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SPECTRAL RADIUS INEQUALITIES FOR MATRICES WITH
ENTRIES FROM A BANACH ALGEBRA

FUAD KITTANEH AND VLADIMIR MULLER

Abstract. In this paper, we give spectral radius inequalities for matrices

with entries from a Banach algebra. An emphasis will be given to matrices

with commuting entries. Our inequalities are natural generalizations of earlier
known inequalities for operator matrices.

1. Introduction

Computing the exact values of the spectral radius of a complex matrix is not
always possible. The problem becomes more difficult for Hilbert space operator
matrices, i.e., matrices whose entries are bounded linear operators on a Hilbert
space.

This problem, which has a wide range of applications, stimulates mathematicians
to establish estimates of the spectral radii of operator matrices by deriving spectral
radius inequalities. For a comprehensive account of this problem, we refer to [6]
and references therein.

In this paper, we are interested in spectral radius inequalities for matrices with
entries from a Banach algebra. In Section 2, we give estimates of the spectral radius,
in Section 3, we give estimates using the numerical radius, and in Section 4, we
consider matrices with commuting entries to get better spectral radius estimates.
Our new results are natural generalizations of earlier related results for operator
matrices given in [1], [2], [5], and [6].

2. Estimates of the spectral radius

Let A be a unital Banach algebra and k ∈ N. Let Ak = A⊕ · · · ⊕ A︸ ︷︷ ︸
k

be the

Banach space with the norm∥∥(x1 ⊕ · · · ⊕ xk)
∥∥ =

( k∑
j=1

‖xj‖2
)1/2

.

Let

A =

a11 . . . a1k

...
. . .

...
ak1 . . . akk


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be a k × k-matrix with entries from A. Then A can be considered as an operator
acting on Ak defined by

A =

a11 . . . a1k

...
. . .

...
ak1 . . . akk


x1

...
xk

 =


∑k

j=1 a1jxj

...∑k
j=1 akjxj

 .

Let ‖A‖ be the operator norm of A and r(A) the spectral radius of A in the Banach
algebra B(Ak) of all bounded linear operators on Ak.

Clearly,

max
{
‖aij‖ : 1 ≤ i, j ≤ k

}
≤ ‖A‖ ≤ k2 ·max

{
‖aij‖ : 1 ≤ i, j ≤ k

}
.

Theorem 2.1. Let A = (aij)k
i,j=1 be a k × k matrix with entries from A. Then

r(A) ≤ r

‖a11‖ . . . ‖a1k‖
...

. . .
...

‖ak1‖ . . . ‖akk‖

 .

Proof. Let

N =

‖a11‖ . . . ‖a1k‖
...

. . .
...

‖ak1‖ . . . ‖akk‖

 .

For n ∈ N, denote by (An)ij and (Nn)ij the (i, j)-entry of the matrix An and Nn,
respectively. We have

r(A) = lim
n→∞

‖An‖1/n ≤ lim inf
n→∞

(
k2 ·max{‖(An)ij‖ : 1 ≤ i, j ≤ k}

)1/n

= lim inf
n→∞

(
max{‖(An)ij‖ : 1 ≤ i, j ≤ k}

)1/n

,

where
‖(An)ij‖ =

∥∥∥ ∑
1≤i1,...,in−1≤k

ai,i1ai1,i2 · · · ain−2,in−1ain−1,j

∥∥∥
≤

∑
1≤i1,...,in−1≤k

‖ai,i1‖ · ‖ai1,i2‖ · · · ‖ain−1,j‖ = (Nn)i,j .

So,

r(A) ≤ lim inf
n→∞

(
max{(Nn)i,j : 1 ≤ i, j ≤ k}

)1/n

≤ lim
n→∞

‖Nn‖1/n = r(N).

As in [5], one can prove the following consequences. The proofs remain un-
changed and therefore we omit them.

Theorem 2.2. Let a1, a2, b1, b2 ∈ A. Then

r(a1b1 + a2b2) ≤
1
2

(
‖b1a1‖+ ‖b2a2‖+

√(
‖b1a1‖ − ‖b2a2‖

)2 + 4‖b1a2‖ · ‖b2a1‖
)
.

