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Abstract

We consider the motion of a small rigid object immersed in a viscous compressible fluid
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1 Introduction

Consider a rigid body immersed in a viscous fluid. Intuitively, the impact of a “small” body on
the fluid motion should be negligible. A rigorous justification of this statement has been obtained
in several recent studies on condition that the fluid is incompressible, see Lacave and Takahashi
[12], Iftimie et al. [10], He and Iftimie [8, 9], Dashti and Robinson [2]. The approach of [12] is
based on the P — L9 estimates for the associated solution semigroup available in the 2d-setting,
while He and Iftimie [8] use a specific construction of time dependent test functions vanishing on
the moving body. In [2], a viscous fluid-rigid disc system has been studied where the disc is not
rotating and they proved that the body does not influence the flow in the asymptotic limit. Lacave
[11] studies the limit of a viscous fluid flow in the exterior of a thin obstacle shrinking to a curve.
In [7], the authors consider the motion of a rigid body inside a compressible fluid in planar domain
and establish that the influence of the body on the fluid is negligible if the diameter of the body
is small and the fluid is nearly incompressible (the low Mach number regime).

Recently, Bravin and Necasové [1] combined the technique of [8] with the pressure estimates
obtained via the new Bogovskii operator introduced in [3] and Lu and Schwarzacher [14] to handle
the 3d compressible case under certain technical restrictions imposed on the pressure—density
equation of state, notably on the value of adiabatic exponent. The above mentioned technique
seems difficult to adapt to the planar (2d) motion of a compressible fluid and the results are not
optimal even in the 3d-setting, where certain additional restrictions are needed on the value of the
adiabatic exponent. Indeed a single point in the d-dimensional space has a positive WP —capacity
as soon as p > d. Accordingly, the approximation technique developed in [8] requires the pressure
to be uniformly d%‘ll integrable when the diameter of the body approaches zero. Unfortunately, the
best known estimates for the standard example of the isentropic pressure p(p) = ao” read

¢ withg 221
p(o) € LY, with ¢ = y S
see Lions [13], meaning the value ¢ = 2 for d = 2 is never achieved, while ¢ = % for d = 3 requires
v > 6.

To handle physically realistic adiabatic exponents, we propose a new approach based on the
concept of weak solution introduced in [5]. We first observe that the test functions used for
the approximate problem need not vanish on the moving body but only satisfy the rigid body
motion constrain. Using this rather straightforward observation we construct a new approximation
operator based on the version of the Bogovskii operator on uniformly John domains due to Diening,
Ruzicka, and Schumacher [4]. The result seems optimal as we recover the desired convergence
without any additional restrictions on the equation of state, notably on the adiabatic coefficient
v > %, d = 3 in agreement with the available existence theory.

The paper is organized as follows. In Section 2, we formulate the problem, recall the concept of
weak solution and state the main result of the paper. The available uniform bounds are summarized
in Section 3. Sections 4 and 5 are the heart of the paper. We construct a general restriction
operator along with its vector valued version preserving the divergence of the extended function.



The pressure estimates necessary to perform the asymptotic limit for “vanishing” body are derived
in Section 6. Finally, the convergence proof is completed in Section 7.

2 Problem formulation, weak solutions, main results

The motion of a compressible viscous fluid in the barotropic regime is governed by

( N\
Navier—Stokes system
dro + div,(ou) = 0, (2.1) [p1]
O(ou) + div,(ou ® u) + Vp(o) = div,S(V,u), (2.2) |p2]
supplemented with
Newton’s rheological law
2
S(Vou) = (qu + Viu— adiwu]l) + ndiveul, © >0, n>0. (2.3) |p3]
. J

Here, ¢ is the mass density and wu is the fluid velocity.

For mostly technical reasons, we focus on the Cauchy problem for d = 3 and neglect the effect
of external forces. Accordingly, the fluid occupies the whole physical space R?, where the density
and the velocity satisfy the far field conditions

u—0, 0—0as|z| = oo. (2.4)

In particular, we suppose the total mass of the fluid-body system is finite,

/ o(t,") dzr < occ.
R3

More general far field conditions
u— 0, 0= 0 88 |z| = 00, 0 > 0 — constant,

can be handled in a similar fashion.
We suppose the rigid body is a ball of the radius € occupying at a given time ¢ > 0 the compact
set
B., = {3: e R} ] & — ho(t)] < g} .
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We suppose that the mass density of the body o. 5 > 0 is a positive constant and the motion of
the body is determined by the rigid velocity field

u: p(t,w) = Yo(t) + Qe (1) (z = he(1)), —he(t) = Y(2).

dt
Accordingly, the fluid domain )y is defined as

Qs =10,T) x R*\ Usepor)Bey € [0,T) x R®.

