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VLADIMIR MULLER AND YURI TOMILOV

ABSTRACT. We show that under natural and quite general assumptions,
a large part of a matrix for a bounded linear operator on a Hilbert space
can be preassigned. The result is obtained in a more general setting of
operator tuples leading to interesting consequences, e.g. when the tuple
consists of powers of a single operator. We also prove several variants
of this result of independent interest. The paper substantially extends
former research on matrix representations in infinite-dimensional spaces
dealing mainly with prescribing the main diagonals.

1. INTRODUCTION

Let H be a separable infinite-dimensional Hilbert space, and let B(H)
stand for the space of bounded linear operators on H. If T' € B(H), then T
allows for a variety of matrix representations Ap := (T, un>$;’j:1 induced
by the set of orthonormal bases (uy)22; in H. In other words, for a fixed
basis (u,,)22; we study the matrix elements (UTU 1w, u,) of the unitary
orbit {UTU! : Uis unitary} of T (where then the choice of (u,)%; is
essentially irrelevant).

While the study of matrix representations goes back to the birth of oper-
ator theory, a number of pertinent facts and insights of their structure were
obtained only recently. In particular, starting from the pioneering works
[26], [27], [5], and [6] by Kadison and Arveson on the main diagonals of pro-
jections (and normal operators with finite spectrum), the research on main
diagonals of Hilbert space operators attracted a substantial attention. For
sample works in this direction see e.g. [8], [9], [25], [28], [32], [33], and the
recent survey [30]. The mainstream of the research on diagonals concen-
trated around normal operators and their natural subclasses, consisting of
unitary and selfadjoint operators, and addressed the problem of character-
izing sets of possible main diagonals D(T) = {((T'un, un))5>, } for classes of
operators of T' € B(H ) when (u,)2; varies through the set all orthonormal
bases in H. In [38] we’ve changed this point of view to a more demanding
task of describing the set D(T), or at least its substantial subsets, for a fixed
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T € B(H). In addition, in [38], the problem was addressed in a more general
framework of operator tuples 7 = (T1,...,Ty) € B(H)*. We relied on the
properties of the so-called essential numerical range W, (7) and their rela-
tions to the essential spectrum o.(7), especially in the case of power tuples
T = (T,...,T*), T € B(H). These properties revealed a new structure in
D(T) and led in particular to the so-called non-Blaschke type conditions

[e.e]

D dist(An, OWe(T)) = o0

n=1
on (A,)%; in the interior Int W, (T') of W,(T') to be realized by the main
diagonal of T. The relevance of W,(T') in this context was first noted by
Stout [47], Fan [17] and Herrero [22], and these works were generalized sub-
stantially in [38]. The ideas of [38] appeared to be fruitful and were further
developed in [40], where a systematic approach to matrix representations of
bounded operators and operator tuples was initiated. Among other things,
we found conditions for prescribing three diagonals, for having bands od
zeros around the main diagonal, and described several general situations
where matrix representations with size restrictions on the set of their ma-
trix elements are possible. In particular, it was shown that if T € B(H),
then 0 € W,(T) if and only if for each sequence (a,)%%; & ¢!(N) there exists
an orthonormal basis (u,)52; in H such that [(T'uj, un)| < /|ana;| for all
J and n, see Section 6 for more on this.

However, a more general and natural problem of matching arrays (a;),
(n,j7) € B, with B C N x N being ”large” by a matrix of a given T' € B(H)
has been left in [40] widely open. It was not even quite clear whether
our methods can handle a band of (ay;) consisting from more than three
diagonals. This paper will bridge this gap and show that following the ideas
in [40], one can prescribe the arrays of quite a general nature.

We study the following problem:

Problem 1.1. Let 7 = (Ty,...,T}) € B(H)*, B ¢ N x N and {a,; :
(n,j) € B} C C be fixed. What are natural assumptions on 7, B and (a;)
to ensure the existence of an orthonormal basis (u, )5 ; C H such that

(Tuj, un) = an;, (n,j) € B.

In other words, what is the degree of arbitrariness in a matrix representation
of T7?

Note that a similar problem in the setting of finite-dimensional spaces
was studied by a number of authors.

A particular case of Problem 1.1 are so-called sparse matrix representa-
tions for T' € B(H) when the arrays (ay;) corresponding to admissible sets
B of (n,j) consist solely of zeros. Note that sparse representations appear
useful in a number of problems from operator theory. Recall, in particular,
that any 7' € B(H) admits a universal block three-diagonal form with an ex-
ponential control on (finite-dimensional) block sizes. Moreover, such blocks
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can be further sparsified. To our knowledge, in a full generality, such block
three-diagonal forms appeared first in [49] and they appeared to be crucial
e.g. in the study of commutators [3], [49], [31] or operator norm estimates
[35]. Nice accounts of sparse representations can be found in [42] and [31,
Sections 4 and 5]. It is instructive to observe that matrix representations
of the opposite kind can be found for any 7" € B(H) which is not a scalar
multiple of the identity operator: by [43, Theorem 2], one can find a basis
(un)oey C H such that (Tuj,u,) # 0 for all n and j. Note also that the
issue of sparse representations arises also in the finite-dimensional setting,
where patterns of zeros in a matrix achievable by a unitary transformation
are studied. For sample papers in this direction one may consult [24], [23]
and [2], though we feel that this setting is rather different from the subject
of the present paper.

Let T' € B(H) and (uy)22; be an orthonormal basis. It is natural to
measure the sparsity of the corresponding matrix A7 by the so-called density
given by

d(Ar) = 1ij{fnsupN*2card{(n,j) e NxN:n,j <N, (Tuj,un) # 0}.
—00

The density is of course bases dependent, and it is of practical interest to
have it as small as possible. Among other things, it was proved in [31,
Corollary 5.7] that for every operator T' € B(H) there is an orthonormal
basis (up)22; in which A7 has density zero. Our technique allows one to
show that in fact much stronger statements hold. Our sparse representations
are quite different from the ones mentioned above, since, in particular, apart
from being sparse in a much stronger sense, the set of their zero elements
can have a comparatively general geometry.

To state our results we need to define several notions describing size of
subsets in N x N. They will be basic for all of our considerations to follow.
Denote by A the main diagonal of N x N A = {(n,n) : n € N}. A set
B C N x N is said to be subdiagonal if B C {(n,j) eNxN:n> j}. We
say that a set B C (N x N)\ A is admissible if for every m € N there exists
n € N, n > m, such that (j,n) ¢ B and (n,j) ¢ B forall j =1,...,m.

Clearly a subdiagonal set B is admissible if and only if for every m € N
there exists n > m such that (n,j) ¢ B for all j =1,...,m.

Note that an admissible set can be quite large. For example, the set

{(n.5) :n > JI\{(@"5) - b €N, j <k}
is an admissible subdiagonal set. Similarly

{(n,5) :n# i3\ {(2*n),(n,2") : k e N,n < k}
is admissible.

First, as a warm-up, we study the sparse representations and prove that
any tuple of bounded operators has a very sparse matrix representation.

Theorem 1.2. Let T = (T3,...,T}) € B(H)* and B ¢ (N x N)\ A an

admissible set. Then there exists an orthonormal basis (up)o>; C H such
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that
<Tujvun> =0
for all (n,j) € B.

oo
n=1

Note that in Theorem 1.2 the orthonormal basis (u,) is common for
all operators 11, ..., Tk.

The condition BN A = () is in general necessary even for single operators.
Indeed, if T € B(H) and the numerical range W (T') of T' does not contain
zero, then the main diagonal of any matrix representation of T’ consists of
non-zero entries.

A better result can be obtained if we assume that 0 € Int W (7). In this
situation we can obtain even the zero main diagonal and the matrix repre-
sentation becomes extremely sparse. In particular, the folowing statement

holds.

Theorem 1.3. Let T = (T4,...,T}) € B(H)* and 0 € Int W.(T). Let
f N = N be any function satisfying lim,,_,oc f(m) = oco. Then there exists
an orthonormal basis (un)22 ¢ in H such that

card{(n,j) e NXxN:n,j <m,(Tuj,un) # 0} < f(m)
for all m € N.

