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ABSTRACT. Let C be a concrete category. We prove that if C admits a universally free
object F, then there is a projectively universal morphism w: F — F, i.e., a morphism u
such that for any B € C and 7 € Mor(B) there exists an epimorphism = € Mor(F, B)
such that 77 = um. This builds upon and extends various ideas by Darji and Matheron
(Proc. Am. Math. Soc. 145 (2017)) who proved such a result for the category of separable
Banach spaces with contractive operators as well as certain classes of dynamical systems
on compact metric spaces. Specialising from our abstract setting, we conclude that the
result applies to various categories of Banach spaces/lattices/algebras, C*-algebras, von
Neumann algebras, etc.

1. INTRODUCTION AND THE MAIN RESULTS

Darji and Matheron [3] proved that there exists a bounded linear operator U: ¢; — ¢,
such that every bounded linear operator T: F — FE on a separable Banach space E is
a factor of p-U (p = ||T|]), i.e., there is a contractive surjective linear operator m: ¢ — X

for which the following diagram commutes:

€1p+U>€1

FE—T1T Fp

The aim of the present note is to show that this is an artefact of a purely homological
phenomenon that ¢, is a free object in the category of Banach spaces with contractive
operators as morphisms (this is sometimes referred to as Kothe’s theorem, which says
in addition that the space ¢1(I') for any set I' are the only free/projective objects in
this category); here the forgetful functor A, required to properly interpret freeness, takes
a Banach space E to its unit ball Bg and restricts the operators (morphisms) accordingly.
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In particular, it is not a coincidence that we may take p = 1 in this setting and for general,

possibly non-contractive maps we have to adjust the map to p~'T, where p > || T

Having recognised that, we prove that such a factorisation is not specific to ‘countably
determined objects’ and works in full generality way beyond the realm of Banach spaces.
For this, we require to build an appropriate category-theoretic framework (the relevant

terminology is explained at the end of this section).

Definition 1. We call a free object F = F(X) in C, where X € Set, universally free
(UFO), whenever for every B € C, there exists an injection ¢: X — A(B) such that the
free extension $v: F — B is an epimorphism.

For example, in the category Grp, of all groups of cardinality at most A\, where A is an
infinite cardinal, the free group on A-many generators is a UFO. Similarly, in the category
Aby of Abelian groups of cardinality not exceeding \, Z™, the direct sum of A\-many copies
of the group of integers, is a UFO.

We openly admit that the notion of a UFO, as defined above, is not properly aligned
with the spirit of Category Theory as it tacitly puts cardinality constraints on the objects
when interpreted in the category of sets. Perhaps a more familiar notion is the one of
a projective generator: when present in a category with coproducts, every object is a target
of an epimorphism from the coproduct of a certain (possibly infinite) number of copies of the
projective generator. This is still related to UFOs, however we want to apply Theorem A
to objects naturally appearing in Analysis that are often grouped by their density or some
other cardinal invariant. Consequently, if we were to replace UFOs by requiring suitable
generators to exist, we would still have to introduce certain ‘cardinal scalings’ on the

underlying categories. Let us now state our first main result.

Theorem A. Let (C,A) be a concrete category admitting a UFO F. Then there exists
a projectively universal morphism u € Mor(F), that is, for every B € C and 7 € Mor(B)
there exists an epimorphism 7: F — B such that the following diagram commutes:

F—“ F
B—" B

Our motivation for considering the problem stems from the desire of extending the
result due to Darji and Matheron to naturally appearing categories enriching the category
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of Banach spaces. Let us then list a number of categories that are of particular of interest

to us to which Theorem A applies.