2.1 Weak solutions

Following [5] we introduce a concept of weak solution of the fluid-body interaction problem.

e

Definition 2.1 (Weak solution). We say that (o.,u.) is weak solution of the fluid-body
interaction problem with the initial state o.(0,-) = 00, 0:u:(0,-) = g. ¢ if the following holds:

e Compatibility. o. € L>(0,T; L' N L7(R?)),

_ QE,B if T e Be,ta
0:(t, 7) = { > () otherwise

/ 0:(t,) de = / 0-0 dz for any t € [0,T);
R3 R3
u. € L*(0,T; DY (R3; R?)),

u-(t,x) = u. p(t,z) if v € B.y;

e Equation of continuity. The integral identity
T
/ / [ngt@ + OcUg - vz¢i| dedt = _/ QO,ESO(OJ ) dz (25) E
0o JR3 R3
holds for any ¢ € C1([0,T) x R?). In addition, the renormalized equation
T
/ / [b(gg)atgo +b(0:)ue - Vo + (b(o:) — b'(02)0:)divausp| dzdt
0o JB3

—— [ Menet0.) o (26) [pe]

holds for any ¢ € C}([0,T) x R®) and any b € C'[0,00), b’ € C.[0, 00).




e Momentum equation. The integral identity
T

/ / [Qeue : atﬁo + OcUg @ U : ngo + p(Qs)divaO dx dt

o JRs

T
:/ / S(Vaue) : Ve dwdt—/ Q.- 0, do (2.7) |p7]
0o JR3 R3

holds for any ¢ € CL([0,T) x Q; R?) such that

D.p(t,-) =

N | —

e Energy inequality.

1 T
/ —o:|ucl?(7, ) dx—i—/ P(@s)(r,-)dx+/ S(V,u,) : Vyu, dodt
Rr3 2 R3\B-, o Jrs

1|qo.|?
S/ Llgo. dx—l—/ P(oo.) dx (2.9) |p9
R3 R3\B:

2 QO,E

for a.a. 7 € (0,7), where

0
. T

P'(0)o — P(0) = p(0) or equivalently P(p) = Q/ ]y dr.

1

. J

Remark 2.2. The homogeneous Sobolev space DV?(R?) is defined as

DY3(R®) = {v e LS(R%) ‘ Vv € LQ(R?’)}.

The existence of global-in—time weak solutions under the hypothesis p =~ o7, v > % in a
bounded domain 2 C R? was proved in [5, Theorem 4.1]. The extension to the present setting is
straightforward. The form of the energy inequality(2.9) follows from [5, formula (2.6) and Lemma

3.2].

2.2 Main result

Let us denote
Qa,f(ta ) = o:(t, ')]1R3\Bs,t

the fluid density. We are ready to state our main result.

(Vo + Vi) (t,-) = 0 on an open neighborhood of B.. (2.8) [ps8]



PT1| Theorem 2.3 (Convergence). Let the pressure p be given by the isentropic equation of state

3
p(o) =a0”, a>0, v> 3

Let the density of the rigid body o. g be a positive constant satisfying

0.8 = 0 >0, fﬁsgg,gss_g ase—0

for some 2 <3_Tv> <B<B<2 (2.10) [p10

Finally, suppose that the initial data and energy satisfy
00 >0, 00. — 00 weakly in L'(R*), qo. — qo weakly in L'(R*; R*),

1 |QO,5|2 1 ’qO|2
——— do + P(poe)dx — ——— do+ [ P(o) dz (2.11) |p11
R 2 00 R3\Bc o R34 0o R3

as e — 0.
Then there is a subsequence (not relabelled) such that

0c.f — 0 1 Clyear ([0, T7; L”(R?’)) and in Llloc([O,T} X R3),
u. — w weakly in L*(0,T; D“*(R* R%)),

where (0,u) is a weak solution to the Navier—Stokes system (2.1)—(2.4) with the initial data
©0; qo-

. J

Remark 2.4. Note that we may consider 8 = 8 = 0 in hypothesis (2.10) as soon as v > 3.

Remark 2.5. Here and hereafter, the symbol a ~ b means there is a positive constant C' such
that a < Cb.