Let us now consider Problem 1.1 in full generality. Under mild assump-
tions on T" € B(H) we show that large subdiagonal subsets of a matrix
A7 can be preassigned if the size of the corresponding matrix elements is
restricted appropriately.

Theorem 1.4. Let T € B(H) be an operator, which is not of the form
T = M+ K for some A € C and a compact operator K € B(H). Then there
exists § > 0 (depending only on the diameter of W (T')) with the following
property: if B C N x N is subdiagonal and admissible, and {an; : (n,j) €
B} c C satisfy

Z lanj| <0 forallj and Z lan,j| <0 for alln,

n:(n,j)EB j:(n.j)eB

then there is an orthonormal basis (u,)5; in H such that
(Tuj, up) = anj

for all n,j € N with (n,j) € B.

Theorem 1.4 can be formulated also for k-tuples T = (T1,...,Tf) €
B(H)*, where none of the operators T, ..., T} is of the form AI 4+ K with
A € Cand K € B(H) compact. However, we preferred to prove its simplified
version.

A technically more involved framework of operator tuples will be ad-
dressed in Theorem 1.5 below. Under assumptions stronger than in Theo-
rem 1.4, we prove that large subsets of the whole of Ar can be preassigned
under size restrictions on the matrix elements similar to those in Theorem
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1.4. Note however that one requires additional restrictions on the diagonal
elements, which reflects a special role of the main diagonal in the matrix
representations of T, see e.g. [30] and [38] for more on the topic of main
diagonals.

For A = (A1,..., \) € CF write ||A\]loo = max{|\1],..., | \|}.

Theorem 1.5. Let T = (Th,...,T}) € B(H)* be such that Int W,(T) # 0,
and let € > 0 be fized. Then there exists & > 0 with the following property:
if BC (N x N)\ A is admissible, and {ay; : (n,j) € BUA} C CF satisfy

(i) ann € It Wo(T) and dist {ann, OWe(T)} > € for all n € N;
(i) > jen llanjlloc <6 foralln €N, and 3_,,., »epllajnlloc <6 for
adljEN,

then there is an orthonormal basis (u,)5; in H such that
(Tuj, un) = an;j
for alln,j € N with (n,j) € BUA.

Clearly for any m € N, the set {(n,j) : 1 <|n —j| < m} is an admissible
set. So in particular we can prescribe any finite number of diagonals in the
matrix representation of 7 subject to mild restrictions on absolute values
of their elements. We formulate this conclusion as a separate statement
generalising essentially [40, Theorem 2.4].

Corollary 1.6. Let T = (T1,...,T}) € B(H)* be such that Int W.(T) # 0,
and let € > 0 and m € N be fived. Then there exists 6 = 6(k,m,e) > 0 such
that if {an; : In — j| <m} C CF satisfy :

(i) ann € Int We(T) and dist {apy, OW(T)} > € for alln € N;
(i) sup{|[anjlloc : 1 < |n —j| <m} <0

then there is an orthonormal basis (u,)5 ; in H such that
(Tuj, up) = anj, In — j| <m.

The framework of operator tuples makes it possible to formulate similar
results for tuples of powers 7 = (T, T?,...,T*) under the spectral assump-
tions on T' € B(H) rather than the assumptions on W, (7) as above, making
the obtained results more explicit.

If T'e B(H) is such that 0 € Int 6(7), where 6(T") stands for the polyno-
mial hull of o(T), then 0 € Int W(T,T2,...,T*) for all k € N (see Section
2). So we can prescribe quite large subset of entries simultaneously for any
finite number of powers 77.

Similar results are also proved in the case of an invertible operator T €
B(H) and for tuples consisting of both positive and negative powers of 7. In
this case we impose a stronger assumption rTUsT C o.(T), where 0 < r < s
and T stands for the unit circle.
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2. PRELIMINARIES AND NOTATIONS

2.1. The relevance of numerical ranges. First, we recall some stan-
dard notation used in the context of operator tuples. For a k-tuple T =
(Ty,...,Ty) € B(H)* and 2,y € H we write shortly

(Tz,y) = (Thx,y), ..., (Tez,y) € C* and Tz = (Tiz,...,Tizx) € H*.
If A= (A1,...,\) € C* we denote T — A= (T1 — A1,...,T — A\;) and
(2.1) Moo = max{[A1], ..., | e}

In our studies of matrix representations for a bounded operator 7" on H
and more generally for operator tuples 7 € B(H)*, we will rely on the
well-studied notions of the (joint) numerical range W (T ), given by

W(T) ={({(Tiz,z), ..., (Tyz,z)) : © € H, ||z|| = 1},

and of the essential numerical range W, (7T) of 7. Being an approximate ver-
sion of W (T), the latter notion allows for several equivalent definitions. To
fix one of them, for 7 = (T,...,T;) € B(H)* we define the (joint) essential
numerical range W,(T) of T as the set of all k-tuples A = (\1,...,\;) € C*
such that there exists an orthonormal sequence (uy,)° C H with

lm (T, un) = A, t=1,...,k.
n—oo

Recall that W, (7)) is a nonempty, compact and, in contrast to W (T), convex
subset of W(T), see e.g. [29]. At the same time, W(T) is convex if k = 1,
and it may be non-convex if £ > 1. Moreover, even if k = 1, then W(7) can
be neither closed nor open.

The next properties of W, (7) and W (T) are crucial for the sequel and
will be used frequently.

Proposition 2.1. Let T € B(H)*.

(a) One has A € W (T) if and only if for every e > 0 and every subspace
M C H of finite codimension there is a unit vector x € M such that

1Tz, 2) — Ao < €.

(b) If X € Int W.(T), then for every subspace M C H of a finite codi-
mension there is x € M such that ||| =1 and

(Tw,z) =\

The proof of the first property is easy and can be found e.g. in [37,
Proposition 5.5]. Since W (7)) is not in general convex, the second property
is more involved, see [36, Corollary 4.5] for its proof and other related state-
ments. The properties (a) and (b) are very useful in inductive constructions
of sequences in H. In particular, by absorbing all of the elements constructed
after a finite number of induction steps into a finite-dimensional subspace F/,
one may still use W,(7") when dealing with vectors from F*. The properties
will play a similar role in this paper.
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To note another usage of numerical ranges, recall that the joint spec-
trum of a commuting tuple 7 = (71, ...,T) can be defined as the (Harte)
spectrum of the n-tuple (73,...,T)) in the algebra B(H). Similarly, the
joint essential spectrum o.(7) is defined as the (Harte) spectrum of the
k-tuple (T7 + K(H),..., T, + K(H)) in the Calkin algebra B(H)/K(H),
where KC(H) denotes the ideal of all compact operators on H. One of
the main features of W(7) and W(T) is that in view of the inclusions
o(T) € W(T) and 0.(T) C We(T) these numerical ranges help to local-
ize spectrum. Sometimes, when the spectral information is more acces-
sible, one may argue the other way round and to identify big subsets of
W(T) and W,(T) in spectral terms. In particular, this becomes appar-
ent for tuples 7 of special form 7 = (T,...,T%),T € B(H). Note that
o(T)={(\ ..., X)X e a(T)} and 0o(T) = {(\, ..., A\¥) : X € 0o(T)} (cf.
Section 6) so that the spectral properties of the tuple (T',...,T*) are deter-
mined by the spectral properties of 1. The relevance of spectrum for the
study of numerical ranges can be illustrated by the next ”numerical ranges”
mapping theorem [36, Theorem 4.6], important for the sequel (see Section
6). To formulate it, recall that if K C C is compact, then the polynomial
hull K := {\ € C: |p(\)| < sup,c |p(2)| for all polynomials p} of K can be
described as the union of K with all bounded components of the ‘complement
C\ K. If conv K stands for the convex hull of K, then clearly K C conv K.

