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ABSTRACT. For a foliation F defined on a smooth complex manifold M we intro-
duce the category of vertex operator algebra V bundles with sections provided
by vectors of elements of the space of algebraically extended V-module W-valued
differentials. An intrinsic coordinate-independent formulation for such bundles
is given. Finally, we identify the cohomology of the spaces of sections for a ver-
tex operator algebra V bundle with vertex operator algebra cohomology of the
holonomy groupoid Hol(M, F).

AMS Classification: 53C12, 57R20, 17B69

1. INTRODUCTION: RESULTS OF THE PAPER

The theory of foliated manifolds incorporates a few main approaches [7, 8, 6, 11, 17,
18, 33]. The idea of studies of foliations cohomology, cohomology of related bundles,
and connections to to cohomology of foliated manifolds themselves was proposed in [8].
Let Vect(M) be the Lie algebra of vector fields on M. In [8] is was proven that the
Gelfand-Fuks cohomology H*(Vect(M)) [17] is isomorphic to the singular cohomology
H*(E) of the space E of continuous cross sections of a certain fiber bundle £ over M.
In [36, 39] they continued to use advanced topological methods of [8] for cases of more
general cosimplicial spaces of maps. In [41] it was demonstrated that the ordinary
theory of vector fields on a complex manifold M was not always the most effective
way to study cohomology of M. One has to M consider more complicated algebraic
and geometrical structures to arrive at non-trivial cohomology theories associated
to such structures. One of possible candidate for such structures is given by vertex
operator algebras with formal parameters considered as local coordinates on complex
manifolds. Vertex operator algebras [5, 12, 30] represent generalizations of ordinary
Lie algebras and constitute an essential part of conformal field theory [14, 16, 29].

The main motivation for studies of this paper is to develop a vertex operator al-
gebra approach to cohomology of auxiliary bundle defined on leaf spaces M /F and
transversal sections of foliations. The ground idea it to use well-developed and power-
ful machinery and structural and computation properties of vertex operator algebras
to cohomology of non-commutative objects attached to M /F to describe its leaves in
terms of corresponding invariants. By taking into account the standard methods of

Key words and phrases. Holonomy groupoids, fiber bundles, vertex operator algebras,
cohomology.
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defining canonical cosimplicial object [13, 41] as well as the Cech-de Rham cohomol-
ogy construction [11], we construct in this paper in intrinsic coordinate-independent
way canonical fiber bundles associated to F on M. Our main purpose then is to
demonstrate in Lemma 2 that there exist a computational vertex operator algebra
based way to determine the cohomology of the holonomy groupoid Hol(M,F) for a
foliation F on M. Developing [8], the cohomology of foliations for a complex smooth
manifold M is expressed in terms of cohomology of a canonical complex for an aux-
iliary bundle with intrinsic action of the coboundary operator. The construction of
bundles with canonical sections defined over abstract discs on a smooth complex man-
ifold M is grounded on the structure of admissible vertex operator algebra V' modules
W. Corresponding cohomology is considerd in terms of spaces of rational functions
provided by values of non-degenerate bilinear pairings on W with specified analytic
behavior, and satisfying certain symmetry properties.

The content and main results of this article are as follows. In order to give a
local description of leaves of a foliation F of an n-dimensional smooth manifold M
we use the classical approach of transversal sections as well as algebraic and analytic
properties of vertex operator algebras. We chose two sets of points on M and on a
basis U of transversal sections with corresponding domains of local coordinates. Points
on M and U are then endowed with sets of a V' vertex operator algebra elements.
By taking algebraic completions W of elements W of the category W of V-modules,
we formulate the definition of spaces Wﬁ’ , ¢, 7 = 0, of special vectors X (exlicitely
defined in (1.1)) of W-valued rational forms combined with sets of vertex operators.
For a set of formal complex variables (z1,...,2s) we introduce the space 171\/(217.__,28)
of algebraic completion of the graded (with respect to Virasoro algebra Ly (0)-mode)
space of differential form-valued vectors

X(vi, 215505, 25) = [X (v1, 21d2i1); - - -3 Vs, 25 d2igs)) | 5 (1.1)

where i(j), j = 1,...,s, are cycling permutations of (1,...,s) starting with j, and
we denote by [.] the vector with elements given by mappings X. In cases where it
is clear which set of formal variables is used we skip (z1,...,2s) from notations and
denote W(z““,zs) as W. Assuming that there exists a non-degenerate bilinear pairing

(.;.) on W, . ..y, we denote by I//[\/(";l _ the dual to T//I\/(th)zs) with respect to

-~7ZS)

(.,.). In case when elements (z1, ..., zs) are associated to certain local coordinates of
[ points (p1,...,p;) on M, we denote W, . .y by Wy, . ., and when (z1,...,2)
are substituted by local coordinates (t,,,...,tp,) in vicinities of (p1,...,p;), we re-

place W(Zl;-uyzs) by by 171\/( .)- For fixed 0 € T//I\/(”;l PRY and varying elements of

Wi,,....,=.) we consider a vector of matrix elements of the form

WX (v1, 215505, 25)) = (0, X (v1, 215 .. .3 05, 25)) € C((2)), (1.2)

tp1sntp

where X (v1,21;...;vs,25) T depends implicitly on v; € V|, 1 < i < s. We may view
the vector X(v1,21;...;vs,2s) of the space W as a section of a fiber bundle over
a collection of non-intersecting punctured discs (D} ,...,D}) = (Spec.; C((z;)),

1 < j < s, with an End (ﬁ\/(zlw’zs))—valued fiber X (v1,215...50s,25) € Wiz, 2. In
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this paper we explain how to construct the vertex operator algebra V-bundle men-
tioned above in the case when it carries an action of the group Aut; O of local
coordinates changes in vicinities of [ points on M. This means that the action of
the group Aut; O = Aut, O™ x ... x Aut; O™ comes about by exponentiation
of the action of vertex operator algebra (Der; O™), 1 < j < I, via the action on

171\/(217.__725). The representation in term of formal series in (¢,,,...,%,,) allows us to
find the precise transformation formula for all elements of W, . ., under the action
of Aut; O™, We then use this formula to give an intrinsic geometric meaning to

sections X(p1,...,ps) of the fiber bundle in coordinate-free formulation. Namely, we
attach to each admissible vertex operator algebra module V-module W (i.e., satisfy-
ing certain properties) a fiber bundle Wy, on an arbitrary smooth manifold M. In
Section 4 we show that the bundle Wy, » constructed is canonical, i.e., its sections

do not depend on changes (t,,,...,tp,) '—:\(fpl, ..., t,,) of coordinates around points
(p1,...,p1) on M. To keep elements of W coherent with respect to actions of the

coboundary operators A? shifting indexes ¢ and r, we apply certain analytic restric-
tion on their characteristics provided by values of non-degenerate bilinear forms of
entries in V/[Z?—V(ectors. The spaces Wﬂ are defined on cosimplicial domains chosen
on transversal sections of F. Then we formulate definition of the category of vertex
operator algebra bundles defined on M/F. The spaces I//I\/Tq associated to the cate-
gory W of admissible V-modules defined in Section 5. The spaces C{ of vectors of
characteristics [2X] of entries of vectors X form [28] a double chain-cochain com-
plex (C4,0%) where §¢X = [Q(A2X)]. The standard definition of cohomology of this
complex is taken as cohomology of Hol(M, F). We show that elements of the spaces
W are invariant torsors with respect to the group of foliation preserving changes of
transversal basis and local coordinates. Though the construction of Wy z-bundle
does not depend neither on the choice of transversal basis nor on the choice of co-
ordinates on M, it does depend on the choice of vertex operator algebra elements
as well as on a particular element of the category W of admissible V-modules. The
construction involves torsors and twists of a vertex operator algebra modules by the
group of automorphisms of local coordinates transformations (independent for each
chosen point on leaves of a foliation F) of non-intersecting domains of a number of
points on M.