The rest of the paper is devoted to the proof of Theorem 2.3. The leading idea is to use the
test functions ¢ in the momentum equation (2.7) that are constant (spatially homogeneous) on a
neighborhood of the rigid body, in particular they satisfy (2.8). More specifically, the momentum
balance yields that integral identity

T
/ / |:Q€ua . atQO + 00U QU vaO +p(Qa)d1Vx80} dzdt
R3
’ T
:/ / S(V.u,) : Vi dxdt—/ Q.- 0,-) dzx (2.12) |p13
0 R3 R3

6



holds for any ¢ € C1([0,T) x R?; R?) such that

1
|B€7t| Bgyt

p(t,z) = ][ p(t,)dz = p(t,-) dx for any z in an open neighborhood of B, ;. (2.13)
Bs,t

Using a simple density argument, it is easy to check that validity of (2.12) can be extended to a
larger class of test functions, namely ¢ € W1>°([0,T) x R3; R?),

1

Bl p(t,-) dx for any x € B ;. (2.14)
et B¢

ol ) :]@ Plt, ) di =

3 Uniform bounds, weak convergence

3.1 Uniform bounds

We start with uniform bounds that follow immediately from hypothesis (2.11) and the energy
inequality (2.9), namely

ess sup |0cs|lminmvrsy ~ 1, (3.1)

te(0,T)
ess sup Hgs|u6|2||L1(R3) S 1, (3.2)

te(0,T)

<

~ 1 3.3
o tes(%,pT) HQEJUEHle%(R%R% (3:3)
”Dxua”L2(07T;L2(R3;R3><3)) 'f/ 1. (34)

In particular, boundedness of the kinetic energy together with hypothesis (2.10) yield the following
estimate on the velocity of the rigid body

d

eV S 1 = V(1) S e3P, Yo = —he(t), t€(0.7). (3.5)
Finally, we deduce (3.4)
H'U/EHLZ(O,T;DIJ(RS;RS)) N 1 = ||’U;€HL2(0’T;L6(R3;R3)) N 1. (3.6)

3.2 Convergence in continuity equation

In view of the uniform bounds obtained in the preceding section, we deduce the existence of suitable
subsequences satisfying

0=t = 01 Cyeac(0, T; L7(R?)),
u. — u weakly in L*(0,T; D*(R%; RY)),

7
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0 fu: — ou weakly-(*) in L>°(0, T’ L%(Pf’; R?)), (3.7)

where we have used the fact that (g r,u.) satisfy the equation of continuity (2.5), cf. [5, Lemma
3.2]. Now, it is easy to perform the limit in the equation of continuity (2.5) to conclude

T
| Jeve+ou9ug] drat= - [ anp(0.) s (38)
0 R3 R3

for any ¢ € CL([0,T) x R?).
Next, by virtue of hypothesis (2.10),

3
0c = Oe,f + 0-,51p., where p. plp. — 0in L*>(0,T" LY (R%) for some T' > 7 (3.9)

In particular, the Young measure generated by (o. r).>o coincides with that one generated by
(0c)eo0- In particular, we may let ¢ — 0 in the renormalized equation of continuity (2.6) obtaining

/ /RS b(0)0rp + b(0)u - Vo + (b(0) — b’(g)@)divxugo] dedt = — /RS b(00)p(0,-) dz (3.10)

for any ¢ € C}([0,T) x R?*) and any b € C'[0,00), V' € C.[0,00). Here and hereafter, the symbol
b(p) denotes the weak limit of the compositions (b(o.))->0 or, equivalently, (b(o: f))e>0-
Finally, by the same token,

| 0c,81 B, u(T, ')HL%(R&R?’) < |Voe Bl rer .V oeue (T, ) || L2(r3:R3) — 0 uniformly for 7 € (0,T);

whence o
0- 515 u(7,-) — 0 in LT+ (R* R*) uniformly in 7 € (0, 7). (3.11)

Combining (3.7), (3.9), (3.11) we may infer that
0c — 010 Cuear ([0, T); L7 (R?)) + L>=(0,T; L' (R?)), (3.12)
o-u. — ow in L0, T; L31 (R3:; R%)) — weak-(*) + L®(0,T; LT (R%; R)). (3.13)

Moreover,

el o o,7320 (reyy) ~ 1,

”quaHLoo(O7T;L1(R3;R3)) fi 1. (314)

4 Restriction operators

In order to complete the proof of Theorem 2.3 we have to address the following issues:

U6

ii
(00} [00]
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e convergence of the convective term g, ju. ® u. to its counterpart pu ® u;
e uniform estimates and convergence of the pressure p(o. f);
e limit passage ¢ — 0 in the momentum balance (2.7).

To this end, we need a suitable restriction operator to accommodate the test functions in the class
(2.13). As the result is of independent interest, we consider a general d—dimensional space, d > 2.