Theorem 2.2. Let T € B(H). If A € Inta(T), then
AMAZ AR e cony {(2,2%,...,28) s 2 € 0o(T)} C Int W (T, T2,...,T")
for all k € N.
More information on joint essential numerical range for operator tuples

and its relation to spectral theory can be found in [37] and [38], see also [29].
The classical case k = 1 is considered in details in [7] and [18].

2.2. Some notations. Let 7' € B(H) and u,v € H. We write for short
uw LT v if u L v, Tv,T*v. More generally, if T = (T1,...,T},) € B(H)*
then we write u L(7) o if

ul v, Ty, ..., Tpv, Tiv, ..., Thv.

Clearly u L(7) v if and only if v L(7) w. Note that if T = (1},...,T}) €
B(H)* and vy,..., v, € H then the set

{uEH:uJ_(T) Vlyeooy U}

is a subspace of H of finite codimension.
For a subspace L C H denote by Pr, the orthogonal projection onto L.
As above, for a compact subset K C C™ we denote by Int K the interior
of K, by 0K the topological boundary of K, by conv K the convex hull of
K and by K the polynomial hull of K.
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3. SPARSE REPRESENTATIONS

First we prove Theorem 1.2 that any tuple of operators has a very sparse
matrix representation.

Proof of Theorem 1.2. Let T = (Ti,...,Tx) € B(H)* be any k-tuple of
operators and B C (N x N)\ A an admissible set. We show that there exists
an orthonormal basis (u,)72, in H such that

(Tuj,up) =0

for all (n,j) € B.
Let ng = 0 and construct inductively an increasing sequence of integers
(ng)2, such that

(]7”8)¢B and (nsaj)¢Bv jzlv"-ansfl-

Let (yr)p2, be a sequence of vectors in H such that \/72 | y, = H.
We construct the vectors u,, inductively.
Let s > 1 and suppose that orthonormal vectors uy, ..., u,, , € H satisty

(i) (Tyup,u;) =0forallt =1,...,kand all (n,j) € B withn,j < ns_1;
(i) yr € Vorqjup forall r < s —1.
For all n, ns_1 <n < ng, find inductively unit vectors u, such that

Up, 1M ULy ey Up—1,Ys-

Then (Tup, um) = (Tum,up) =0 forallm <n—1, ns_; <n < n.
In order to construct u,, we distinguish two cases. If y; € \/?jll u; then

choose u,,, any unit vector satisfying
U, 1M ULy .y Upy—1-
If ys ¢ \/?:11 u; then set
=P, )ys
T = Par, sl

where Py,  is the orthogonal projection onto the subspace M, , :=

\/?;‘11 uj. Clearly ||un,|| =1 and u,, L ui,...,uy,_,. Moreover,

Un, € \/{ys,ul, et} LT gy,
for all m,ns_1 < m < ns by the construction. So the set {ui,...,up,} is
orthonormal.

If m < ng and either (m,ng) € B or (ns,m) € B then m > ns_1 and
Tyun, € \[{Tiys, Tew, - .., Tt} C upy

forallt =1,...,k So (Tup,,un) = 0. Similarly, (T up, u,,) = 0.
Moreover, we have ys € V2, uj.
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If we construct the vectors uy,,n € N, in this way then they will form an
orthonormal system satisfying

(Tuj,up) =0

for all (n,j) € B. Moreover, y, € \/>_, u, for all 7, and so (uy)52; form an
orthonormal basis.
U

As mentioned in the introduction, the assumption that B C (N x N) \ A
cannot be in general omitted. In general, all entries on the main diagonal
may be non-zero for any choice of an orthonormal basis if 0 ¢ W(T') (e.g. if
ReT > cl,c > 0).

If we assume that 0 € Int W, (7T) then it is possible to obtain also the zero
main diagonal. The next result is a consequence of a more general Theorem
1.5. However, we give a direct proof because it is much simpler and, at the
same time, contains all of the main ideas behind the proof of Theorem 1.5.

Theorem 3.1. Let T = (T1,...,Ty) € B(H)* satisfy 0 € Int W.(T) and
let BC (NxN)\ A be an admissible set. Then there exists an orthonormal
basis (un)peq C H such that

(3.1) (Tuj,up) =0
for (n,j) € BUA.

Proof. Without loss of generality we may assume that ||7;| < 1 for all
t=1,...,k.

Let ng = 0 and construct inductively an increasing sequence of integers
(ng)2, such that

(j,ns) ¢ B and (ns,j) ¢ B, j=1,...,n51.
Fix a number n € (0,1) such that
1L < dist {0, 0W, (T}
-n
Fix a sequence of unit vectors (y,)?2, in H such that \/;2,y, = H.
Each s € N can be written as s = 27(9)(2I(s) — 1) where 7(s) > 0 and
I[(s) > 1 are uniquely determined integers.
We construct the vectors u, inductively.
Let s > 1 and suppose that orthonormal vectors ui,...,u,, , € H satis-
fying
(i) (Tuj,uj) =0forall j=1,...,n5_1;
(ii) (Tiup,uj) =0forallt =1,...,k and all (n,j) € B with n # j and
n)j < Ms—1;

(iii) distQ{yr, Vi uj} < (1—n)! for all 7,1 with 27(21 — 1) < s — 1.

For n, ns_1 <n < ng find inductively unit vectors u,, such that

Un J—(T) ULy ey Un—1, y'r(s)
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and
(T tn, upn) = 0.
Then (T tp, Um) = (T tm, up) =0 for all m < n, ng_1 <n < ng.
In order to construct u,, we distinguish two cases. If y,(,) € \/?:11 U
then let u,, be any unit vector satisfying
Up, 1M ULy .oy Up—1
and
(Tun,,un,) = 0.
Then clearly (i)—(iii) are satisfied.
If y(s) & \/?i‘l1 u; then set
. (I - PMns_l )yr(s)
||(I - PMnS_l )yr(s) H 7
where Py,  is the orthogonal projection onto the subspace M,  , :=
\/?;‘11 u;. We have

by,

T (Thousba )| < dist {0,0W(T)
so there exists a unit vector v,, € H such that

Un, 1M ULy -y Un—1,bn,
and "
<Tvnsa Uﬂs> = _E(Tbnsa bns>'
Define
Un, = /1 = NVp, + /Nby,.
Clearly ||up,|| = 1 since vy, L by,.
Clearly up, L uy,...,upn, ,. For j,ns_1 < j < ns, we have
<uns’uj> = <\/ﬁbns’u]> = 0
since bn, € V{¥r(s), U1,y Un, } C ujL So the vectors ug,...,u,, are or-
thonormal.
We have

<Tuns7uns> = (1 - 77)<Tvnsv Uns> + 77<Tbn37 bns> = 0
If j < ng and (ng, j) € B then j > n,_1 and (T, un,) = (Tuj, /1Mbn,) =0
since
bn, € \/{yr(s)u Uty .- 7uns—1} C-L(T) -
Similarly, (Tup,,u;) = 0if j < ns and (j,n,) € B.
Finally,
dist Q{yr(s)v Mns} =dist 2{yr(s)7 Mnsfl} - ‘<yr(s)’ uns) |2
<dist Q{yr(s% Mns—l} - ’<yr(s)a \/ﬁbns> ’2
=dist *{y,(5), Mn,_, }(1 — 1) < (1 — )¢
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by the induction assumption.

Suppose that the vectors u,,n € N, have been constructed in the way
described above. Then the vectors (up)nen form an orthonormal system
satisfying

(Tuj,up) =0

for all (n,j) € BUA. Moreover, for each r > 0 we have

o0
) . ., 92 . l
dist {ym \/lu]} = lliglo dist *{y,, Myr(g1—1y } < lliglo(l —n)" =0.
J:
So yr € V52, uj. Since /72y, = H, the vectors (u,)52; form an orthonor-
mal basis. 0

Theorem 3.1 implies that operators 7' € B(H) with 0 € Int W.(T') have
extremely sparse representations as stated in Theorem 1.3 given in the in-
troduction.