The plan of the paper is the following. Section 2 contains information on vertex
operator algebras, their modules and properties. In Section 3 we recall, following [16],
the standard definitions of differentials and rational functions considered on abstract
and standard discs. In Section 4 we consider the general notion of a vertex operator
algebra bundle W), r defined on the leaf space of a foliated smooth complex manifold
M. In Section 5 the category of vertex operator algebra bundles on leafs of M /F and
transversal sections for a foliation F on M is considered.

There exists a bunch of ways to apply the construction of this paper of a vertex
operator algebra bundle on the space of leaves for a foliation defined on a smooth
manifold. The first obvious aim is to apply this study to techniques of codimen-
sion one foliations discussions reflected in [24, 9, 2, 19]. The problem of finding
non-vanishing cohomological invariants for the space of a foliation leaves, and the
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problem of distinguishing kinds of compact and non-compact leaves examples of foli-
ations (such as the Reeb foliation of the full torus), are among important questions
in the theory of foliations. The category 2,7 introduced in this paper for vertex
operator algebra bundles Wy, defined on leaf spaces of foliations will be used in
establishing corresponding characteristic classes theory. One would be interested in
finding possible relations of the cohomology theory of this paper with the chiral de-
Rham complex on a smooth manifold introduced in [34]. We are also able to provide
applications of vertex operator algebra V-bundles W), r for foliations of complex
manifolds [7, 13, 41, 14, 40] in deformation theory [35, 9, 27, 23, 31], and algebraic
topology in general. Constructions introduced in this paper will be useful for pur-
poses of cosimplitial cohomology [41] of manifolds. Vertex operator algebra bundles
on complex manifolds can be used in construction of various generalizations of the
Bott—Segal theorem [8]. Finally, we would like to mention possible connections to the
Losik’s theory of foliated manifolds. In [32] Losik has introduced a smooth structure
on the leaf space M/F of a foliation F of codimension p on a smooth manifold M
that allows to apply to M /F the same techniques as to smooth manifolds. Charac-
teristic classes for foliations as elements of the cohomology of certain bundles over the
leaf space M /F were defined. We hope to develop this approach by applying vertex
operator algebra techniques and constructions provided in this paper.

2. VERTEX OPERATOR ALGEBRAS AND THEIR MODULES

In this Section we recall definitions and basic properties of vertex operator alge-
bras and their generalized modules [5, 16, 12, 15, 16, 29, 30]. A vertex operator
algebra (V,Yy,1vy,c), of Virasoro algebra central charge ¢, consists of a Z-graded
complex vector space V = @, V(s), with finite-dimensional grading subspaces V()
dim V() < oo for each s € Z, equipped with a linear map Yy : V — End(V)[[z, 27 ']],
for a formal complex parameter z and a distinguished vector 1y € V. The ver-
tex operator for v € V is given by Yy (v,2) = >, v(s)z~*"!, with components
(Yv (v))s = v(s) € End (V), with the property Yy (v,2z)1y = v + O(z). In this paper
we apply the following restrictions on the grading of a vertex operator algebra V or
its module W. A vertex operator algebra V-module W is a vector space W equipped
with a vertex operator map Yy : V@ W — W([z,271]], and v @ w — Yy (v, 2)w =
Yeez (Y )s(v,w)z=57 1 W is also subject of actions of and linear operators Ly (0) and
Lw(—1) (0 and —1 Virasoro modes) satisfying the following conditions. One assumes
that V(5) = 0 for s « 0. The vector space W is C-graded, that is, W = @ cc W(a),
such that W,y = 0, when the real part of « is sufficiently negative. The result of a ver-
tex operator Yy w (u, 2)(v,w), u, v € V, w € W, contains only finitely many negative
power terms, that is Yy w (u, 2) (v, w) € (V, W)((2)), i.e., belongs to the space of formal
Laurent series in z with coefficients in (V, W). Here (V, W) and subscript v,y mean
corresponding expression either for vertex operator algebra V elements or its module
W. Let Idy,w be the identity operator on (V,W). Then Yy,w (1y,z) = Idy,w. For
veV,Yy(v,z)1ly € V[[z]] and lim,_,o Yy (v, 2)1y = v. We assume that for W there
exist non-degenerate bilinear pairing (.,.), W ® W — C, where W’ denotes the dual
V-module to W. For s € Z., denote by F,;C the configuration space of s ordered points
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inC, F;C = {(z1,...,25) € C®, z; # zj,1 # j}. For aspace A and arbitrary § € A*, for
A* dual to A, a meromorphic function of several complex variables (21, ..., z;) defined
by amap f: FsC — A, (21,...,25) — R(f(21,...,2s)), is called an A-valued rational
function if its characteristic Q(f(z1,...,2s)) = (0, f(z1,...,2s)), extends to a rational
function denoted R(f(z1,...,2s)) in (21,...,2,) on a larger domain and admits poles
at z; = z;, i # j, only. In particular, in this paper we consider the cases A = W, w.
We assume that for u, ui, us € V, the characteristics Q (Yy,w (v1, 21)Yyw (ve, 22)v),
Q(Yv,w (ve, 22)Yyw (v1, 21) (v, w)), and Q (Yv,w (Yv (v1, 21 — 22)v2, 22) (v, w)), converge
absolutely in the regions |z1]| > |22] > 0, |22] > |z1| > 0, |22| > |21 — 22| > 0, corre-
spondingly to a common rational function in z;, zo. Poles of these characteristics are
only allowed at z; = 0 = 29, and 21 = z2. The role of a grading operator for V is
played by the zero Virasoro mode with Ly (0)v = rv for v € V(,.y. Then for v € V one
has

[Lv.w (0), Yy, (v, 2)] = Yy (Lv(0)v, 2) + Z%me(v, 2).
For w € W(q), there exists ng € Z, such that (Lw(0) — a)"w = 0. For v € V the
operator Ly (—1) is given by

Lv(fl)’U = R682272YV(U, Z)]_V = Y(,Q)(’l})]_v,

%Yv(’l},z) = YV’W(Lv(—].)'U,Z) = [LV’W(—l),Yv(U,Z)].

We denote wt(v) = k the weight for v € V(3y. For v € V, the translation property for
vertex operators can be written as

Yir (v, 2) = e # LW DY (0, 2 + 2/ )e? P (D),
2/ € C. For v eV, it follows

diZY(v, z) =Y (Ly(-1)v,2).