4.1 Construction of Restriction operator I

Consider a function

HeC®R), 0<H(Z)<1, H(Z)=H'(1—-Z) for all Z € R,
1
H(Z):()for—oo<Z§é—l,H(Z):1f0r%§Z<oo (4.1)
For ¢ € L'(R?) and h € R?, we consider E.(h),

|z — hf

E.(h) [ (x) = m /Bg(h) ods H (2 - T) + o(@)H ("”” . hl_ 1) (42

where B.(h) denotes the ball centred at h with the radius ¢ > 0.
The following properties are easy to check:

—~

e The function E.(h) is constant on a small neighbourhood of the ball B.(h). Specifically,

|z — h 1 |z — h| 1 lz —h| _ 3
L I L B I =T S il I
e = +4 ~ 5 4 e 4
= E.(h)[¢] = ][ o dx. (4.3)
B.(Y)
e Similarly,
|z — h 3 |z — h 3 e —h| 1
— 2>1+- — 1> 22— <
e = e 1
= E.(h)[¢] = ¢, (4.4)

meaning E.(h)[g] coincides with ¢ on an open neighbourhood of the set B¢\ By.(h).

supplEz(h)[]] C Us:(supp[]) (4.5)

Indeed, if
dist[h; supp[e]] > €,

9



then

Elel(o) = ploytr (22 1),

3

If
dist[h; supp[y]] < ¢,

then, in accordance with (4.4),

E.(h)[p](z) = ¢(z) = 0 for a.a. 2 € R, dist[z, supp|y]] > 3¢.

e In particular, it follows from (4.5) that if ¢ is compactly supported in an open set Q C R,
then so is F.(h)[g] provided € > 0 is small enough.

Finally, by virtue of Jensen’s inequality,
P 1

|B(h)| JB.(n)

p dz

1
‘ | B=(h)| JB.(n)
Consequently, we deduce

<
E(h)le] = ¢ + Ly meln: llednlliome ~ [@llriay, m, 1<p < o0 (4.6) |1pe

Te

Summarizing we conclude that for any ¢ € C}([0,T) x Q; R?), the function E.(h.(7))[e(7,")],
7 € [0,7] is an admissible test function in the momentum equation (2.12). Below, we derive the
necessary error estimates on the spatial and time derivatives in Sobolev norms.

4.1.1 Spatial derivatives
Given h € RY, the spatial derivatives of E.(h) can be computed directly using formula (4.2):

: )H(|x;h|_1>

= V.p(z
1 |x — h lx—h
_—_— d H = 1]= 4.7 T6
*(9"(:’” XN ) ( : )e|x—h|’ (47) [re]

9 g

Vi E(h)[¢](z)

where we have used that

10



4.1.2 Uniform bounds

Seeing that

we deduce

’(w(x) |Bt h)| Bs(h)¢dx)H’(|x;h|_1)1x—h

Consequently, we deduce from (4.7) the error estimates

|z — hl

4c

V. E-(h)[g] = Vap +e. o ‘68 h‘ ~ [Vl LB Br_ );Rd)]lB%E(h)

4.1.3 [P—estimates on spatial derivatives

Our goal is to show boundedness of the operator E.(h) in the Sobolev norms W7, In view of

formula (4.7), it is enough to control

1 |z — h lz—h
o) — —=—— godz)H’( —1)——
((’\&mﬂ&@ : S

5 7
Z@S\x—hlgé—le

on the annulus

in terms of the LP—norm of V, ¢ on the same set. Without loss of generality, we may assume

h = 0. Thus our goal is to show the bound

1
p— Y dz)
(o),

This is equivalent, after rescaling to the estimate

(7~ 7 )

which, in turn, follows from Poincaré inequality

1
€

<

~ ||vx90||LP(BZE;RdXd)-

Lr(2e<|a|<Ie) *
4 4

S Hvxgp”LP(BﬂRdXd)a
Lr(§<lel<) !

<
||<P||LP(B%) ~ ||Vx90||LP(B%) +

/ w dz|.
By

Thus, together with (4.8), we conclude

Ver(h)[(P] = VISD + ]lB7E(h)65,h> ||€a,h||Lp(Rd) N ||V$(P||LP(B%E;Rd><d) 1< p < 0.

