 6; moreover, w is precisely
{(i,&) | © € T"}. Therefore, yi = U{vie, | 1 € T"} C 2. It also follows exactly as
in the previous case that y;, is unbounded in x and is therefore an element of V.

Case 3: t,. In this case, e(T) = d(0, k). Therefore, for each j < 0, we can fix as

in the previous case a set W; C [T x r;]? such that W, is dense in ([T x x;]%, C) and
IWj| <d(T). Let W= J;_,D; and, for each w € D, let y;, = H{yie | (4,€) € w}.
Finally, let Y = {y} | w € D} N [K]".

We claim that ) is as desired. It is evident that Y C [k]* and |Y| < e(T). It
remains to verify that no element of Z splits every element of ). To this end, fix
z € Z. By assumption, we can find a club C' C 6 such that, for all i € CNT, we
can find & < k; such that either |y; ¢, N 7;(2)] < K; or |y ¢, \ mi(2)] < K;. We can
also assume that, for all ¢ € C, we have |z N k;| = k;, and hence 7;(z) = z N &;.

Find a stationary Sy C C'NT such that either

(1) for all i € Sy, |yie, N (2)] < Ky or

(2) for all i € Sy, |yie, \ mi(2)] < K.
Without loss of generality, assume that (1) holds (the proof is symmetric if (2)
holds). For each limit ordinal i € Sy, we can find j(¢) < ¢ such that max{&;, |y;¢, N
7i(2)|} < Kj@). Since Sp is a stationary subset of 6, we can therefore find a station-
ary S1 C Sp and a fixed j < 0 such that j(i) = j for all ¢ € S;.

Let u={(3,&) | i € S1}. Then u € [0 x k;]?, so we can find w € W; C W such

that w C u. Note that {i € Sy | (i,&;) € w} must be unbounded in 6, so we have
lyX | = K, and hence y, € Y. Moreover,

yenz= |J wienz)= |J Wienm(2) < | Wie Nmil2)).

(i,¢)ew (1,€)ew €S

Since |y;.¢, Nmi(2)] < K; for all i € S and k; > 6 = |S1], it follows that |y}, N z| <
k; < K, so z does not split y;, i.e., we have z ~ y2 , as desired.
Case 4: 0,. In this case, e(T) = dsat(? k). Therefore, we can fix a family H
such that
o M| = e(T);
e every element of H is a function from a stationary subset of T" to x whose
range is bounded below x;
e for every function g from a stationary subset of T' to k such that the range
of g is bounded below &, there is a function h € H such that {i € dom(h) |
i ¢ dom(g) or h(i) # g(i)} is nonstationary in 6.

Recall also that, for each i € T and each £ < &;, we have y; ¢ € "ii.

For each h € H, define a function y;} € *6 as follows. Let T” := dom(h). Since
the range of h is bounded below x, we know that, for all sufficiently large ¢ € T,
we have h(i) < k;, and hence y; ,(;) is defined. Therefore, for all sufficiently large
i € T" and all < k4, we have y; 5(;y(n) < i. Therefore, by Fodor’s Lemma, for
each 1 < k, we can find a j < 6 such that

{i € T" [ n < ks, h(i) < ki and y; ny(n) = j}
is stationary in 6. Let y;(n) be the least such j.
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Let Y = {y; | h € H}. We claim that ) is as desired. It is evident that J C 6
and |Y| < e(T). It remains to verify that, for every z € Z, there is y € ) such that
z <*y. To this end, fix z € Z. By assumption, we can find a club C' C 6 such that,
for all i € CNT), there is & < k; for which 7;(2) <* y;¢,. Foreachi € CNT, let

Ei = {n<rilyien) <m(z)(n)},

and note that |E;| < k;. By two applications of Fodor’s lemma, we can find a j < 6
and a stationary 7" C C'N T such that max{¢;, |F;|} < k; for all ¢ € T”. Then the
map from T” to x defined by sending each i € T’ to & has range bounded below
K, so we can find h € H and a club D C 6 such that, letting 7" := dom(h), the
following statement holds: for all i € D NT", we have i € T” and h(i) = &;.

We claim that z <* y;. To see this, first let E := UieDmT,, E;, and note that
|E| <6 -k; < k. It therefore suffices to show that z(n) < y;(n) for all n € x\ E.
To this end, fix n € K\ E. Fix £ < 6 such that n < k¢ and z(n) < ¢. Then,
for all i € DNT" \ £, we have 7;(2)(n) = 2z(n). Moreover, for all such i, we have
n ¢ E;, and hence z(n) < yie, (1) = yinu)(n). Recall that yji(n) was defined in
such a way that there is a stationary set 7" C T" such that yj (1) = y; ne)(n) for
all ¢ € T*. Since D is a club in 0, we can fix i* € (DNT*)\ £. But then we have

2(n) < Yi= nii+) (M) = ¥ (n), as desired. 0

Combining the results of this and the previous section, we obtain the precise
statement of our main result.

Main Theorem. Suppose that

e K is a singular cardinal and cf(k) = 0 > w;

o (ki | i< 0) is an increasing, continuous sequence of cardinals converging to
py

e (3 is an ordinal for which go% exists;

e S C 0 is stationary;

e cc is one of the cardinal characteristics m(0, k), d(6, k), tx, or 0., and, for
each i < 0, cc; is the corresponding cardinal characteristic m(cf(k;), Kq),
d(cf(Ks), ki), tuys OT Dy, s

) +¢5 (1)

o for alli € S, we have cc; < K, .