For a € C, the conjugation property with respect to the grading operator Ly (0) is
given by

atw(©) Yw (v, 2) a tw0) — vy, (aLW(O)U,az) .
A vertex operator algebra V' satisfying conditions above is called conformal of central
charge c € C, if there exists a non-zero conformal vector w € V5 such that the Fourier

coefficients Ly (r) of the corresponding vertex operator Y (w, z) = > ., Lv (k)z7* 72,
is determined by Virasoro modes Ly (1) : V' — V subject to the commutation relations

[Lv(s), Ly (r)] = (s — #)Ly (s + 1) + 1%(53 — §)8s_y Idy-.

In [16], v € V, the following formula was derived

[Lw (1), Yw (v,2)] = )] (ril)!agﬂzm Y (Ly (r)v, 2).

For a vector field 5(2)d. = Y, ., Br2"10., B(2)0. € DerOM | which belongs to
the local Lie algebra of the group Aut O, let us introduce the operator § =
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— =1 BrLw(r). In [16] they prove the following formula:

W, YW(v,z)] = 2

r=—1

(0771B(2)) Yw (Lv(r)v,2).

(r+1)!

A vertex operator algebra V-module W is called quasi-conformal if it carries an action
of Der O™ on an n-dimensional smooth manifold M such that commutation formula
above holds for any v € V', and z = z;, 1 < j < n, the element Ly (—1) = —0, acts as
the translation operator Ly (0) = —zd,, acts semi-simply with integral eigenvalues,
and the Lie subalgebra Der, O™ acts locally nilpotently on M. A vector w € W of a
quasi-conformal vertex operator algebra V is called primary of conformal dimension
veZyif Ly(k)w =0,k >0, Ly(0) - w = vw. In addition to that, we assume
that V-module W admits an action of Der; O™ The element (—8tp) plays a role
of the translation operator on W;  with integral eigenvalues, and the Lie subalgebra
(Dery) j O™ acts locally nilpotently. The C-grading operator is provided by the
mode Ly (0), i.e., Ly (0) = (—t, 04, ). Finally, let us assume that the action of the
Lie algebra Der; O™ on W(tm
Autj O(n)

Denote by W the category of V-vertex operator algebra admissible modules W
that satisfy these properties in addition to all related properties of Section 2. Let W
denote the algebraic completion of W, W = [],.c W) = (W')*. We assume that
the space W is endowed with a grading W = | W(S) bounded from below
with respect to the grading operator Ly (0).

sty CALL be exponentiated to an action of the group

SEZ,8>350

3. DIFFERENTIALS AND RATIONAL FUNCTIONS ON ABSTRACT DISCS

In this Section we partially follow [16] and describe the setup needed for formulation
of further results. Let p be a point on M, and ¢, be a local coordinate in a vicinity of
p. We replace the field of Laurent series C((t,)) by any complete topological algebra
non-canonically isomorphic to C((t,)).

3.1. Abstract discs. To introduce abstract discs on M /F it is possible to consider
the scheme underlying the C-algebra C[[t,]]. C[[t,]] is the ring of complex-valued
functions on the affine scheme D, = Spec C[[t,]] which we call the standard disc D, .
As a topological space, D, can be described by the origin corresponding to the max-
imal ideal t,, C[[t,]] and the generic point. A morphism from D to an affine scheme
Z = Spec R, where R is a C-algebra, is a homomorphism of algebras R — C[[¢,]].
Such a homomorphism can be constructed by realizing C[[¢,]] as a completion of R.
Geometrically, this is an identification of the disc D,, with the formal neighborhood
of a point on M. An abstract disc is an affine scheme Spec R, where R is a C-algebra
isomorphic to C[[t,]]. On the abstract disc, the maximal ideal ¢,C[[¢,]] has a pre-
ferred generator ¢,. In contrast to that, on an abstract disc there is no preferred
generator in the maximal ideal of R, and there is no preferred coordinate. Denote
by O, the completion of the local ring of M. Then O, is non-canonically isomorphic
to O = C[[t,]]. To specify such an isomorphism, or equivalently, an isomorphism be-
tween D, = Spec O, and Dy, = Spec C[[t,]], we need to choose a formal coordinate
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t, at p € M, i.e., a topological generator of the maximal ideal m, of O,. In general
there is no preferred formal coordinate at p € M, and D,, is an abstract disc.

3.2. Rational functions attached to discs. To construct a W-valued vertex op-
erator algebra bundle on M /F we would like to attach elements of W to the both
standard D;, = Spec C[[t,]] and abstract discs D, where p is a point on M /F. For a
cohomology theory purposes we attach also characteristics of TW-elements represented
in terms of rational functions on discs. Let IC, be the field of fractions of the ring
of integers Z is the rational field Q. We denote also by KC[(tp,,...,tp,)] the field
of fractions of the polynomial ring over a field K as the field of rational functions
K((tpn tee vtps)) = {(Rl(tmv' e ’tps))/(RZ(tmv ce »tps)) iRy, Ry € K[(tmv ce »tps)]}~
For a coordinate ¢, on D,, there exist isomorphisms O, = C[[t,]] and K, = C((tp)).
We denote by D, and D at p the disc and punctured disc defined as Spec (’),(;”) and
Spec K,) correspondingly.

3.3. Rational power differentials. In this Subsection we recall basic definitions
related to differentials [16, 37]. Let k be a rational number. A k-differential defined
on a manifold M is a section of the k-th tensor power of the canonical line bundle
w. Choosing a local coordinate ¢, arround a point p € M we may trivialize Wk
by the non-vanishing section (dt,)®*. Any section of w®* may then be written as
f(t,)(dt,)®*. For another coordinate , = p(t,), the same section will be written as
g(t,)(dE,)®, where f(t,) = g(p(tp))(p'(t,))®*F. Now let us suppose that we have a
section of w®* whose representation by a function does not depend on the choice of
local coordinate, i.e., g(t,) = f(,), and f(t,) = f(p(t,))(¢'(t,))®* for any change of
variable p(t,). We call f(t,)(dt,)®* a canonical k-differential. Let us denote by w, the

space of differentials on D;. Given a linear map p : K, — End (th>7 such that for

any r € V/[7tp and large enough [, we have p(m,)! - = 0, where m,, is the maximal ideal
of O, at p. Then, according to [16], the vertex operator Y (p,t,) = 3, p(t3) t 5" dt,,
SEZL

is a canonical End (th)—valued differential on Dtxp , 1.e., it is independent of the choice
of coordinate ;.

4. THE VERTEX OPERATOR ALGEBRA BUNDLE ON M /F

In this Section we provide the construction of W-valued vector bundle Wi F on
M/F.
4.1. Torsors and twists under groups of automorphisms. For an admissible

m
V-module W we have the filtration Wi, <, = @ Wi, 4, of Wy, by finite-
/ i>Re(k) / /

dimensional Aut,, O™ _submodules, j > 1. Suppose W is an admissible vertex
operator algebra V-module as in the definition given in Section 2. We now explain
how to collect elements of the space W into an intrinsic object on a collection of

abstract discs on M /F. We consider a configuration of l-points (p1,...,p;) on M/F
lying in non-intersecting local discs, and we assume that at each point of (py,...,p;)
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a coordinate changes independently of changing of coordinates on other discs. There-
fore, the general element of the group of independent automorphisms of coordinates of
[ points on M/F Aut, (’)I(,??m,pl has the form (¢,,,...,tp,) — (P15, P1)(Epyy -5 tp,)-

Let us remind the definition of a torsor [16]. Let & be a group, and S a non-empty
set. Then S is called a B-torsor if it is equipped with a simply transitive right action
of . For s1, so € S, there exists a unique p € & such that s; - 4 = s9, where the
right action is given by s7 - (up') = (s1 - p) - p’. The choice of any s € S allows us to
identify S with & by sending s - p to . Applying the definition of a group twist [16]
to the group Aut; O and its module W we obtain following the definition. Given
a Aut; O™ -module I//I\/(Zh.__,zl) and a Aut; O-torsor X, one defines the X-twist of

I//I\/(zl,...,zl) as the set

VX = W(zl,...,zl) X = W(zl,...,zl) X X/{(’U),G, : g) ~ (aw,f)} .