N

11

va<ﬂ||L°°(B7 ROOLYIR0)

(48) [17]

(4.9)

(4.10)

TT7



4.1.4 Derivative with respect to the parameter h

Similarly to the preceding part, we compute

ViE:(h)[¢)(z) = Vi <|Bt i Bsh)sodz)H(?—'x;—M)

1 |x — h lz—h
—o(z) = —=—— godz)H'(——l)— , 4.11) |T8
( @) =BT Ly e =h) (4.11) [re]

3

where, furthermore,

1 1
\Y < / godz):—/ Ve dz.
"\IB(R)] . [B-(W)] S50

We therefore obtain

1 |z — h
ViE-(h)|¢](x ngadzH(Z— )
nE PN = T5 8T L :
1 , |z — h 1l x—h
— | oz gpdz)H(——l)— , 4.12) [T9
() 2 S T
which can be also written as a commutator
1 |z — h| |z — h
ViE-(h)|o](x VzgodzH(Z——)—l—H(——l V.o
wEEN) = 58T L : :
— V. E:.(h)[¢] = E.(h)[V.p] — V. E.(h)[p]. (4.13) [T10

4.1.5 Estimates on the time derivative

The time derivative of the restriction operator E.(h(7))[¢(7, )] can be computed by using formula
(4.13):

O (Ec(h(1))[(t,)]) = Ec(h(1))[01(t, )] + Vi E:(h(1))[p(t, )] - jth( t)
= E-(h(1))[0ip(t, )] + Ec(h()[Vap(t, )] - Y () = Vo Ee(h(1)[o(t, )] - Y (2), (4.14) [T11

where

d
Y = —h.
dt

We conclude this section by summarizing the basic properties of the restriction operator E.(h).

Proposition 4.1. The operator E.(h)[¢] is well defined for ¢ € L _(RY). The following holds
true:

12



B o ¥ Ao ifle—h| <e
E.(h)lg] = ; (115) [Tal
e if |x — h| > 2¢

<
E.(h)g] =+ ]IB%E(h)eg,hv le2nlloocray ~ lellze(m, vy 1< p < oo; (4.16) [Ta2

Te

V.E.(h)[p] = Voo + ]lB{fs(h)e;,hv led nll o (ra) N HVISOHLP(B_ZE(h);RdXd) 1<p<oo; (417) |Ta3

e if h = h(t) is Lipschitz and ¢ € W, ((0,T) x RY), then
O (Ee(h(t))[(t, -)])
= Ec(h(t)[0wp(t, )] + Ec(h(t))[Vaip(t, )] - Y (1) = Vo E(Y (£))[0(t, )] - Y1) (4.18) [Ta4

for a.a. t € (0,T), where

d
Y = —h.
dt

5 Restriction operator revisited

The drawback of the restriction operator E.(h(t)) is that it does not preserve the divergence of
a vector valued function. To remedy this, we introduce a new vector—valued restriction operator
R_.(h) acting on vector valued functions.

5.1 Basic structure

We start by introducing shift operator

Sulfl(x) = f(h +x).

Setting
E. = E.(0)

for the restriction operator introduced in the previous section, we check easily the relation

E-(W)l¢] = S [Suli]].

We compute
ViSulfl(x) = Vo f(h +2) = SalVaf], (5.1)

which, in particular, yields the commutator formula (4.13).

13



5.2 Bogovskii operator

We use a particular version of Bogovskii operator constructed by Diening, Ruzicka, Schumacher
[4]. The operator Ba. . is a branch of the inverse of the divergence operator defined on the annulus,

By \ B-.
The operator enjoys the following properties:

825,5 : L8<BQE \ Bs) — W()Lp(BQE \ Bs)v (52>
L§ denoting the space of L? functions with zero mean,
<
|VaBae e[ [l 1o (Boo\Boiraxay ~ (| f || 1o (Boc\B). (5.3)

for any 1 < p < 0o, where the embedding constant is independent of ¢,

diVxBZ&E [f] = f in B2€ \ BE. (54)
e If, in addition, f = div,g € L{(Bs. \ B.), where g € W4(By. \ B:), g n|a(s,.\5.) = 0, then

i <
1Bac e [divag] || Lo(son\Boirt) ~ 19| La(Bo\B.RY) (5.5)
for 1 < ¢ < oo, where the embedding constant is independent of ¢.

The operator Bs.. was constructed by Diening et al [4]. The remarkable property that its
norms are independent of ¢ follow from the fact that By, \ B. are John domains uniformly in €,
see Diening et al [4, Theorem 5.2], Lu and Schwarzacher [14, Theorem 1.1].