Then:

(1) If cc = m(0, k), then cc < k1P + > jcom(b, ;) +d(NSg [ S). Moreover, if
B < w, then cc < k1P + > jcom(0,55).

(2) If cc = d(0, k) or cc = t,, then cc < k1P +d(k,0) + d(NSy | S). Moreover,
if B < w, then cc < k1P 4 d(0, k).

(3) If cc = 0y, then cc < k1P 4 dyrat (O k).

Proof. This follows directly from Lemma 5.7 and Corollary 4.4. (]

6. OPEN QUESTIONS

Throughout this section, x will denote an arbitrary infinite cardinal. We feel
that the most prominent cardinal characteristic at singular cardinals that is not
covered by our results here is the ultrafilter number, a close relative of the reaping
number.



16 CHRIS LAMBIE-HANSON

Definition 6.1. The ultrafilter number u, is the minimal size of a base for a
uniform ultrafilter over . In other words, it is the minimal cardinal A for which
there exists a uniform ultrafilter U over x and a family X C U such that |X| = A
and, for all Y € U, there is X € X such that | X \ Y| < &.

It is provable that u, > k, and the ultrafilter number at singular cardinals has
been extensively studied (cf. [5], [7], [9], among others).

Question 6.2. Does a version of our Main Theorem hold for the ultrafilter number?

We briefly mentioned the almost disjointness number at the beginning of Section
5; we feel that some interesting questions can be formulated around it. We first
recall the relevant definitions.

Definition 6.3. An almost disjoint family over k is a family A C [k]" such that,
for all distinct A, B € A, we have |A N B| < k. Such a family is a mazimal almost
disjoint family (MAD family) over & if, moreover, there is no almost disjoint family
B over k with A C B.

There are trivial ways to form MAD families over x (as an extreme case, {k}
is a MAD family over k). The almost disjointness number a, is defined to be
the minimal cardinality of a nontrivial MAD family over . It remains to specify
what montriviality means. The most natural solution seems to be to say that a
MAD family is nontrivial if and only if its cardinality is greater than cf(x) (this is
the approach taken, for instance, in [13]). Under this definition, it is not difficult
to prove that a, < ac(,). However, there always exist MAD families over x of
cardinality strictly greater than k, so one could also declare that a MAD family
over k is nontrivial if and only if its cardinality is greater than x. Let us denote the
version of the almost disjointness number arising from this more stringent definition
of nontriviality by af.

Question 6.4. Does a version of our Main Theorem hold for aj,?
The most immediate specific incarnation of this question would be the following:

Question 6.5. Suppose that k is a singular strong limit cardinal of uncountable
cofinality and there is a stationary subset S C k consisting of singular cardinals
such that, for all u € S, there is a MAD family over u of cardinality p*. Must
there be a MAD family over k of cardinality k™.

Definition 6.6. A graph G is universal for graphs of size k if, for every graph H
with at most xk-many vertices, there is an induced subgraph of G that is isomorphic
to H. Let ug,. denote the minimal number of vertices in a graph G that is universal
for graphs of size k.

Question 6.7. Does a version of our Main Theorem hold for ug,, ?

We are also interested in whether analogues of Silver’s theorem hold for state-
ments that are not naturally formulated as statements about cardinal character-
istics but which are consequences of 2% = k*. We record here some particularly
prominent examples.

1,1

+ +
Definition 6.8. The polarized partition relation <KK ) — (KK ) is the assertion
2

that, for every function ¢ : KT X & — 2, there are sets A € [k*]* and B € []*
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such that ¢ | A x B is constant. The negation of this relation is denoted by
1,1
K K ),

+ +\ 11
Erdés, Hajnal, and Rado prove in [3] that, if 27 = k™, then w s " .
K K

2
On the other hand, Garti and Shelah prove in [6] that, assuming the consistency of
+ +\ bt
a supercompact cardinal, the positive relation <Hﬁ > — <Hﬂ > consistently holds
2

for a singular strong limit cardinal x (in their result, x can have either countable
or uncountable cofinality).

Question 6.9. Suppose that k is a singular cardinal of uncountable cofinality and
there is a stationary set S C k consisting of singular cardinals such that, for all

+ +\ bt + +\ bt
w € S, we have (i) + <M > . Must it be the case that (i) ad <K > ?

K Ja K/

Recall that, for a regular uncountable cardinal A\, a A-Aronszajn tree is a tree of
height A with no levels or branches of cardinality A. By a result of Specker [19],
if 4 is regular and pu<* = p, then there is a p*-Aronszajn tree. In particular,
if 2 = kT, then there is a kT T-Aronszajn tree. Therefore, the nonexistence of
Aronszajn trees at the double successor of a singular strong limit cardinal requires
a failure of the Singular Cardinals Hypothesis. For a construction of a model in
which there is a singular strong limit cardinal s of uncountable cofinality such that
there are no kT t-Aronszajn trees, see [8]. For our final question, we ask whether
the existence of k™ -Aronszajn trees satisfies a version of Silver’s theorem.

Question 6.10. Suppose that k is a singular cardinal of uncountable cofinality and
{u < K | there exists a p*+-Aronszajn tree} is stationary in k. Must there exist a
kT T-Aronszajn tree?
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