Theorem B. Let A be an infinite cardinal. The following categories admit UFOs:
(i) (involutive/commutative) semigroups/monoids of cardinality at most A with (invo-
lutive) semigroup homomorphisms;
(ii) groups/Abelian groups of cardinality at most A with group homomorphisms;
(iii) (semi)lattices/Boolean algebras of cardinality at most A with lattice homomorphisms;
(iv) compact Hausdorff spaces of density at most A with continuous maps;

(v) Banach spaces of density at most A with contractive linear maps;

)
)
)
)
(vi) Banach lattices of density at most A with contractive lattice homomorphisms;
(vii) Banach algebras of density at most A with contractive algebra homomorphisms;
(viii) Banach *-algebras of density at most A with contractive *-homomorphisms;

(ix) C*-algebras of density at most A with *~homomorphisms;

(x) von Neumann algebras acting on Hilbert spaces of density at most A with normal

homomorphisms.

Somewhat surprisingly, in the category of Fréchet spaces, free objects are necessarily
finite-dimensional ([4]) so there are no UFOs therein.

The proof of Theorem B is, in fact, a compilation of known, yet scattered in the literature,

facts that we shall then only outline.

Proof of Theorem B. As for (i)—(iv); these are standard: let A be an infinite cardinal. The
categories in scope comprise algebraic structures and a such they admit free objects, and

in our setting, actual UFOs. The UFOs may be sometimes concretely identified:

o for semigroups, monoids, groups: the free semigroup S,, the free monoid Sf&, and
the free group Fry on A generators (all with concatenation);

o for commutative semigroups, monoids, and groups: N, N(()’\), and ZM (the direct
sum of A-many copies of the semigroups Ny, N, and 7Z), respectively;

« for (semi)lattices: the set of all finite subsets of a set of cardinality A with the union
and intersection as (semi)lattice operations;

« Boolean algebras: the algebra of clopen subsets of the Cantor cube {0, 1}*.

For (iv), let K be a compact Hausdroff space of density A and D C K be a dense subset
of cardinality A\. The identity map ¢: D — D, where in domain we consider the discrete
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topology is continuous. Consequently, the Cech-Stone extension Si: D — K is a contin-
uous surjection. This means that C'(S\), the Cech-Stone compactification of the discrete
space of cardinality A, is the sought UFO.

For (v), that ¢1()) is a UFO follows essentially from K&the’s theorem; see also [2, Lemma
1.4]. In the case of Banach lattices (vi), it follows from [1, Corollary 2.9] that the free
Banach lattice over the Banach space ¢;(\), FBL[{;()\)], is a UFO for Banach lattices of
density at most \.

Every (unital) Banach algebra of density A is a quotient of the semigroup convolution
algebra £,(S)) (respectively, ¢,(S¥)), where Sy (respectively, S7') is the free semigroup
(monoid) on A generators. In the Abelian case, one may consider £,(N™) and ¢, (N(()’\)), SO
that the four listed algebras are UFOs in the respective categories. This is explained in
more detail in [5, Lemma 2.8]. In the case of Banach *-algebras, the respective objects are
¢1(S%) and 61(5;#), where S} and Sf\# are, respectively, the free involutive semigroup and
free involutive monoid on A\ generators.

For (ix)-(x), the full group C*-algebra C}  (Fr,) and the group von Neumann algebra
L(Fry) (both on the free group on A generators) are UFOs in the respective categories. This
follows from standard fact that the the unitary group of a C*-algebra of density < A (von
Neumann algebra acting on a Hilbert space of density < \) contains a dense (respectively,
WOT-dense) subgroup of cardinality A that, as such this group is a quotient of Fry that
extends to either group algebra. It is enough then to observe that every C*-algebra is
(linearly) generated by the unitary group. O

The list from Theorem B is by no means complete; it only reflects the authors’ personal
preferences. The reader is invited to explore the UFO phenomenon in their concrete

categories of interest.

Notation and terminology. In the present paper we follow standard conventions. For
a given category C and objects B,C € C we denote by Mor(B, C) the class of morphisms
from B to C; we write Mor(B) for Mor(B, B).

Let C be a concrete category, that is, a category with a fixed faithful (forgetful) functor
A: C — Set to the category of all sets; formally a concrete category is then the pair
(C,A). An object F' € C is free (on X € Set), when it comes equipped with a morphism
nx: X — A(F) (in Set) such that for every B € C and a function f: X — A(B) there
exists a unique morphism S f € Mor(F, B) such that A(5f) onx = f.
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2. PROOF oF THEOREM A

In order to prove the main result we need to extend [3, Fact 3.2] beyond countable sets.