5.3 Construction of Restriction operator 11

We define the operator
R.[p] = Ec[p] + Bocc | (divap — diva EL[p]) | ,.\5. (5.6)

A priori the operator is defined for ¢ € WP(R?; RY). For the definition to be correct, we have
to verify that (div,e — div,E.[¢]) has zero mean over the annulus Bs. \ B.. It is enough if we
consider the functions ¢ with the following properties:

w - n|\w|:2€ = E&[‘P] : n||ac|:2e7 (57)

and

LaWn®=AMMﬂ%@_ (5.8)

14
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On the one hand, equality (5.7) obviously holds as ¢ = E.[¢] if |x| = 2. On the other hand, we
have

E.¢] - ndo=0

|x|=¢

as E.[p]|p. is constant. Thus for (5.8) to hold, it is enough to assume

Finally, we set
R.(h)[g] = S_aR- [Sulg]]. (5.10)

Summarizing the previous discussion, we get.

Proposition 5.1 (Continuity in L? spaces). The operator R.(h) is well defined for any func-
tion ¢ € WYP(R%; RY) satisfying

div,ee =0 for all z, |z — h| <e. (5.11)
Moreover,

°
\Bg—l(hﬂfBE(h)(P dz Zf|$ — hl <ég,
R.(h)lp] = (5.12)
wp if |x — h| > 2¢;

dive R(h)[p] = divee; (5.13)

IR (R)[]llwro(resre) ~ lpllwro(re; e (5.14)
for any 1 < p < oo independently of € > 0.

5.4 Estimates in the negative norm

In order to estimate time derivatives, we need to find bounds on R, provided the argument is in

the form
p = B[div,g], (5.15)

where B is some right inverse of the divergence operator, div, o B = Id, such that
B o div, is bounded in L?(R% R?) for any 1 < ¢ < oo,

and
gl.(n) = 0.
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If this is the case, then
div, = div,B[div,g] = div,g = 0 on B.(h)

so the operator R.(h)[¢] is well defined. Below, we consider B = V,A_!, however, B can be also
the standard Bogovskii operator on some domain Q C R%.
Without loss of generality, we may assume

h=0, R.(h) = R., glp. = divep|s. = 0. (5.16) [El6

Our goal is to obtain LY estimates on R.[¢p] in terms of the L¢—norm of g. As E. is bounded
as an operator on L4, it is enough to check boundedness of the term

Bo.. [divch[div;Eg] _ div, E. [B [div,g] H

= Bo...| (E- [div.Bldiv,g]] — div, B [B[div,g] | ) + (div.Bldiv.g] — (- [div,Bldiv.g]] )]
(5.17) [E17

We get
. [div, Bldiv.g]] — div. B.[5 div.g] |

= E. [div,g] — div, (B[dlvxg] (’ il 1) +H (2 - m) ! B[div.g] dw)
€ |Ba| B

1
= dlvxgH( 1) div,gH <| 7l 1) — ~Bldiv,g|H’ (M _ 1) X
€ € ||
1
+ _iHl ’ ‘
€ |z €
1
g (2 1)
e Ja]

Furthermore,

B[div,g| dx

B[div,g] dx — B[divxg]) . (5.18) |E18

div,B[div,g] — E. [div,B[div.g]] = div,.g — E. [div,g]

1
= div,g — div,gH (l i 1) —H( — |i—|> | |/ div,g dx
£ Be

=div,g — dlvxgH(|€| 1)

1
— div, (g gH (' i 1)) + SgH (@ - 1) x (5.19) [E19
£ € ||
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Summing up the previous relations, we conclude

Ba: [diVxB[ding] — div, E. [B [div.g] ”

1z (| 1 . :
— ity 2 [N Nl R _ N
Bs: L 7 ( 5 ) (]B€| /EB[dlvxg] dz — B[div g])
o (2 2) 2]
€ € ||
+ 626,5 [dlvx (g - gH (% - )>:| . (520) E20

Seeing that g|g. = 0 we may use the “negative” estimates (5.5) to deduce
g g|B. y g

o o (9-0m (1))
Finally, by means of the LP—bounds (5.3),
1 x || 1 . :
VB, |-—H' | — — Bldiv,g|dx — B|div,
|72 [ (5 =1) (i [, B - o)
1
()
€ £ ||

1 . 1
< B (HB[dlvxg]HLP(Bzg\Bs;Rd) + 11l 2o (Boc\ Bost) ~ EHQHLP(Rd;Rd)) : (5.22) [E22

~ HgHLP(st\BE;Rd), 1 <p<oo. (5.21) E21
LP(Ba:\Be;RY)

LP(Bae\ Be;RIX4)

Thus, by virtue of Poincare inequality on Ba. \ B,

1Lx (| 1 : :
St (1 .g] dz — Bldiv,
Bs. - L ( . ) (|B€| . B[div,g| dx — B[div g])

1
tar(E0)
3 € ||

We have obtained the following result.