Proof of Theorem 1.3. Without loss of generality we may assume that the
function f is nondecreasing (if not, then replace f(m) by inf{f(j) : j > m}).
Find an increasing sequence (n)2, such that f(ng) > (k+ 1)? for each
ke N.
Let

B =N x N\ {(nku.j)?(.jvnk) ke Nv.] < k}
For each m, np < m < ngy1, we have

k
card {(n,j) :n,j <m,(n,j) ¢ B} <> (2r) < (k+1)* < f(m) < f(m),

r=1

Clearly B\ A is an admissible set. By Theorem 3.1, there exists an or-
thonormal basis (u,)5e; such that (Tu;,u,) =0 for all (n,j) € B. O

n=1

Clearly the condition f(m) — oo as m — oo is in general necessary. It
is easy to see that there exists a matrix representation of T' € B(H) with
card {(n,7) : (T'un,uj) # 0} < oo if an only if T' is a finite rank operator.

If we do not assume that 0 € Int W,(7) then in general all entries on the
main diagonal may be non-zero for all orthonormal bases. So we can state
the next version of Theorem 1.3 (having the same proof).

Theorem 3.2. Let T = (Ty,...,Ty) € B(H)*. Let f : N = N be any
function satisfying lim,, o f(m) = co. Then there exists an orthonormal
basis (un)22, in H such that

card {(n,j) € NxN:n,j <m, (Tuj,u,) # 0} <m+ f(m)
for all m € N.

Theorem 3.1 applies directly to k-tuples of the form (T,T2,...,T*) where
T € B(H) satisfies 0 € Int 6(7"). We discuss this in the last section.
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4. PRESCRIBING SUBDIAGONAL ENTRIES

Recall that T' € B(H) is compact if and only if W.(T") = {0}. So T is of
the form T'= Al + K for some X\ € C and a compact operator K € B(H) if
and only if W,(T') is a singleton, i.e.,

diamW,(T) = max{|\ — p| : A\, u € W,(T)} = 0.

The next lemma will be crucial in the inductive construction leading to
Theorem 1.4. Similar statements can be found in [10, Section 2,3] and [40,
Section 5.

Lemma 4.1. Let T € B(H) be an operator, which is not of the form T =
M+ K for some X € C and a compact operator K € B(H), and let 0 < C <
diam We(T'). Let M C H be a subspace of finite codimension. Then there
exist vectors v,z € M such that
22
foll- 12l < 22, wiz and (To5)=1

Proof. Let A\, € W(T') be such that |\ — u| = diam W,(T"). Choose a
positive number ¢ such that ¢ < (diam W, — C')/4. Using Lemma 2.1, (i),
let z € M NT~1M be a unit vector such that [(Tz,z) — \| < e.

Similarly, let y € MNT~'M,y L) z be a unit vector such that |(Ty, y)—
pl <e.

Let v = % Then

1
veMNTM, |pll=1,  (Tv,v) = ({Tz,2) +(Ty,y)),

and so

Let

Then w € M, w 1L v and

1
[w]| > [w, )| =[(Tv, z) — (Tv,v) (v, z)| = 7z (T'z,z) — (Tv,v)
1 A+ 1 L | A=—p| 2e C
> (A= 28 o) = = = s =
—\/ﬁ(‘ 2 ) V2 2 V2T 22
Set
w
[Jw]|?
Then
1 2V2
zeM, zlwv, |z[|l=—<— and (Tw,z)=(w,z)=1,
=Tl =0

as required. O
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The proof of Theorem 1.4 is less technically demanding than the proof of
its full matrix analogue, Theorem 1.5, and it thus provides a good intuition
needed for understanding a more involved argument for Theorem 1.5 in the
next section.

Proof of Theorem 1.4. Choose positive numbers C' and § such that C' <
diam W, (T, and

5<i
42

For a given subdiagonal and admissible set B C Nx N and the corresponding
array {an; : (n,j) € B} subject to the size restrictions

Z lanj| <6 forall j and Z lan,j| <6 for all n,
n:(n,j)€B j:(n.j)eB

we construct an orthonormal basis (uy,)22; C H such that
(4.1) (Tuj, up) = anj for all n,j7 € N, (n,j) € B.

To clarify technical details, the proof will be divided into several steps.
The construction of (u,)52; will be based on several inductive arguments.
We start with an appropriate choice of parameters needed for our subsequent
considerations.

Fix the next initial settings:

(i) Fix a positive number 7 such that n <1 —
(ii) For s € N write s = 27()(2I(s) — 1), where the integers r(s) > 0 and
[(s) > 1 are defined uniquely.
(iii) Fix (very small) positive numbers ps, s € N. The precise size of these
numbers is not important, we require only that » oo, ps < 1 and

- 2 -
(4.2) (L =n/2)D2 4 p)"(1 =) < (1 =n/2)""
for all integers [ > 2.
(iv) Set formally ny = 0 and define inductively an increasing sequence
(ns)2, such that n; =1 and (ns,m) ¢ Bforallm=1,...,ns_;.
(v) For (n,i) € B let

46/2
e,

Bni = ]am-|1/2 arg(an;) and Vni = |am|1/2.
The vectors u,,n € N, forming an orthonormal basis in H, will be con-
structed in the form

Up = QnWn + Z 5jnvjn + Z TniZni + bn,
j:(4j,m)eB i:(ni)€EB
where wy,, Vjn, 2n; and b, are suitable elements of H. Each of the pairs
Vjn, 2jn Will ensure that (T'uj, u,) = an; for (n,j) € B. The vectors w, are
used only to have |lu,| = 1. The vectors b, will help to arrange \/7~ | up, =
H. To this end, we fix in advance an orthonormal basis (y,)>2, in H, and
for every r we construct a sequence {y,; : [ > 0} such that lim; . y,; = y,.
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with y. € /o7, u, and y,. being close enough to y,. This will imply that
V2o yr = H and then \/;2 | u, = H. Set formally y,o = y, for all r.

First, by an inductive argument, we construct vectors b,,,w,,n € N, and
Unis Znis (N, 1) € B, and numbers «,, > 0 in the following way:

Let s € N and suppose that the vectors

bn7 Wn,y Uni, Rni, n g Ns—1, (n72) €B

yrg, 27(20—-1) <s—1,

and numbers «,, n < ng_1, have already been constructed in such a way
that if

Up,s—1 ‘= QpWnp + E /Bjnvjn + E VniZni + bn, n=1,...,n51,

ji(jn)EB i:(n,i)eB
j<ng_1
then the vectors ui s—1,...,Un, , s—1 are mutually orthogonal,

22
”Un75_1H2 =1- Z |a’]n‘77 n= 17 ey N1,

j>n5,1,(j,n)€B
and

1Yrg = Yri—1ll < por(—1) forall r,l with 2"(20 —1) <s—1.

(A) Define first vectors by, ns—1 <n < ns.
If ng, <n < ng, then set b, = 0.
Write s = 27(%)(21(s) — 1) and define

Ns—1
Ls—l = \/ Un,s—1-
n=1

If Yr(s),0(s)—1 & Ls—1 then set y,) () = Yr(s),i(s)—1- 1f otherwise y,..5) 1(s)-1 €
Ls—1, then choose ,(4) (s) ¢ Ls—1 such that

1Yrasll <1 and  ||yres)us) — Yr(s)acs)—1 | < ps-
In both cases y,(4),1(s) & Ls—1, so that we can set

(= Pr, )Yr(s)i(s)
”(I - PLsf1)yr(s),l(s) H

bns = \/ﬁ’

where Pr_ | is the orthogonal projection onto L,_1.
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(B) For ns_1 < n < ng and ¢ such that (n,7) € B, using Lemma 4.1,
define inductively vectors v,;, zn; € H such that

2/ 2v2
c’ c’

i <

Unis Zni —L(T) Um,i’a Zm,i’a m S Ns, (m7 Z/) S Bv (m7 Z/> 7& (TL, Z)v

llons |* =

(4.3)  Vniy 2ni L) wpy, m < ns_1,
Uniy Zni 1@ b, m < ng,
Unis Zni L Yt 2"20-1)<s
Zni L Ung,

(Tvm;, Zm> =1.