Corollary 2.3. Let a, b ∈ A. Then:
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(i)

r(a + b) ≤ 1
2

(
‖a‖+ ‖b‖+

√
(‖a‖ − ‖b‖)2 + 4 min{‖ab‖, ‖ba‖}

)
,

(ii)

r(ab± ba) ≤ 1
2

(
‖ab‖+ ‖ba‖+

√(
‖ab‖ − ‖ba‖

)2 + 4‖a2‖ · ‖b2‖
)
,

(iii)
r(ab± ba) ≤ ‖ab‖+

√
min{‖a‖ · ‖ab2‖, ‖b‖ · ‖a2b‖},

(iv)

r(ab) ≤ 1
4

(
‖ab‖+ ‖ba‖+

√(
‖ab‖ − ‖ba‖)2 + 4 min{‖a‖ · ‖bab‖, ‖b‖ · ‖aba‖}

)
.

Corollary 2.4. Let a, b, c, d ∈ A and T =
(

a b
c d

)
. Then

max{r(a), r(d)} ≤ 1
2
(
‖T‖+ ‖T 2‖1/2

)
.

and √
r(bc) ≤

(
‖T‖+ ‖T 2‖1/2

)
.

3. Estimates using the numerical radius

Let X be a Banach space and T ∈ B(X) a bounded linear operator acting on
X. Recall that the numerical range of T is defined by

W (T ) =
{
〈Tx, x∗〉 : x ∈ X, x∗ ∈ X∗, ‖x‖ = ‖x∗‖ = 〈x, x∗〉 = 1

}
and the numerical radius by

w(T ) = sup
{
|λ| : λ ∈ W (T )

}
= sup

{
|〈Tx, x∗〉| : x ∈ X, x∗ ∈ X∗, ‖x‖ = ‖x∗‖ = 〈x, x∗〉 = 1

}
.

An equivalent definition of the numerical radius is using the algebraic numerical
range in the Banach algebra B(X):

V (T,B(X)) =
{
|f(T )| : f ∈ B(X)∗, ‖f‖ = f(IX) = 1

}
,

where IX denotes the identity operator on X. Then w(T ) = max
{
|λ| : λ ∈

V (T,B(X))
}
, see [3], Theorem 9.3.

Similarly, for an element a of a unital Banach algebra A with unit 1A we have

w(a) = sup
{
|f(a)| : f ∈ A∗, ‖f‖ = f(1A) = 1} = sup{|λ| : λ ∈ V (a,A)

}
.

Theorem 3.1. Let A = (aij)k
i,j=1 be a k × k matrix with entries from A. Then

w(A) ≤ w


w(a11) ‖a12‖ ‖a13‖ · · · ‖a1k‖
‖a21‖ w(a22) ‖a23‖ · · · ‖a2k‖
‖a31‖ ‖a32‖ w(a33) · · · ‖a3k‖

...
...

. . .
...

‖ak1‖ ‖ak2‖ ‖ak3‖ · · · w(akk)

 .
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Proof. Note that (Ak)∗ = A∗ ⊕ · · · ⊕ A∗︸ ︷︷ ︸
k

with the norm ‖(x∗1 ⊕ · · · ⊕ x∗k)‖ =

(∑k
j=1 ‖x∗j‖2

)1/2

. So we have

w((aij)) = sup
∣∣∣ k∑
i=1

k∑
j=1

〈aijxj , x
∗
i 〉

∣∣∣,
where the supremum is taken over all x1, . . . , xk ∈ A and x∗1, . . . , x

∗
k ∈ A∗ with∑k

i=1 ‖xi‖2 = 1 =
∑k

i=1 ‖x∗i ‖2 =
∑k

i=1〈xi, x
∗
i 〉. Note that this implies that ‖xi‖ =

‖x∗i ‖ := ri for all i. So, for i = 1, . . . , k, we have |〈aiixi, x
∗
i 〉| ≤ r2

i w(aii), and for
i 6= j, we have |〈aijxj , x

∗
i 〉| ≤ ‖aij‖rirj . Hence,

∣∣∣ n∑
i=1

n∑
j=1

〈aijxj , x
∗
i 〉

∣∣∣ ≤ 〈
w(a11) ‖a12‖ · · · ‖a1k‖
‖a21‖ w(a22) · · · ‖a2k‖

...
...

. . .
...

‖ak1‖ ‖ak2‖ · · · w(akk)




r1

r2

...
rk

 ,


r1

r2

...
rk


〉

≤ w


w(a11) ‖a12‖ · · · ‖a1k‖
‖a21‖ w(a22) · · · ‖a2k‖

...
...

. . .
...

‖ak1‖ ‖ak2‖ · · · w(akk)

 .

Corollary 3.2.
w(A) ≤ 2w

(
(w(aij)k

i,j=1

)
.

Remark 3.3. The estimate w
(
(aij)k

i,j=1

)
≤ w

(
(w(aij)k

i,j=1

)
is not true. An exam-

ple is the following 2× 2 matrix with blocks of size 2:

A =
(

A11 A12

A21 A22

)
=


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 .