X
Aut; O(n)
for e X, ae Aut; O, and w e I//I\/(th)zl). Given £ € X, we may identify I//I\/(th)zl)
with Vy, by w — (§,w). This identification depends on the choice of £. Since
Aut; O™ acts on I//I\/(zl,...,zl) by linear operators, the vector space structure induced
by the above identification does not depend on the choice of £, and Vyx is canonically
a vector space. If one thinks of X as a principal Aut; O™-bundle over a set of

points, then Vy is simply the associated vector bundle corresponding to W(n,-u,zz)'

Any structure on W, ., (e.g., a bilinear pairing or multiplicative structure) that
is preserved by Aut; O™ will be inherited by V.

Now we wish to attach to any disc a certain twist V(tmr y of W(tm’“_,tm% SO

-
that W(tmv“-vtm) is attached to the standard discs, and for any set of coordinates
(tpys---stp,) on (Dp,, ..., Dp,) we have an isomorphism

—~

i(tp17p1§~~§tpl ,pl) : W(tpl""vtpl) : V(tplx‘-wtm)' (41)

We then associate sections of some bundles on (Dtxp1 ey Dtxpl ) to elements of W(tm veotpy )

The system of isomorphisms i should satisfy certain compatibility con-

tpl 7p1;"'\'jt3’l vpl) -
dition. Namely, if (¢,,,...,tp,) and (tp,,...,tp,) are two sets of coordinates on (D, ,

.., Dp,) such that (tp,;...;tp,) = (017-”,[)1)(/@1, ..., tp,), then we obtain an auto-
morphism (Z(_g; Prreenrlpy 1) O Uty primmitp, 1) of W(tl’l“"’tpl)' The condition is that the

assignment (py,...,p1)(21,...,21) ¥ i+

(Epy »D130--5tpy D1) © Utpy prsestpyp1) defines a repre-

sentation of the group Aut; O™ of independent changes of coordinates on W(tm vty
If this condition is satisfied, then V(tmv”-»tm) is canonically identified with the twist
Of W(t

In the next Subsection we will show that given the space W one can attach to
it a vector bundle Wy, 7 on the space of leaves M /F for a foliation F defined on

t)) by the Aut; O(-torsor of formal coordinates at (p1,...,p;).

P

any smooth complex manifold M. ILe., the elements of W give rise to a collection
of coordinate-independent sections X (p1,...,p;) of the bundle W5, IF in the neigh-
borhoods of a collection of points (pi,...,p;) € M/F. The construction is based on
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the principal bundle for the group Aut; O which naturally exists on an arbitrary
smooth curve and on any collection (D,,, ..., D,,) of non-intersecting discs. We de-
note by Aut,, ., theset of all coordinates (tp,,...,tp,) ondiscs (Dp,, ..., Dp,), cen-
tered at points (p1,...,p;). It comes equipped with a natural right action of the group
of automorphisms Aut; O™, If t,, € Aut,,, 1 <i <1, and p(z;) € Aut; O™ then
pi(tp,) € Aut,,. Furthermore, as it was shown in [16] that (p; * p;)(tp,) = pi(pi(tp,)),
for 1 < i <1, it defines a right simply transitive action of Aut; O™ on Aut,,. Thus
we see that the group Aut; O acts naturally on Aut(p, ... p), and is a Aut oM.
torsor. Thus, we can define the following twist. We can introduce the Aut; O -twist
of W(Pla-~7pl) Virr) = Wor,p) A“tlxo(m Aut(ph...,pl)’ The original definition was

given in [3, 42]. For each set of formal coordinates (¢, ,...,t,,) at points (p1,...,p),
(wi, ..., w) € Wy, ... p), any element of the twist V,, ., ) may be written uniquely
as a pair ((wi,...,w1), (tps.--,tp))-

4.2. Definition of W), r-bundle of W-elements. Now let us formulate the defini-
tion of fiber bundle associated through vectors of elements X € W defined on any set
of standard discs U = (Dy,, .., Dtm) around points (p1,...,p;) on M/F with local
coordinates (tp,,...,tp,). We construct an analog of a principal Aut; O™ _bundle for
M /F. The fiber space is provided by vectors X of elements X (¢,,,...,t,,), given by a
fiber bundle 1/\21\4/}-|(Dtp1 veDiy) defined by trivializations i, renrtpy) - X(p1y..-,p) =
[(X(p1s--p0)] = (D50 Dy, ), with a continuous X(p1,...,p;)-preserving right
action X(p1,...,p) x Aut; O™ — X(py1,...,p;). Namely, for two sections ¢, ¢.a of
)/VM/;|(D%,__.Jgtpl)7 the map a — C.a is a homeomorphism for all a € Aut; O™,
Then, according to the definition of a torsor, the fiber of such bundle at points
(p1,...,p) is the Aut; O™ -torsor Aut(p, . )

Denote by Aut; the set of I-tuples of local coordinates Aut,, ., all over leaves of

I//‘\/iv(tplv---vtpl) AutLXO(") Aut;, be the fiber bundle associated to Wi,(tm,-.»,tpl)
Then, WM/f|(Dtpl seDiy) is a finite-rank bundle over M/]:|(Dtp1 sesDiy) whose fiber
at a collection of points (p1,...,p;) € M/F is given by the vector [X (p1,...,p;)]- Ina
vicinity of every point of (p1,...,p;) on M/F we can choose discs (D,,, ..., Dp,) such
that the bundle Wy, 7 over (Dy,,...,Dp,) is (Dp,,...,Dp) x X(p1,...,p1), where
X(p1,..-,m) is a section of Wy 7. The fiber bundle Wy, 7 with fiber [X (p1,...,p1)]

is a map Wy /r : W - M /F where M/F is Wy r-bundle base space. For ev-
ery set of points (p1,...,p1) € M/F with local discs (Dtpl,...,Dt ) it

(3
Pr (tP17"'5tPl)

is homeomorphic to (Dtm""7th>l) x W. Namely, we have for [X(p1,...,p)] :

1 17 .
Z(tpl,‘..,tpl) - (Dtpl""’Dtpl) x th17"')tpl7 that P o [X(pla7pl)] = l(tpl,...,tpl)

|1 (Dtp1 soees Dy, ), where P is the projection map on (D,gp1 ...y D¢ ). For

Py
(tpy oeortp))

an Aut; O™ -module W(t

—~
ules WS)(tpl R

oy reeestr) which has a filtration by finite-dimensional submod-

)» 8 = 0, we consider the directed inductive limit Wy, of a system
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of finite rank bundles W 57/ on M /F defined by embeddings Wy ar/x — We ar/7,
for s < s', i.e., Wy 7 it as a fiber bundle of infinite rank over M /F.