(C) For ns_1 < n < ng find inductively vectors w,, € H such that

[wn]l =1,
w, 1@ Uiy Zmis m < ng, (m,1) € B,
(4.4) wy LT w,,, m < ng,m#mn,
W, 1M b, m < ng,

wn L yr, 2"2l-1)<s

(D) If n is such that ns_1; < n < ng, then

Z |6]TL|2 2\[ H Z YniZni

j:(4m)eB

25[
+ Z "7n1| ||zn2H2+Hb ||2

i:(ng)EB

452

< — <1
S +n

Thus we can set

an:(l_ Z |BJ7L|2 H Z YniZni

j:(4,n)eB i:(ni)€B

>1/2

For n < ng set

Up,s = OpWp + Z 5jnvjn + Z VniZni + bn.

j:(4,n)EB i:(n,t)EB
j<ns
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Observe that

22 2
ool = 0%+ 3 1Bl ZE || 2 nizei b
j<ns i:(n,i)EB
(j,m)EB
2v2 2V/2
=1—= > Bl F=1= > laul- =5
: C : C
j>ns j>ns
G.n)EB (G.m)EB
Moreover, in view of (4.3) and (4.4), the vectors ui g, ..., un, s are mutually
orthogonal.

This finishes our inductive construction.

(E) Suppose now that the vectors by, Wy, Vni, 2ni,n € N, (n,i) € B, and
Yr1, 7,1 > 0 have been constructed in the way described above. For n € N
set

Up = QnWn + Z 5jnvjn + Z TniZni + bn,
j:(j,n)EB i:(n,i)€EB

and note that

Up, = lim upy, .
S—00 ’

So

2v/2
2 : 2 .
o = Jim, e = Jim (1= 3 Janl =) =1

j>ns
(4,m)€EB

for every n € N. Moreover, for any m € N, m # n, we have

<uma un> = Sli)rgo<um,37 un,s> =0.

o

Hence (uy,)$°; is an orthonormal system in H.

(F) Next we show that (Tuy,, un) = anm, (n,m) € B, so that T will have
the required matrix with respect to (u,)5%; after we prove that (u,)52, is
a basis.

Fix (n,m) € B, and note that m < n. To evaluate (T"uy,, uy), decompose
it as follows:

<Tum7un> = A1+ As + Az + Ay + A5 + Ag + A7,
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where
Ay < mT W + Z 5] mTU] ms OnWp + Z /Bjnvjn>
3":(3';m)eB j:(im)eB
A2 <amTwm + Z 5] mTU] ms Z 7n22n1>,
J':(4"m)eB i:(nyi)EB
< Z TYm, iT'zm i) QnWp + Z B]nvjn>
i:(mi)EB j:(4,n)EB
A4 :< Z ’Ym,i’sz,i’y Z 'Ynizni>;
i":(m,i")EB i:(n,i)EB
A <Tbm, Oy Wn, + Z B]nvjn>
J:(jm)€eB
Ag —< m Z 'Ynzznz>a
i:(ni)EB
A7 =(Tup, by).

Using the properties given in (4.3) and (4.4), it is direct to verify that

Al =A3=A, = A5 = A =0.
To evaluate A7, note that clearly A7 = 0 if n ¢ {nq,ne,...}. If otherwise
n = ng, then (n,m) € B implies that m > ns_1. In particular, b,, = 0, so

T, € \/{T Wi, T0jm, Tzmi : (j,m) € B, (m,i) € B} C {bp}*

by our construction. Hence A7 = 0 for all n € N. Finally, using (4.3), we
infer that
Ay = </3anUnma ’Ynmznm> = Qnm-

and (T, up) = apm as required.

(G) It remains to prove that (u,)5; is a basis in H, i.e., that (uy,)22, is
complete. For n € N write M,, = \/{u1,...,u,}, and for every r >0 let

yp = lim

where y,.; are defined in Step A and the limit exists by construction and the
initial setting (iii).

We show by induction on [ that
(4.5) dist * {1, Mgy, } < (1—=1/2)!7"

for all I € N. This is clear if [ = 1. For [ > 2 let n = ngr(9;_1) and suppose
(4.5) is true with [ replaced by | — 1. Then using (4.2), we have

diStQ{yr,laMn} :diStQ{yrl;Mn—l} - ’<yrlyun>‘2
=dist *{yr1, Mn-1} — |(Yr1, bn) |,
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by the construction of u,. Moreover,

[(Wr, bu)* = nll(1 = Pr._)yral* = 0ll( = Par,_)yrall?,
where s = 2"(2] — 1). Thus

dist 2{yr1, Mo} =|/(I = P, )yra|2(1 = 1)
2
<O = Paty s yriall + llyrs — graa )1 = 1)
<((1=n/2)E22 4 )1 —n) < (1 -n/2)"!

So, for every r > 0,

o0
. .92 . - .2 . -1
dist {y vlun} = Jim dist * {y1, Myr(z-1)} < Jim (1 =2/2)"" =0.
v

Hence y,. € \/;2; uy, for all r > 0. Now using (5.4) observe that

Z Hyr Yr | < ZZ ”yrlJrl yrlH < Zps <1

r=0 (=0

Then by a standard perturbation result for bases, see e.g. [1, Theorem
1.3.9], (y,,)°_; is a (not necessarily orthonormal) basis in H. Therefore,
Voo_o Y = H, and then /)2, u, = H as well. Thus, the vectors (u,)32;
form an orthonormal basis of H. (]

As noted in the introduction, Theorem 1.4 can be formulated also for
k-tuples T = (T1,...,T}) € B(H)*, where none of the operators 11, ..., T}
is of the form A\ + K with A € C and K € B(H) compact. The arguments
given above can be easily adapted to the multi-operator setting. So the
proof remains unchanged and we omit it.

5. PRESCRIBING MATRIX ENTRIES: GENERAL CASE

In this section we address a more general setting of operator tuples 7 =
(T1,...,Ty) € B(H)* and prescribing elements within the whole of matrix
representation for 7 rather than its sub (or upper)-diagonal. We start with
proving counterparts of Lemma 4.1. Necessarily they are a bit more involved
though based on the same idea.

Lemma 5.1. Let T = (Ty,...,T}) € B(H)*, k €N, let 0 € Int W.(T), and
assume that

dist {0, 0Wc(T)} > ¢ >0,
for some € > 0. Then for any subspace M C H of finite codimension, there
exist vectors v,z € M satisfying the following conditions:

(a) [lvll = 1;

(b) llzll < 2;

(b) (Tv,v) =

(c) z € \/ 1{TU Trv};
(d) z Ly
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(e) <T1’U,Z> =1, <T1*U7Z> =0, and
(Tjv, z) = (I}v,2) =0 forallj=2,... k.
Proof. Denote for short 7-'M := {z € H : Tjz € M,1 < j < k}. Since

(£e,0,...,0) and (Fie,0,...,0) € Int W.(T), by Lemma 2.1, (ii) there exists
a unit vector z1 € M NT 1M N T*~'M such that

<T5€1,CE1> = (6, 0, AP ,0).
Similarly, there exists a unit vector
Lo e MONT MO (T Mn{uecH:ulT) g}

such that
<T.%'2, .%'2) = (i&, O, Ce ,0),

and there exist unit vectors

3 e MNT MO (T) ' Mn{ueH:ulT zy, x)

and
s, e MNTMA(TH ' Mn{ueH:ulD zy 2y a3}
with
(Txs3,23) = (—¢,0,...)
and
(Txy,x4) = (—ic,0,...,0).
Let

1
v = 5(901 + 29 + x3 + 24).
Thenv e MNT M N (T*)"'M, |jv]| =1 and
1
(Tv,v) = Z(<T33171'1> + (Two, x2) + (Tws, x3) + (Twa,24)) = 0.
Define

k
L:= \/{Tjv,T;v}

j=1
and
L = \/{Tgv7 oo Tyo, T, . T}
If we let
k
= oTyv + Z(Bjij + T} v),
j=2
then v € L/, and we have
Tixy,x €
|T1v+ul| > [(Tiv+u,x1)| = ‘“;ﬁ + a(Tfml,xﬁ‘ = ‘5 + aa’.
Similarly,
(T2, 22) i

€ .
|]T1v+u||2|<T1v+u,x2>\:’ 5 +a<fo2,x2>):‘5—zsa’.
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So

| Tiv + ul| > 5max{|1 +a« |1 —a‘} > <
! = 2 "y =2
and dist {Thv, L'} > 5.