~ 19| 2o (R, Ra).- (5.23) |E32
LP(Ba.\Bz;RY)

Proposition 5.2 (Continuity in the negative space). Let ¢ € I/Vlf)’f(Rd;Rd) can be written
in the form
(p = B[dlv$g], g - Lq(Rd, Rd), g’Bg(h) = 0,

where div, o B =1d and B o div, bounded on LY(R%), 1 < q < cc.
Then

. <
1B (R)[Bldivegl]l| oo pay ~ 191l Lagrapay» 1< g <00

uniformly in €.
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Remark 5.3. The same result holds for general operators of the form

» = L[g],

provided
g|Bs(h) = 07 dlvxﬁ[g] — lexg

In particular, we may consider

o =V,B[r|-V, with g =1V, ¢, =0, B;[r|V;,

J

where V € R% is a constant vector.

6 Pressure estimates

The well known problem connected with the compressible fluid flow is the lack of integrability of
the pressure term p(p) in the z—variable. If v > %, the relevant estimates are obtained considering

the quantity 1
¢ = R.(h(t)[V. A7 beep) (6.1)

as a test function in the momentum equation (2.12), where
b(r) >0, b(r)=0forall 0 <r <1, b(r)=r*forr>2 ac(0,7),

and A, ! denotes the inverse of the Laplace operator on R,

1
A v] = ]:g__lm {W}}ﬁg [v]} , J — the Fourier transform.

Note carefully that
div,[V,AL (0. 1) (t, )] = b(o.£)(t,-) =0 on B.,.

In accordance with the uniform bounds (3.1),

<
eSStSUI;) ”b<g€,f>(ta ')“LlnL%(RS) ~ L (6.2)

€(0

Moreover, evoking the standard elliptic estimates, we get

V. [V.A, (0. ;)] bounded in L®(0, T; L™ (R?*; R**?)) for any 1 < r < 1,
a
3
—1 : 0o . d. pd
VoA b(0e,f)] bounded in L>(0,T; L(R%; R?)) for any 5 <4 < 00 (6.3)

provided 1 > 3.

18



6.1 Equi-integrability of the pressure

Using ¢ introduced in (6.1) as a test function in the momentum balance (2.12) we get

/0 Vi) /Rgp(é’af)b(ga,f) dz dt

:/0 P(t) /1%3p(gaf)diVxRE(hg(t))[VIAI1b(Q57f)] dxdt:ZL,E, (6.4)

=1

for any ¥ € C1[0,T), $(0) = 1, where
he= [0 [ S92 VR OIV.A )] arct
L =— /Osz . 0cfue @ U : VR (h (1) [V.AL'b(0. 4)] dadt,
he== [ o RAVO)IV:A; be.p)(0.) da,
o= [ 0w [ e Rh ()90 0] 0
o= [0 [ o 0BT 0] (65

Our goal is to show that all integrals I;,., ¢« = 1,...,5 are bounded uniformly for ¢ — 0 as soon
as « > 0 is chosen small enough. Accordingly, relation (6.4) together with the bound (3.1), yield
equi—integrability of the pressure

T
[ [ et araezn 69
0 R

6.1.1 Viscosity and convective term

It follows form (5.14) and (6.3) that

=2

(Vng(hg(t))[VwAgzll7(Q57f)])E , is bounded in L>(0, T} L'(R¥3), 1<r< -,

>

Q

In particular, the integral I; . remains bounded uniformly for ¢ — 0.
Similarly, in view of the energy estimates (3.2),

(0,7t ® u.)_., is bounded in L>(0,T; L' (R*, R**?)).
Moreover, as u. is bounded in L?(0,T; L°(R?; R?)) (see (3.6)), we get

1 1 1
(0,5t ® u.)_, bounded in L'(0,T; L*(R*, R**%)), s > 1, S=37 -
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Consequently, by interpolation,
(0e,ye ® ue)_ is bounded inL9(0, T; L™ (R?, R**®)) for some ¢ > 1,m > 1. (6.7)

In particular, I, remains bounded uniformly for ¢ — 0.

6.1.2 Momentum
In accordance with the bounds (3.3), (3.11), we obtain

(0:U:)e~o is bounded in L™ <0,T; (L% + LFLL) (R, R3)> )
Moreover, the relation (6.3), gives
(Ra(hg(t))[V$A;Ib(gg7f)])e>o is bounded in L>(0, T; LY(R*; R*)) for any g < q < o0.
Thus we conclude that I, 4, and, similarly, /3. remain bounded for ¢ — 0.