4.3. Explicit construction of canonical intrinsic setup for W,,;. Let W be a
quasi-conformal vertex operator algebra V-module W defined in Section 2. In order
to be able to introduce a section X (p1,...,p;) of the vertex operator algebra bundle
Wi F defined on abstract discs (D, ..., D,;) in the coordinate independent descrip-
tion, we associate X (p1,...,p;) to coordinate independent vector X(vy, 2z1;. .. ;v 21).

Now let us give the following definition. For each set of points (p1, ..., p;) and ele-
ments (wy,...,w;) € Wil we define an intrinsic W-valued meromorphic section
X(p1,---,p) on the punctured discs (D) ,..., D)) by an operation (wi,...,w),

(p1,...,m1) — X(p1,...,p1), assigning to a vector X(p1,...,p;) of Wipx D)

Py

ey 2L

an element of IC¢,, ., (i.e., rational W-valued functions on (D;l, .. .,D;l))7 de-
fined by the W(*D; DX )—ﬁber Xiam ..... i € W(pl,...,pl)' Consider the operator
10D

~ ~ ~ ~ T
R(p1,...,ps) = [é’in(I)] = [6in1(1),6’in2(1), e ,6ins(1)] . The index operator J
takes the value of index z; of arguments in the vector (4.2), while the index operator I
takes values of index of differentials dz; in each entry of the vector X (1.1). Thus, the
index operator i(I) = (ir,...,is(I)) is given by consequent cycling permutations of
I. We define the operator 0yp, = exp(—>, = Ty ﬁﬁ?) Y 0sy),

rn, 2, ri=l
i=1
which contains index operators J as index of a dummy variable {; turning into z;,

j=1,...,s. In the last formula 51 acts on each argument of maps X in the vector X.
In [16] it was shown that the mappings (p1,...,p)(21,...,2;) — R(p1,...,p1), for 1 <

j <1, define a representation of Aut; O™ on W(zl,...,zz) by R(pop) =R(p) R(p),

for p, p e Aut; O, Then we see that for generic elements X (vy, 21;. . . ; vs, 25) € WU,
for an admissible vertex operator algebra V-module W, X(v1, 215 ... ; vs, 25) are inde-
pendent on changes (21, ..., 2s4s) = (Z1,--+, 2s4s) = ((P1y -y Psts)(Z1y oy Zss)),
for 1 < i < s+ &, of local coordinates of (z1,...,25) and (Z1,...,Zs), at points
(p17 cee 7pS) and (’ﬁlv s 7ﬁ€’)'

Indeed, consider the vector X (v, 215 .. .;vs,25) = [X (vl, 21 dZ;(1y; -3 Vs 2s d,?i(s))].

n
Note that d2; = ) dz 0.,p;, Oump; = 2L By the definition of the action of
i=1

azi

Aut, O™ when rewriting dZ;, we have

X(v1, 21 dZ1;. 595,25 d25) = R(p1,...,ps) [X (v1,21 dZi1y;- . -5 vs, 25 d2is)) ]
= R(p1,---,ps) [X ('Uiazi Z 0jPi(s) de)] .
j=1

By linearity of the mapping X, we obtain from the last equation

X(V1, 215505, 25) = X(v1, 21 d21;5 .. 502, 2 dZ) = [X (U1,21 d2¢(1); sy Usy Zs dZi(s))],
(4.2)
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Due to properties of a vertex operator algebra V' admissible module W, the action of
operators R (p1,...,ps) on (vy,...,vs) € VO results in a sum of finitely many terms.
We then conclude that the vector X is invariant, i.e.,

X(61721;~~~§ﬁ5725) = X(’Ul,jZ\l d,/Z\l;...;’Us,,/Z\S d,/Z\S)

= X(v1,21dz1;... ;05,25 dzs) = X(V1,21; ... Vs, Zs)-

The insertions of k vertex operators (vg,tp, dt,, ), k = 0, which are present in the
definition of sections of a vertex operator algebra bundle Wy, r, keep elements X
invariant with respect to coordinate changes. Thus, the construction of spaces W are
invariant under the action of the group Aut, O,

We now formulate the following Lemma used later for the main result Lemma 2 of
this paper for the category of vertex operator algebra bundles W,z on M/F.

Lemma 1. A W—valued, independent of the choice of coordinates (t;p;), 1 <i<mn,
1 <7 <, on a set of non-intersecting discs (szj); section X (p1,...,pn) of the

bundle WL/f|(szj) on the W(phm,pl)—valued fibers X o) defined by (4.1) on

(Dixpj) dual to Wy 7| px ) is given by the formula
) ipj

Ytpy s t

X(p17"'apl) = [XZ )(wla" .7’11)1)] = [X(’Uth;...;Ul,Zl)] = X(’Ul,Zl;...;’Ul,Zl)7

(tpysees tp,
(4.3)
[X(v1,215.. 50, 2)] € Wity ...ity,)» where (tpy, .- tp,) are coordinates on the discs

(Dpys--->Dypy), and (wy, ..., wy) € W(zl,...,zl)'

Proof. Now let us proceed with the explicit construction of Xi(tm 11111 o) By choosing
coordinates (t,,...,tp) on a collection of discs (D, ,...,D,;), we obtain a trivial-
ization i, .1, 0 X (I//[\/[[(tpl, . 7tpl)]]> ; r (WM/F‘(D;,...,D;))’ of the bundle
W(D§1 D) which we call the (¢,,,...,tp, )-trivialization.

We also obtain trivializations of the fiber 171\/(,,17.__,],0 ; v (WM|(DX DX )>7 and
P

»Hpy

its dual W7 0 (W&/}'|(D§1,~~,D§l)>' Let us denote by (w1,tp,;...;w1,tp,)

the image of (w1,...,w;) € W,, . in WM/f‘(Dgl,...,D;,) and by (tp,;...;tp,) of
WJ’C[/H(D; px y under (tp,, ... , tp, )-trivialization. In order to define the required
tpy 2ty
section X(p1,...,p;) with respect to these trivializations we need to attach an ele-
ment of (W, ., toeach (vi,tp;...50,tp) € WM/f|(Dtx DXy and a section
, DL,
i(tpl,...,tpl)(xlw'-axl) of W|(Dt>< DX Y for (xl,...,xl) € W(tp17"'7tpl)' It is suffi-
Pr1 Pl
cient to assign a function to the sets (vi,z1;...;v1,21), (w1,...,w;) € Wz, . ;) in
the (tp,,...,tp, )-trivialization. Thus, we identify a W-valued section X(p1s--.p1)
* 3 H . .
of W(D§17~~-7D51)’ with the section X(v1,21;...;v;,2;) of W(Dél,-.-’Dél) by means of

formula (4.3).
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Let (fpys--ytp) = (p1y---sp1)(tpy,- -+, tp) be another set of coordinates. Then,

using the above arguments, we construct analogously a section )N((pl, ...,p1) by the
formula

~

X(pl,...7pl):[X )

i Zpﬂ(wl,...,wl)] = [X@1, 5. 00 3)] = X (@, 5000, 5).