Denoting by Py, the orthogonal projection from L onto L', set finally
. (I — PL/)TI’U

I(I = Pr)Tyol*
We have ||(I — Pp/)Tiv|| = dist {Thv, L'} > 5 and [|z]| < %

Moreover, (Tyjv,z) = 1 and z L L’. Thus, v and z satisfy all of the
conditions (a)—(e). O O

z

Next we generalise Lemma 5.1 by ”symmerising” it over all of the elements
T1,...,T}, of the tuple 7.

Lemma 5.2. Let T = (T1,...,Ty) € B(H)*, k € N, and let A € Int W(T).
For any 0 < ¢ < dist{\,0W,(T)} and subspace M C H of finite codi-
mension, there exist Vectors Ui, ..., Vi, Uly ...y Oky 21y« -nyZky 21y 2k € M
satisfying the following conditions for all j =1,...,k:

(@) [Josll - Izl < 2 and [[o5]] - [|1Z]] < 2;

(b) (Twj,v;) = Mvs||* and (T;,3;) = A|;]*;

(c) ifi # j,1 <i,j <k, then

~ ~ T ~ ~
V5, Vj, Zj, 2j 1D vy, 64, 2, 2,

~ = (T
Vj, Z45 J_( ) Vi, 24,

k
Zr € \/ {ijr: T;Ur}a
j=1
k
% € \[{Ty0,, T} 6.},
j=1
zj Ly, Tivg, Tovg, Trvg, 1 # 3,
Zj 1 f)j, ij)j,TTf)j,T:f)j r 7& j,
(d) (Tjvj, z) = (T}, %) =1.
Proof. Without loss of generality we may assume that A = 0. Otherwise, re-
place 7 by T — Al and construct the vectors {v;, 0;, z;, Z; : 1 < i < k} for the
k-tuple 7 — AI. Since the vectors v1, ..., Uk, V1, .« vy Uky 21y -+ s 2y 21y - - 5 2k
are mutually orthogonal, these vectors satisfy all the conditions required for
the k-tuple T as well.

By Lemma 5.1, construct vectors vy, z; € M satisfying conditions (a)—(d).
Consider the k-tuple (17,75, ...,T}). By Lemma 5.1, find vectors

,ieMn{ueH:u Ll v, 2}

satisfying the conditions (a)—(d).



MATRIX REPRESENTATIONS OF BOUNDED OPERATORS 21

Consider now the k-tuple (T3, T5,. .., T, T1) and using Lemma 5.1 again
construct vectors

V9,20 € M N {u e H:u J_(T) Ul,Zl,fil,fl}

satisfying the conditions (a)—(d).
Continuing this procedure for tuples

(Ty,Ts,..., T, Th), (Ts, ..., T, Th, Tn), ..., (T3, T,y - o, Th—1)

we construct a family {v;,0;,2;,2 : 1 < i < k} C H with the required
properties. ([

Now we are ready to prove Theorem 1.5, which is one of the main results
of this paper. Recall that for A = (A1,..., ) € C¥, we denote ||A||oc =
max{\i}, ... il

Proof of Theorem 1.5. Given € > 0 and an admissible set B C N x N, let §
be such that

For a given array {a,; : (n,j) € BUA} C CF satisfying the size conditions
apn, € Int We(T),  dist {apn, OWe(T)} > forallneN

and
Anilloo <6 foralln e N and Ainlloo <& for all j € N|
J J
j:(n,j)EB n:(n,j)€B

we construct an orthonormal basis (uy,)52; in H such that
(5.1) (Tuj, un) = an; for all n,j € N, (n,j) € BUA.

Similarly to the proof of Theorem 1.4, we will use inductive arguments,
and for clarification purposes, we will divide them into several steps.
For (j,n) € BUA let aj, = (aﬁ), e ,agi)).
Fix the following initial settings:
(i) Without loss of generality we can assume that ||T;|| < 1 for all ¢ =
1,... .k
(ii) We can also assume that B is symmetric, i.e., (j,n) € B <= (n,j) €
B. Let Ba :={(j,n) € B,j > n}.
(iii) Fix n such that 0 < n <.
(iv) For s € N write s = 2(®)(2i(s) — 1), where the integers 7(s) > 0 and
I(s) > 1 are defined uniquely.
(v) Fix positive numbers pg,s € N, such that > .7, ps < 1 and (4.2)
holds.
(vi) Set formally nop = 0. Fix an increasing sequence (ns)32; such that
ny = 1 and (ng, 1), (ns,2),...,(ns,ns—1) ¢ Ba for all s > 2.
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(vii) For (n,i) € Ba and t € {1,...,k} let

BY —al) 12 arg(al?),

T =lag) [

)

¢
By =laiy) [ arg(aly),
1/2
e =lag) |
The construction is similar to the one in the subdiagonal case, though
technical details deviate at many steps. We look for vectors u,,n € N,
forming the required orthonormal basis by writing them in the form

k

t=1 j:(j,n)€Ba

+Z S (8 +A0ED) + b,
t=1 i:(n,i)€Ba

where wy,,b o 5O O SO itk (4,m),(n,i) € Ba,t = 1,...,k.

oy Ygn> ]n’ ni ’ “ni
Similarly to the subdiagonal case, the pairs vj y, zj, for (j,n) € Ba will be

constructed in order to have (Tyuy, u;) = a( Jforall1 <t < k, and the pairs

17512, ~](n) will ensure that (Tiuj, u,) = a( ) 1<t <k
As in the subdiagonal case, we fix in advance an orthonormal basis (y,)°2,
in H. Then for each » > 0, setting yr,g = y,, we construct a sequence
{yr;y : 1 > 0} such that lim;_, yrl Y, yh € V02| up and y,. is close to y,.
From here we derive that \/72y. = H, hence \/7" | u,, = H as well.
Arguing inductively we construct vectors
by, w, € H, n € N,and o0 W 0 20 ¢ H, (n,i) € Ba,t€{1,...,k},

ne’ "nt)nt? nz

numbers «;, > 0, and k-tuples \,, € Int W,(7) as follows:
Let s € N and suppose that the vectors

Wy, b 0@ 5 0 ()GH n <ns_1,(n,i) € Ba,t € {1,...,k},

ns Uni 2 Uni s Pni » #ni

vectors yr;, 2"(20l — 1) < s — 1, numbers a, > 0 and k-tuples A, €
Int W.(T), n < ns_1, have been already constructed in such a way that
if for 1 <n < ng_1 one sets

Un,s—1 —anwm+z Z jn ]2—"_/8](2 ;2)

t=1 j<ng_1
(jn)EBA

+ Z Z fym m T(Ltz) T(Lz)) + bn’

t=1 i:(n,i)€Ba
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then the elements
(5.2) Uls—1,---,Un, ,,s—1 are mutually orthogonal

and

k
4
(5.3) lumsalP?=1=3 > (ajnl +lans)) - 75-

t=1 j>ng_q
(J,m)EBA

Moreover, we assume that [|y,; — yr1—1]| < m2r(2—1) for all » > 0,1 > 1 with
22 —1)<s—1.