It is easy to see that w(A) = 1 and

w

(
w(A11) w(A12)
w(A21) w(A22)

)
= w

(
0 1/2

1/2 0

)
= 1/2.

So the estimate in Corollary 3.2 is sharp.

As in [1], one can obtain improvements of the estimates from the previous section.

Theorem 3.4. Let a1, a2, b1, b2 ∈ A. Then

r(a1b1+a2b2) ≤
1
2

(
w(b1a1)+w(b2a2)+

√(
w(b1a1)− w(b2a2)

)2 + 4‖b1a2‖ · ‖b2a1‖
)
.

Corollary 3.5. Let a, b ∈ A. Then:
(i)

r(a + b) ≤ 1
2

(
w(a) + w(b) +

√(
w(a)− w(b)

)2 + 4 min
{
‖ab‖, ‖ba‖

})
,
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(ii)
r(ab± ba) ≤ w(ab) +

√
min{‖a‖ · ‖ab2‖, ‖b‖ · ‖a2b‖},

(iii)

r(ab) ≤ 1
4

(
w(ab) + w(ba) +

√(
w(ab)− w(ba))2 + 4 min{‖a‖ · ‖bab‖, ‖b‖ · ‖aba‖}

)
.

4. Commuting elements

Better estimates can be obtained for matrices with mutually commuting entries.
The basic tool is the following classical result:

Theorem 4.1. ( [4], p. 18) Let (B, ‖ · ‖) be a Banach algebra, let S ⊂ B be a
bounded semigroup. Then there exists an equivalent algebra norm ‖ · ‖′ on B such
that ‖s‖′ ≤ 1 for all s ∈ S.

Corollary 4.2. Let (B, ‖ · ‖) be a Banach algebra, let b1, . . . , bn ∈ B be mutually
commuting elements. Then there exists a sequence of algebra norms ‖·‖m equivalent
to ‖ · ‖ such that

r(bj) = lim
m→∞

‖bj‖m (j = 1, . . . , n).

Proof. Let m ∈ N. Let b′j = bj

r(bj)+m−1 (j = 1, . . . , n). Then r(b′j) < 1, and so
sup{‖b′kj ‖ : k = 0, 1, . . . } < ∞ for all j. Let Sm be the semigroup generated by
b′1, . . . , b

′
n. Since the elements b′j are mutually commuting,

Sm = {b′k1
1 · · · b′kn

n : k1, . . . , kn = 0, 1, . . . }
and Sm is a bounded semigroup,

sup{‖x‖ : x ∈ Sm} ≤
n∏

j=1

sup{‖b′kj ‖ : k = 0, 1, . . . }.

So, there exists an equivalent algebra norm ‖ · ‖m on B such that ‖b′j‖m ≤ 1. Thus,
r(bj) ≤ ‖bj‖m ≤ r(bj) + m−1, and so

lim
m→∞

‖bj‖m = r(bj)

for all j = 1, . . . , n.

Theorem 4.3. Let A be a unital Banach algebra and A = ((aij)k
i,j=1) a k×k-matrix

with mutually commuting entries from A. Then

r(A) ≤ r

r(a11) . . . r(a1k)
...

. . .
...

r(ak1) . . . r(akk)

 .

Proof. By the previous corollary, there exists a sequence of norms ‖ · ‖m on A
equivalent to the original norm ‖ · ‖ such that

r(aij) = lim
m→∞

‖aij‖m

for all i, j, 1 ≤ i, j ≤ k. Since the spectral radius of A does not depend on the choice
of an equivalent norm, we have

r(A) ≤ r

‖a11‖m . . . ‖a1k‖m

...
. . .

...
‖ak1‖m . . . ‖akk‖m


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for all m. So, by the continuity of the spectral radius in the algebra of k×k complex
matrices, we have

r(A) ≤ lim
m→∞

r

‖a11‖m . . . ‖a1k‖m

...
. . .

...
‖ak1‖m . . . ‖akk‖m

 = r

r(a11) . . . r(a1k)
...

. . .
...

r(ak1) . . . r(akk)

 .

As in [6] and [2], one can obtain the following results.

Corollary 4.4. Let a, b ∈ A, ab = ba. Then

r(a + b) ≤ 1
2

(
r(a) + r(b) +

√(
r(a)− r(b)

)2 + 4r(ab)
)

.

Corollary 4.5. Let a, b ∈ A, ab = ba. If r(a + b) = r(a) + r(b), then r(ab) =
r(a) · r(b).
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