. —1 . . . 1>
Since (Z(t,,l,...,tpl) OZ(tplw,tpl)) is an automorphism of W,

...,p1)» We represent a
change of variables fpj = pi(z;), 1 < j < [, in terms of composition of trivializa-
tions

1 .
pi(z) = iy Oty s (4.4)

and, therefore, relate X . )(ﬁl, ..., W) with X(z’(tm,_”’tm)(wl, ...,wy). Since

(4.4) defines a representation on W of the group Aut; O™ of changes of coordinates,

then W, ., is canonically identified with the twist of W by the Aut; O™-torsor of
formal coordinates at (p1, ..., p;). Using definition of a torsor one sees that elements of

the space Wﬂ |U can be treated as Aut; O™)-torsor of the product of groups of a coor-
dinate transformation, namely, that (vy, 21;...;v;,2;) = (R(pl)_l.(vl, tpys -3 UL tpl),
Thus, we relate the Lh.s and r.h.s. of (4.3). Since the element X(vy, 21;...;v;,2;) is

invariant with respect to changes of coordinates, Lemma follows. (I

5. CATECORY OF VERTEX ALGEBRA BUNDLES ON LEAVES OF M/]: AND
TRANSVERSAL SECTIONS

In this Section we construct canonical twisted vertex algebra V-module bundle
Wiy 7 on leaves and transversal sections of a codimension p foliation F defined on a
smooth n-dimensional manifold M.

5.1. Holonomy and transversal basis for a foliation. Let us first recall [11] def-
initions of transversal basis and holonomy embeddings for a foliation F. Transversal
sections U; of a foliation F passing through points p;, ¢ = 0, are neighborhoods of
the leaves through p; in the leaf space M /F. Suppose we are given a path « between
two points p; and ps which belong to the same leaf of F. For two transversal sec-
tions U; and U, passing through p; and ps one defines a transport « along the leaves
from a neighborhood of p; € Uy to a neighborhood of ps € Us. Then it is assumed
that there exists a germ of a diffeomorphism hol(«) : (U, p1) — (Us, p2) called the
holonomy of aw. When the transport « is defined in all of U; and embeds into Us
then h : Uy — Us is denoted by hol(a) : Uy — Us and it is called a holonomy em-
bedding. A composition of paths induces a composition of corresponding holonomy
embeddings. Two homotopic paths always define the same holonomy. The holonomy
groupoid [10, 26, 42] is the groupoid Hol(M, F) over M where arrows p; — po are
such germs hol(«). A transversal basis U for F is a set of transversal sections U; ¢ M
such that for a section U; passing through a point p;, and for any transversal section
U; passing through p; € M, one can find a holonomy embedding h : U; — U; with
U; e U and p; € h(U;).
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5.2. Spaces of sections of V-bundles. Let M be endowed with a coordinate chart
V = {V,,r € Z}. Consider a (possibly infinite) arbitrary set p;, { = 0, of [ distinct
points and corresponding domains V; ¢ M. Let U = {Uy}, k = 0, be a transversal
basis of F. We chose a (possibly infinite) set (pi41,...,Pi+m) of arbitrary distinct
m > 0 points on a set of sections Uy 3, 1 < <m, 1 <b <k of . Let us associate
to each point of (p1,...,p) and (pi41,...,Pi+m) vertex operator algebra elements
(Vi1s o, Uin), 1 <4<, and (vj1,...,05p), I +1 < j <1+ m correspondingly. For
the set of all choices of In + mp vertex operator algebra V elements and 1 = In + mp,
it is convenient to renotate the vertex operator algebra elements as

(U17 s avﬁ) = (Ul,h e ULy e Vlms -5 Uliny Vit 1,y - - -5 Vit py - - -5 Vldmy, 1y - - - 7vl+m,p)~
Endow each of points among (p1,...,p) and (Pi41, . - -, Pi+m) With sets (2;.1, ..., Zin),
1 <i<land (z1,...,2p), | +1<j <1+ m, of local coordinates on domains V;

and Vj4.,,. Denote also

(le"azﬁ) = (Zl,la"'azl,la-"72:171'7,7'-'7Zl,nazl+1,7'-'7Zl+1,pa" '7Zl+’m717~-'azl+m,p)'

Now, taking into account the content of Section 4, and, in particular, Lemma 1,
we are on a position to introduce the spaces of sections of vertex operator algebra
V' bundle W),/ 7 over leaves and transversal sections of a codimension p foliation
F defined on M. Note that the space of F-leaves is not in general a manifold.
Nevertheless, one can always consider local coordinates in appropriate domains on
leaves of M /F induced by local coordinates on a chart defined on M. In this Section
we provide the specific form of canonical sections X of a vertex operator algebra
bundle Wy, 7 as elements of the spaces W considered on specific domains on M /F
and Y. In order to work with objects having coordinate invariant formulation, we
consider elements of W with local coordinates z multiplied by powers of corresponding
differentials dz. For all choices of | points and all choices of vertex operator algebra
elements for In > 0 complex variables (Z1, ..., Z;,) defined in domains Vi, 1 <k <lIn
of the coordinate chart ¥ on M, let us consider the vector of the form (1.1) with
variables (01, 21; . .. ; Din, 21n ), containing W-rational functions X. In [16], in the case
n = 1, they proved for primary u that the vertex operator Yy (u,z) dz**®) is an
invariant object with respect to changes of the local coordinate. In previous Section
we proved that the vectors X introduced above as well as vertex operators Y(u, z;) =
Yw (u, z;) dz;”t(u), i = 0, for primary v € V, are invariant with respect to changes
of coordinates, i.e., to the group of coordinate transformations Aut, O™ on M/F
(wi,...,ws) — (z1,...,2s), and corresponding differentials.

In [20] the classical approach to cohomology of vector fields of manifolds was ini-
tiated. In [13, 41] we find an alternative way to describe cohomology of Lie algebra
of vector fields on a manifold in the cosimplicial setup. Taking into account the stan-
dard methods of defining canonical (i.e., independent of the choice of covering U and
coordinates) cosimplicial object [13, 41] as well as the Cech-de Rham cohomology con-
struction [11], we formulate here the vertex operator algebra approach to cohomology
of a foliation. Let I, = {z;, .}, 1 < s < g, be a subset (with no repetitions) of the
set (zi1,...,2in), 1 <1 <1 oflocal variables corresponding to of | points (p1,...,p;)
taken on the same leaf f of M /F. Similarly, let J,. = {zis, G }, 1 < s’ <r, be asubset
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(with no repetitions) of the set (z;1,...,2ip), | +1 < i < 1+ m, of local variables
corresponding to of m points (pi41,...,Pi+m) on sectlons of a transversal basis U of
F.