(A) We first define by, ns—1 <n < ng:
For ns_1 < n < ng set b, = 0. Let s = 2"(9)(2I(s) — 1), and define

Ns—1
= \/ Un,s—1-
n=1
Find Yr(s),l(s) ceH \ Ls_1 such that Hyr(s),l(s)H <1 and

(54) Hy'r’ = Yr(s),l(s)— 1” < Ps-
Then set

=P )Ye(s)cs)
" T = P e

S

(5.5)

/1

(B) Next, arguing inductively for n = ns_1 + 1,...,ns, we construct

vectors v(t.) v(t) 20 50 ¢ H and k- tuples A, € Int W, (T)

’ P ne ) Tne ) m,
Let ns—1 < n < ng and suppose that the vectors vfn)l, %,z%,%ﬂ € H

and A, € Int W (T) have been constructed for all m < n,(m,i) € Ba and
te{l,...,k}.
Using Lemma 5.2 repeatedly, find for all i, (n,i) € Ba and t = 1,...,k

vectors v() 5 20 20 c [ such that for all m < n, (n,i), (m,j) €

Y nt ) Tne ? Tne
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Ba,1< tat/ <k, (n,z,t) 7& (maja t/)a
QI
5.6 1 = 121 = 2.
1280, 1290 < 74,

W 50 L0 O (1) () SE) @) ()

ni > Vni s i i mj > Ymg > #mj 2 Zmj
0,50 1) o880
vds 2 2 LT by m <o,
ot o 25 LD w, <,
(5.7) o g0 W ZO Ty 2r@r—1) < s

<t>M<> 0 | 50,
0

(T8, 20 = <Tf)£LB, 2 =o,
<Ttv7(zzl)7 nz> <7‘>|< ~7(ztz ) ~7(—Ltz)> = 5t,t’)
where ;4 is the Kronecker symbol and
() ~ 4\
<TU7(1tZ)’ n1> <T nz’ m,)> = @

(note that i < n, and so A; € Int W (T) was already constructed).
Write for short

t=1 4:(n, z)GB
We have
e € 1
P =3 Y (PR bl < 2k < (2115 < §<%
t=1 4:(n,i)€Ba

Thus if we set

o — Qpn — <T-73n7xn>

K L—lzal? 7
then

a e 2|z e/3 _ ¢

An—a < ‘a - " ’ < -
An=tnlloe < fjonn =1 o o T 2| = T a2 ST-1 =2

So A, € Int W (T') and dist {\,, OW(T)} > /2.
(C) Suppose that the vectors

o® 5 L ) n < ng,(n,i) € Ba,t =1,...,k,

nt’ "nt?nt ) Tne?

and the k-tuples \,, € Int W,(7") have been constructed.
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Choose inductively vectors wy,,ns—1 < n < ng, satisfying
Jwnl =1,
<Twna wn> = An,
Wy, LM g)z 5O @)

Umis Pmi> Pmi»

(5.8) w, L(T) bm, m < ng,
wy LT Wi, M FEN,
wp Ly, 27(20—-1)<s

(D) For every n such that ns_1 + 1 < n < ngs we have

4 8kd
Z > B+ 1B g+ lall’ < 5 +e/6 <1

t=1 j:(j,;n)€B

Define now

- Z

For n < ng set

1/2
|ﬁjn 1B g + lleal?)

VM

+Z Z Vm nt +'77(Lz) iztz)) b”'

t=1 4:(n,i)€Ba

Then the vectors uy s, ..., U, s are mutually orthogonal and
9 4
[tn,sl|” =1— Z Z (lajn| + |anj\)€3?.
(J Jn>)gf?A

In other words, (5.2) and (5.3) hold with s — 1 replaced by s.

®) @ @) 1)

(E) Suppose that the vectors wy, b,,n € N, and v,; 27 Z
Ba,t=1,...,k, are constructed.
Set

k

t=1 j'(j n)€Ba

t=1 i:(n, 1)€BA

17 m’ ni o “ni >’

50 m < ng, (m,i) € Ba,t=1,...

25

(n,1) €
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Since

u, = lim
5$—00
for all n € N, we have
[un]| = lim funs| =1
S—00

Moreover, for all m,n € N, m # n,

Un,s

for all n &€ N.

(U, Up) = M (Upy 5, Ups) = 0.

5§—00

Hence the vectors (uy,)2>

(F) Let (n,m) € Ba and t € {1,...,

| form an orthonormal system in H.

k}. To evaluate the inner product

(Titm, upn) we use definition (5.9) of (u,)5%; and decompose (Titm,, uy) as

(Ttum, un> = A1+ Ay + Aj

+ Ay + As + Ag + A7,

where

k
Ay :<amTtwm + Z Z (B(t )T ?)]m + BjmTtUj(m))a

t'=1j:(j,m)€Ba

k
anon > S (B + B,

t"=1j":(3'n)€Ba

k
Ay :<amTtwm +3° 3 (BTl + BmTal).

t'=1 j:(j,m)€Ba

ST G ),

t"=14:(n,i)eB

k
4= Y (O

t'=14:(m,i)€EBa

k
O Wy, + Z Z

t"=1j":(j'n)€Ba

+ 77(7“)T N(t ))’

(B](tn) ](tn + /Bjtn jtn))>’
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a=(3" Y (WmA +smel)),

DI ATEIAE 25 )):

t"=14:(nji)eB

As —<Ttbm,anwn+z S 4 B,

t"=1j":(j'n)€Ba

Ao =(Tn 3 Y (A 4500,

/=1 4:(nyi)€B
Az :<Ttum; bn>

By construction, using the properties of wy,, vn;, and z,; listed in (5.6) and
(5.8), we have

Similarly,
<6(t) T vnm? ’Ynm 7(121>
It remains to consider A7. Clearly A7 = 0 if n ¢ {n1,no,...}. Suppose

that n = ns for some s € N. Since (n,m) € Ba, we have m > ns_1. So
by, = 0 and

Ty, € \/{Ttwm,Ttv( ) e\ 1Y) 1)

jm? jm? mi )

(m.i) € Ba, (jym) € Ba,t' =1,...,k} C {bu}*.
So A7 = 0. Thus, summarising the above,
<ﬂum7 un> = aq(ffr)n

Similarly,

(Tt ) = (Tt ) = B TyDhvm, o Zaom) = afl),.
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(G) Finally, for each n € N, we compute the diagonal elements (T uy,, uy,).
We have

k
(Tt ) =0T ) 35 3 (Tl oD o1

T ) ) [0S + (Tn, 2n)

k
( PIP> (gl + langl)75) + (Tt )
t=1 €Ba

VE
ML = [lanll?) + (T, zn)
=0pn-
Thus, (up)52, satisfies (5.1).
(H) It remains to show that (uy)2%, is a basis in H. The argument in this
step is analogous to the corresponding argument in the proof of Theorem

1.4, step G, and its sketch below is given for completness.
Fix r > 0 and let

y1/“ = hm yT‘,la
l—o00
where the sequence {y,; : [ > 0} is defined in Step A, and the limit exists in

view of the initial setting (v). Setting M,, = \/{u1,...,un},n € N, we show
by induction on [ that

(5.10) dist 2 {Yrs, Mgy } < (1—1/2)'7

for all I € N. Since the inequality is obvious if [ = 1, we let [ > 2 and
n = Ngr(g—1)- Assuming that (5.10) is true with [ replaced by [ — 1, as in
the step G from the proof of Theorem 1.4, we infer that

dist *{yy.1, My} =dist *{y,1, Mp—1}(1 =)
<((1=n/2)272 4 p)*(1 - )
<(1-mn/2)" L
From here it follows that
d't2{’ n}:l' dist 2y g, Moriop_ 1y} < Tim (1 — n/2)1 =
is ymn\_/lu Jim dis {yra, Mor -1y} _ziglo( n/2) 0,

hence y,. € \/77 | uy. Since, taking into account (5.4),

ZHyr yrH<ZZHyrz+1 yrH<Zps<1

r=0 [=0

we conclude, similarly to the proof of Theorem 1.4, step G, that (y}.)>2,
is a basis by [1, Theorem 1.3.9]. Hence \/,~ | u, = H, so that the vectors
(un )52, form an orthonormal basis in H. This finishes the proof. O
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6. TUPLES CONSISTING OF POWERS OF A SINGLE OPERATOR

Theorem 1.5 can be directly applied to any k-tuple (T,T2,...,T*), where
T € B(H) satisfies Int 6(T") # (). By Theorem 2.2,
M2 N eIt Wo(T, ..., TF)
for all A € Int (7). In particular we have the following corollary.