Lemma 2. Let X be an infinite set. Then there exists an injective map p: X — X
such that for any other injective map o: X — X there are a set A C X and a bijection
wa: X — A such that p[A] C A and o = 7T:11,u7TA.

Proof. Let A = | X|. For any injective map o: X — X, let G, denote the digraph (directed
graph) on X induced by o: ﬁ is a directed edge of G, iff o(i) = 7. We then have only
three possible types of components of G, :

1° a cycle of length n > 2 for some n € N;

2° {ig,11,12,. ..} where i, (k € N) are distinct, ig ¢ o[X], and the only directed edges
are of the form iyis1;

3° {...,i_1,%,11,... } where i, (k € N) are distinct and the only directed edges are of

the form ix21.

Clearly, the image o[X] is the union of these components. Note the converse situation: if
G is a digraph on X it defines an injection o: X — X such that G = G, with o[X] equal
to the union of all components of G.

Now, let us construct a kind of universal digraph. Consider two complementary subsets
X, and X, of X, both of size A. Then, let us consider a partition of X; into sets of three
types:

e Via (meN, n>2 a< ) with |V, .| =n;
e Vi (t € Xo, a < N\), where Y, o, = {%0.0) T1.0, T2, - - . } With distinct elements;
o Z, (for a < X), where Z, = {..., 21,0, 20,as 1.0, - - - } With distinct elements.

Such a partition exists since A - w = A. Each of these sets can be treated as a component
of a digraph G of type 1°, 2°, or 3°. Then G = G, with the respective injective map
pw: X = X.

Now, let 0: X — X be an injective map and consider all components of G,. Then we
find a copy of these components among all components of GG,,. Let all vertices of this copy
form a set A, and let m4: X — A be the respective correspondence (bijection) realising
this copy. Observe that A and 74 are as desired. U

We are now ready to prove Theorem A.

Proof of Theorem A. Without loss of generality we may suppose that for all objects B € C
and morphisms ¢ € Mor(B), A(¢) has a fixed point 0. (This can be achieved by the
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process of adjoining a new point to each A(B) (B € C) and extending the corresponding
Set-morphisms accordingly.)

Suppose that F = F(X) is a UFO. Consider the injection p: X — X from Lemma 2.
Let Bu: F — F be the associated morphism. We claim that Su is the sought universal
projective morphism.

Let B € C and let 7 € Mor(B). Pick Dy C A(B) or cardinality A such that any
surjection h: X — Dy extends to an epimorphism Sh: F — B. Set D = J,_, D,,, where
Dypy1 = A(7)[D,] (n=1,2,...).

Let {z,: * € X} be an X-indexed enumeration of D in which every element z € D
appears infinitely often. Consequently, we may find an injection o: X — X such that
(AT)(22) = 2o(2) (z € X)'. Let A and 74 be chosen as in Lemma 2 applied to D. Set
m(x) = 2,21, if € A and 7(x) = 0; otherwise. As A(fm)[A(F)] contains D, fr: F — B
is an epimorphism. We claim that 7 is a factor of Su as witnessed by 7.

By the freeness of F with respect to X, it suffices to check that A(7(Su))(xz) = A(r7)(z)
for x € X. For this, observe that

A (Bu))(z) = Ar)(A(Bu)(x)) = A(n)(u(z)) = m(p(x)) = { Sulwmw i Z ji

On the other hand, if z ¢ A, then
A(rm)(x) = A(7)(m(x)) = A(7)(0-) = 7(0-) = 0-.
When z € A, we have

A(rm)(z) = A(7)(m(z)) = A(T)(ngl(z)) = Fo(nyt (@) T Fryt (@)
where the latter equality follows directly from Lemma 2. Consequently, A(7(Su)) = A(rn)
so m(Bp) = 1. O
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