Assume that all points (p1,...,p;+m) belong to the same leaf f of M /F. Consider
a subspace 171\/‘1(1/7 W, U, F) of vectors X(vs, j,» Zi, 15+ - - 3 Vig,ja» Ziq.j,) @S0ciated to Iy
for all sets of vertex operator algebra elements (vs, j,, - - - , vi,,j,) With local coordinates
defined on a domain U of M. A vertex operator algebra V' bundle W, r consists
of the union of the spaces Wﬂ = WS(V,W/,.F), q, v = 0. The spaces I//[\/ﬂ consist of
of sections of Wy, defined as the space Wq(V, W, F) of vectors X on each leaf §
of F, and any subset J,. of r vertex operators for all sets of vertex operator algebra
elements vy yW(vi/a gl Zil, ) 1 < a < r, with local coordinates z; ;- defined in r

subdomains Uy , < Uy, 1 < b k of k transversal sections Uy, of a transversal basis U.
Here the domain U is defined as U = () Ui, b, where

hi 1 h, ik
Uit 1 4y Uy p,l<a<r, 1<b<k,

the intersection ranges over r subdomalns Ui p < Up © Z/I of r local coordinates for
any choice of [ points (p1,...,p;) on the same leaf § of M /F related by the holonomy
embeddings hy b, 1 <a <7, 1 <b<k. Inthe case k = 0 the sequence of holonomy
embeddings is empty. It is easy to see that the definition of qu does not depend on
the choice of U. _

The spaces W7 are related by the shift operators AY : Wq — VV‘”1 , increasing the

upper index and decreasing the lower index in elements of Wﬂ . For I,11 = (g, jk)s
1<k<gqg+1,and J, = (i}, J;,), 1 <k <r, and X € W? let us define the operator
in the standard way [11, 28]

ATX(thJl RN IR Uﬁq»]q’ Zlqvjq)

= Vw (Vi 1 s Zir 2 )X (Vig o Zin o - - 5 Vig.jg» Zig.ia)
q
+ Z (*1)8X (Ui17j132i1,j1 Yo yW(vis—l,js_uzis—l,js—l - Cs)

Yw (’Uis+17js+1 ) Risy1,ds+1 CS)]‘V; s Vigggs Ziq;jq)

+(_1)q+1yw (Uiq+17jq+1 ) Ziq+17.jq+1)X (’Uihjl y Zir,g1s s Vig,geo Zquq) '(5'1)
The shift operator A? is chosen in such a way that its characteristics of would have
nice analytic and cohomological properties. Note that, after application of AZ on an
element X containing local coordinates and corresponding vertex operator algebra el-
ements associated to all n dimensions, of M, the result is of such action is then related
to submanifold with less number of local coordinates describing points (p1,...,p).
For ¢ = 2, there exists a subspace ng of WO containing W2 for all » > 1 such that A2
is defined on this subspace. For J3 = (i, ji), 1 < k < 3, the operator A? is deﬁned
for X € W19 by a partlcular case of (5.1). With the shift operator AZ we obtain the

A T 17 A7l727 6’7‘ AZ AT 1 -

sequences: W9 =5 WL | =5 (W2 ,, 6,3 W2) (B2 s B0) | 2 W
The construction of the vertex operator algebra V-bundle W,z provides a de-
scription of the holonomy groupoid Hom(M, F) introduced in Subsection 5.1 in terms

of holonomy embeddings. We consider the spaces of vectors X(hi, 1,..., i k) = X|u
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taken on all leaves f of M/F. In terms of holonomy embedding, the shift operator
(c.f. [11]) in this case is given by the standard differentials. The vertical differential

o~

Wia — W2 is (—1)%d~" where d is the usual De Rham differential. The horizontal
differential A : W7 — W+l is A = 3 (—1)¢A;, where
AZ'X(hh e hq+1) = 51’,0 hl* X(hg, Ceey hq+1) + (5i’q+1X(h17 RN hq)
+ (1=10850)(1 = 0iq+1)X (A1,  hig1his ... higr). (5.2)

The category 2,7 of vertex operator algebra admissible V-bundles Wy, 7 for a
foliation F consists of objects Wy, /7 with morphisms provided by intertwining oper-
ators [12].

5.3. Characteristics of bundle W, r-sections. In the definition of spaces 1%
sequences of holonomy embeddings h;, ¢ = 0 were involved. For germs hol(«) of the
groupoid Hol(M, F) over M we define the spaces X of vectors X defined in previous
subsections. The holonomy groupoid is the groupoid Hol(M, F) over M where arrows
p1 —> po are such germs hol(a). In this Section we prove the main result of this
paper for the category of V-bundles for foliations defined on a complex manifold.
Recall that the cohomology of Hol(V,F) determines the cohomology of a foliation
F [11]. The main advantage of Lemma 2 provided at the end of this Section, is that
by using vertex operator algebra properties we are able to compute explicitly the
cohomology of the holonomy groupoid Hol(M,F) in terms of special functions. For
meromorphic functions of several complex variables defined on sets of open domains of
M with local coordinates z; ; which are extendable rational functions f(z; ;) on larger
domains on M we denote such extensions by R(f(z;;)). For a set of W ., y-defining
elements (v; ;) we consider the converging rational functions f(v;;,z2; ;) € W(ZM) of
Zij € Fln(C.

By involving the definition of 17[\/';1 it is possible to introduce a vertex operator
algebra V' cohomology of the leaves space M /F of a foliation F. Let us consider the
spaces Cd = C4(V, W, F) containing vectors of rational functions provided by vectors
of characteristics [Q(X)] of X-entries. For any X € T//I\/,‘? , the map A? induces the
map 62 by [Q(X)]. The coboundary operator §¢ exhibits the chain-cochain property
if characteristics of entries X of X satisfy the following conditions.

For sets p;, 1 < j <l of | points on the same leaf of M/F, we consider a map
Xi1, 2153 Vi, Zin) VeIn e Wl[z1,...,2]], 1 <i <, combined with a set of
mp vertex operators at points p;yx, 1 < k < m, such that its characteristic Q(X)
satisfy the following properties. We imply certain conditions on the characteristics
Qvr, 215505, 25) = UX (v1,215...;0s,25)) for elements X (v, 21;...;0s,25) by to
the relations mentioned below to be coherent with definitions for W given in [28]. We
require that for i =1,...,s,

02, v1, 215 .. 505, 25) = Qv1, 215+ -5 Vie1, Zie1; Ly (= 1)vs, 265 Vg1, Zig1 -« - Us, 26),

(0zy + -+ 02) Qv1, 215 . .50, 25) = Ly (—1)Q(v1, 215 . . .5 Vs, 25).

Since Ly (—1) is a weight-one operator on W, e*Lw(=1) ig a linear operator on W for

any z € C. For a linear map X with (vy,...,vs) € V® (21,...,2,) € F,C, z € C such
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that (21 + 2,..., 2zs + 2) € FC, the characteristics
L EDQ(vr, 2155 0s, 26) = Qvr, 21 + 25150, 26 + 2),

and for (vy,...,vs) € VO (z1,...,25) € F,C, 2 € C and 1 < i < s such that
(21, Zic1,2i + 2, Zix1, - - -, 25) € FsC, the power series expansion of the characteris-
tic of the element Q(v1, 21;. . .; Vi—1, Zi—1; Vi, % + 2; Vit1, Zi+1; - - -} Us, Zs ), i1l Z are equal
to the power series expansion of the characteristic Q(v1, 215 ... ;v-1, 2i—1; ezLV(*l)vi, Zi;
Vit1, Zit+1;-- - Us, 25 ), i 2. In particular, the power series in z is absolutely convergent
on the open disc |z| < min;.;{|z; — z;|}. In addition to that, for (v1,...,vs) € V®3,
(21,...,25) € F,C and z € C* so that (z21,...,22) € F,C, a linear map X : V& —

W the characteristics
zLW(O)Q(Ul, 2155 Us, 25) = Q(ZLV(O)’Ul, 2215 . v Oy 22s).

should coincide.