Corollary 6.1. Let T € B(H) satisfy 0 € Int6(T'), and k € N. Then

there exists § > 0 with the following property: if B C (N x N)\ A is ad-
missible, and {an; = (aﬁllj),...,ag;)) : (n,j) € BUA} C C* is such that
Zj:(n,j)EBUA lanjlloc <0 for all n € N, and Zn:(n,j)GBUA lajnlloc < 6 for
all j € N, then there is an orthonormal basis (uy)32, in H satisfying

®)

nj
forallt=1,...,k and n,j € N with (n,j) € BUA.
In particular, there exists an orthonormal basis (uy)o° 1 in H such that

n=1
(T"uj, up) =0

forallt=1,...,k and n,j € N with (n,j) € BUA.

(Ttuj,un> =a

It is a standard intuition behind many properties in operator theory that
if T € B(H) is invertible then the operators T and T~! cannot be "small” at
the same time. However, as far as matrix representations are concerned our
technique allows one to get several statements which seem to oppose this
general principle. One statement of this kind concerns the size of matrix
elements for T and T~

Recall that as it was proved in [40, Theorems 2.5 and 6.2], for 7 =
(Ty,...,Tx) € B(H)* one has 0 € W,(T) if and only if for any (a,)3>; C
(0, 00) satisfying (a,)%; ¢ ¢'(N) there exists an orthonormal basis (u,)%,
in H such that

Tyt ;)| <
foralln,jeNandt=1,... k.

Then, given an invertible 7' € B(H) and considering the tuple 7 =

(T~1,T) the next statement was obtained ([40, Theorem 6.3]).

Theorem 6.2. Let T € B(H) be an invertible operator such that there exists
a nonzero A € C satisfying {\, —A} C 0o(T"). Then for any (a,)5>; C (0, 00)
satisfying (an)So, & €*(N) there exists an orthonormal basis (up)S®, C H
such that

(Tunup)| < ana; — and (T ug )] < ana;
for alln,j € N.

Developing this interesting effect a bit further, we will consider more
general (2k)-tuples T of the form

(6.1) T=@*. ., 77\1..,7T keN,
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where T' € B(H) is an invertible operator. We will be interested in providing
sparse matrix representations for the elements of 7 with respect to the same
basis and for the same admissible set B C N x N. It is instructive to recall
that the set B can be quite large.

To deduce them from Theorem 1.5, note first that

oo(T)={(\7F, LN L M) D e ol (D))

by the spectral mapping theorem for the essential spectrum, see [34, Corol-
lary 30.11]. Since the spectral mapping theorem in this generality is quite
involved we offer a simple argument for our particular situation. To this aim
and to make a link to the studies in [40], recall that A = (A1,..., ;) € CF €
oe(T) if and only if there exists a sequence of unit vectors (z,)22, € H
converging weakly to zero such that either ||T;z, — \izy|| — 0, n — oo, for
every 1 <t <k, or [T}z, — Mznl = 0, n — o0, 1 <t <k, see e.g. [11, p.
122-123]. Rather than ||z, || = 1,n € N, it suffices to require inf,, ||z, || > 0.
On the other hand, the sequence (x,)5%; can be chosen orthonormal, see
e.g. [11, p. 123]. The next simple lemma uses the case k = 1 of the above,
and addresses just one implication needed in the sequel.

Lemma 6.3. Let T € B(H) be an invertible operator, k € N, and let T be
given by (6.1). If X € o.(T), then

ATE TR N e ol(T.

Proof. Let (z,)22; C H be a sequence converging weakly to 0 such that
inf,>1 [|zn]| > 0 and either ||[(T — A)a,| — 0 or [[(T* — Nzy| — 0 as
n — oo.

In the first case let y, = A¥T*x,,n > 1. Then inf, ||ly,| > 0 since T is
invertible, y, — 0,n — 0o, weakly and

(T7 = Ny = NFTHTI 4 XTI 2 oo e VYT = Nz, = 0

forall j = 1,..., k. Furthermore, (79 —\")y, = N6 9T+ I (N —T9)z,, — 0
forall j =1,...,k. So

ATE TR N e ol(T.

In the second case set z, = A\*T*z,,. We have similarly (7% — M)z, —
0,n — oo, for all j = £1,...,4k, hence again (A\7%,..., AL\ ... M) ¢
oe(T).

O

To be able to apply Theorem 1.5 to (2k)-tuples 7 of the form (6.1), we
should ensure that 0 € Int W, (7 ), and the statement below provides T with
this property under natural geometric spectral assumptions on T'.

Proposition 6.4. LetT € B(H) be an invertible operator, and let s > r > 0
be fized. Suppose that {re'¥ se’¥ : 0 < ¢ < 21} C 0.(T). Let k € N and
T =Tk, ..., 77L7T,...,T%) € B(H)*. Then 0 € Int W,(T).
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Proof. By Theorem 2.2, there exists a > 0 such that if z = (z1,...,2;) € CF

satisfies ||z|lc < @, then z € conv{(\,...,A\¥) : [\| = r}. So for all z =
(21, ...,2) with ||2z]lcc < a, using Lemma 6.3, one has
7k —
z Z1
(Tkk’ N S TEITEE .,zk> € conv o (T).
r r
Similarly, there exists a’ > 0 such that all z = (21,...,2;) € CF with
|2]loo < @’ satisfy z € conv {\, ..., \¥) :|\| = s}, hence
—2k —Z
<8TI€7 ey ?, TRy ey _Zk;) € conv Ue(T)
Therefore, for all z = (z1,...,2;) € CF with ||z]|c < min{a,a’} we have
2k 2k 21 21
<27"72k' — ﬁ’n'7ﬁ — 2782,0,...,0) € COHVO—Q(T) C We(T)

since W(T) is a convex set. So (z_g,...,2-1,0,...,0) € W (T) for all
Z k..., 2—1 € C with sufficiently small max{|z_;| : 1 < j < k}.

Similarly, (0,...,0,21,...,2,) € We(T) forall 21, ..., 2z, € C with max{|z;| :
1 < j < k} small enough. Combining these two inclusions and using the
convexity of W,(T) again, we obtain that (0,...,0) € Int W(T). O

This together with Theorem 1.5 proves the following corollary.

Corollary 6.5. Let T € B(H) be an invertible operator, and B C (NxN)\A
be an admissible set. Assume that there exist s > r > 0 such that sTUrT C
0e(T), where T stands for the unit circle. Then for every k € N there exists
an orthonormal basis (un)nen in H such that

(T'uj,up) =0
forallt==1,...,+k and (n,j) € BUA.

Simple examples enjoying spectral assumptions in Corollary 6.5 can be
found already within the class of normal operators. In particular, one may
consider a multiplication operator M f(z) = zf(z) on L?(S,du), where S C
C is a Borel set containing rT and sT,s > r > 0, and u is a Borel measure
on S whose essential support contains T and sT as well. Of course, more
general examples of this kind can be provided by replacing z with a function
g € L*™(S,du). Even in this case the existence of sparse representations
provided by Corollary 6.5 is far from being obvious.

Another class of examples of operators fitting Corollary 6.5 is provided
by invertible composition operators C' considered e.g. in [45]. If the spectral
radius 7(C) of C equals s and r(C~!) = r~!, then by rotation invariance
([45, Theorem B]) we have do(C) D sT and do(C~') D r~'T whenever r
and s are different from 1. So sT C 0.(T") and rT C o0.(T) since sT and
rT belong to do(C). A concrete example of such a composition operator on
L?(0,1) is considered e.g. in [45, Example (2)]. A similar and quite general
example now addressing composition operators on the Hardy space H?(DD)
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is analysed in [41, Theorem 6]. In the framework of composition operators,
the availability of sparse representations seem to be also highly nontrivial

Remark finally that similar applications of our results can be provided in
the setting of subdiagonal arrays B, but we omit easy formulations of the
corresponding corollaries in this setting.
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