Recall now the definition of shuffles. For [ > 0 and 1 < s <[—1, let J;;5; be the set
of elements of S; which preserve the order of the first s and the last | — s numbers,
ie,Jis={ceS|ol)<...<oa(s), o(s+1) <...<o(l)}. The elements of

Ji.s are then called shuffles. We will use the notation Jl;_s1 = {0 | o € Jis} for them.

Finally, define the left action of the permutation group S, on W by o (f)(21,...,2.) =
F(Zo(1ys -5 20(r)), for f e W. We require that

Z (=D (Qvp(1.1)s Zo(1,1) - -5 Vo(t1)s -+ - Vo (1m)s - - - s Vor(im))) = O
GEJZTS1

Denote by P, : W — W(s), the projection of W on W(s). Denote by (I;,...,1)
a partition of W of 7 = >, 0, ki = 11 + -+ +l;—1, and ¢; € C. Consider the

i>1 Y
local coordinates (Zj+1,---,2x) of points (pj4+1,-..,Pi+m) bounded in the domains
‘3k7‘,+k’ 7Cl| + |gkj+k// 7§j| < |§1 *Cj|7 for th,j=1,...,n,1# 7, and for k' = 1., liv

K =1, by For ks = ki + L, define f; = (M (01,21 = G) . Dw (3,3, — 6))
fori=1,...,In.

Assume that there exist positive integers 5(vy ;,0j» ;) depending only on ¥y ; and
Oy ford, j=1,...,m, 1% j, 1 <U',I” <7, such that the characteristic

Q( Z X(PrlflaC1;--';Prﬁ,fﬁaCﬁ))v (53)

T1,...,TREZL

is absolutely convergent in the domains defined above to an analytic extension in

(%1, ..., %) independently of complex parameters ((1,. .., ), with poles of order less
than or equal to 5(0y;, Vy» ;) allowed only on the diagonal of (Z1,...,25). We assume
that for (v1,...,05), the characteristic

Q (Z Yw(vis1,1, 2141,1) - - - Yw (Viem 15 Zi4m,p) Py X (v11, 21,15 - - -;01,1,Zl,n)> ,
qeC

(5.4)
(incorporating local coordinates on M and transversal sections) is absolutely conver-
gent on the domains |Z;| > |Z5| > 0, for i = 1,...,m, and s = m+1,...,m + [,
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when z; # Z;, ¢ # j and the sum is analytically extendable to a rational function in
(Z1,...,25) with poles of orders less than or equal to 5(vy ;, 0y ;) allowed Z; = Z;.

For ¢ = 2, for v1, U2, 03 € V, the characteristics > . QU Vw (01, 21) Yw (Ps (X (02, 22—
(303,23 — ()),€)) +Q01, 215 Ps(Vy (V2,22 — ()Vv (V3323 — ()1v), (), and D o Q
Py (Yy (01, 21—C) Vv (V2; 22—C)1v ), OV (T3, 23) +Vw (U3, Z3) Y (Ps (X (01, 21 —C; D2, Zo—
€)),(), defined on the domains |23 — ¢| > |22 — (|, |22 — ¢| > 0, and | — Z5] >
|Z1 — €|, |22 — ¢| > 0, respectively, are absolutely convergent and analytically extend-
able to rational functions in Z; and Z; with poles allowed only at z7, Z; = 0, and
zZ1 = Z2.

5.4. The bundle dual to W), on M/F. The conditions on characteristics de-
scribed in the previous Subsection allow to define a fiber bundle on the transversal
sections of M /F in the dual formulation. This gives us an idea how to use the no-
tion of a dual vertex operator algebra bundle associated to transversal sections of a
foliation. For many purposes it is useful when the conditions on grading subspaces of
W(pl,.--7pz) are relaxed in the definition of admissible V-module W. The advantage of

the dual (defined with respect to an appropriate form) fiber bundle WZL is that we do
not need to assume that the C-grading on W(lenapl) is bounded from below or that
the graded components are finite-dimensional. The condition (5.3) for the grading
together with conditions on orders of poles, and then the canonical pairing (5.4) give

)) Xy (VVIVI/J-'|(DI.X_M,4..,D.X

y) — C!, for corre-
ipy

rise to a pairing (WLT{|(D_X DX

i,p1 L, Py

sponding space of fibers. For each fiber u of WM/-7:|(D.X DX ) we obtain a linear
i,p1

e lipy

operator on WL|( DX DX ) given by this pairing. Thus, we obtain a well-defined
Pl

iy
X
p1""’Di,pl)>) ’

linear map

I .
Wuwx ..px )i (V\}M/f|(pifpl,,,,,DX )) — End (7 (WM/I|(D;

i,p1° 4, py i,p]

(5.5)
i.e., the fibers expressed in terms of vertex operators defined on transversal sections.
For formal coordinates (t;,,), 1 <i<n-—p, 1 <j<l, on(Dj,,...,D,) a fiber

X(vig, 215) of Wayrlpx ..px, )

with elements of W, .,y with respect to the (£;p, )-trivialization, the map (5.5)
is given by (v; ;, 2 ;). Starting from an admissible vertex operator algebra V-module
W, and applying Lemmal we construct explicitly a fiber bundle Wy, » over M/F,

with canonical sections X (p1,...,pn) of WM/}-|(D_X DX ) and fibers with values in
- vl

End (W ,,,... p.)) for any set of non-intersecting discs (D}, ,...,D;,), 1 <i<n-—p

on M/F.

5.5. A relation for Wy, and Hol(M,F) cohomologies. In this Subsection we
provide Lemma 2 relating the vertex operator algebra V' cohomolo/g\y of the holonomy
groupoid Hol( M, F) and V-bundle Wy, . Note that the spaces W¢ containing non-
commutative elements X, as well as their cohomology are described here in terms of
their characteristics. In [28] it was proven that the operator 69X = AIQ(X) possesses
the chain-cochain property. For the holonomy groupoid Hol(M,F) we obtain the
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linear maps 4§ : C7' — C’,’ffll, for each pair I, 7 > 0, and 62 : C2 — C3. Since
C% < C¢ for any r > 0, and CL, < CZ, for ry, ro €= 0 with r; < 7y, 62.CF is
independent of 7. Let 0% = §2.C% : C4 — CF!. Thus, we obtain a double complex

50 sk
(C4,62), (C2),62) g, r = 0, in particular, with r = o0, 0 — C? - C}_ | =

87 o5 Or3 0 o7 ! . .

(C2_,, 6.5 C2) (Or-2,8ra85) | &7, Cy — 0, with 6771 069 = 0, 62 0 63 = 0. Using
the above chain complex one is able to introduce a cohomology of M /F. For ¢, r = 0
we define the ¢, r-th vertex operator algebra cohomology Hf = HI(V, W, F) of M /F

with coefficients in W and depending on mp vertex operators introduced on U to

be HI = Ker{ /Im 52;%, including g, r = 0. Note that in general ¢ < [,

q
T
g1 05
m < p. Thus the cohomology HZ? describes subdomains of lower dimensions on leaves
of M /F. Taking into account the content of this and previous Sections we obtain the

following

Lemma 2. The vertex operator algebra cohomology of the holonomy groupoid Hol(M, F)
is equivalent to the cohomology of section spaces for V -twisted vertex algebra bundles

WM/]:,
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