6.1.3 Time derivative

In order to evaluate the time derivative in I5, we have an analogue of formula (4.14) by using the
relations (5.1) and (5.10):

A R:(h.(1)) [vaglb(Q&f)] = R.(h. (t))[vaazlatb(Q&f)]
+ Ra(ha(t))[vawAatlb(Qa,f)] Y. - vaa(ha(t»[vag;lb(Qa,f)] Y, (6.8)

where g,  satisfies the renormalized equation of continuuity,

VAT 0b(0. 1) = — VAT divy (b0 f)us) + VoA [(b(gg,f) _ b/(gs,f)gg,f)divxug} .

Now, in accordance with Proposition 5.2 and Remark 5.3, we get

) 0
| R () VeV oA (00 )] - Yelarany = ¥al (e lloriany 1Y), 1< < 2,

| R (he(£)) [V A div (( 0z p) )]l Lagry ~ 1D(0e,p)tel|La(rey, 1< q < o0. (6.9)

In addition,
) o

IR () Vo b)) Yellirimey = ¥al Ibn )iy S ¥al, 1< < 20 (6.10)

Finally,
R.(h.(t [va—l[(b ) = V(0. 1)o- )d' . m <1
| Betne(o) [ [ (bl0e ) = Voo s)ee v || 0
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orall - <s 4=
2 _3—7”’2 y r

(6.11)

Seeing that
(0-uc)e>0 bounded in L™ (O,T; (L% 4 Lr%) (R?; R3)> ’
(ue)e>0 bounded in L*(0,T; L°(R*; R?)),
(0-)e>0 bounded in L> (0,T; (L + L") (R?))

we may combine (6.9), (6.11) to obtain
/OT Y . o-u. - R.(h.(t)[V.A,;'0:b(0. ;)] dzdt bounded uniformly for e — 0.
We conclude by estimating
| ot [RABO)[TV,0 W oo )Y = VR (0) (VAT )] Y]
= /B o X [R.(he(1))[Vo VoA (0 p)] - Yo — VoR(he (1)) [V A 0(0: )] - Ye] da. (6.12)

This integral can be decomposed as
/B oy U [R.(he(1))[VaVaA; b(0-p)] - Yo — VR (he () [V (02 5)] - Ye] da
_ /BE(YE) 0e5Ue - [Re(he(8)) Vo VoA 0(0:f)] - Yo — Vo R(Ro(8)) [V AL b(0:p)] - Y2 da
+ /B oy 2T [R.(he(t))[Va Vol ' b(0-p)] - Yo = Vo Ro(he(t) VoA (0o p)] - Yo da. (6.13)

Now, in accordance with (6.9), (6.10),

/B %) Qe fUe - [Rf(ha(t))[vaxAz_lb(Qa,f)] Y. — vaa(ha(t))[vaglb(Q&f)] ) Ya:| da

1 a 1
~ ||Q€1f||L’Y(R3)||u6||L6(R3§R3)||b(Q€7f)||L%(R3)|K|€3S, s=1— 5 _ ; _ 6 (6.14)

In view of (3.5),

~
Consequently,
Yo|eds S 3830351 i _5_§+3_§_3_04_1:1 _3-q B0,
2= 2 v 225 T4y



as long as a > 0 is small enough.
Finally,

/B vy 2P [R(he(t))[Vo VoA, 0(0e )] - Yo = VaRe(he (1) [V A 0(0e )] - Yo da

e
S 0 Bl Vel el ogrosroy 1602 3 o™ 7575,

where

[

_3 _ -
0.plYe| R e 273, B< 2.

Thus if a > 0 is small enough, we get
Qs,B|Ye|€3(1_%_%) —0ase— 0.

We have shown that the integrals I5 . remain bounded as € — 0, which completes the proof of
the pressure estimates claimed in (6.6).

7 Convergence

Our ultimate goal is to perform the limit in the momentum equation (2.12). To this end, we
consider a smooth function

@ € C*([0,T) x R* R®), k > 2 and its restriction E.(h.(t)))[e(t,-)],

where the latter is an eligible test function in (2.12).

7.1 Time derivative

We start with the time derivative
/0 /RS o-uc(t,-) - 0, (E(h:(1)))[e(t,-)]) dxdt.
By virtue of formula (4.14),
| et aEmoiew ) deat= [ [ ot (Bb@)ae( ) ded
0o Jms 0o Jms

+ /0 /R ) o-uc(t, ") [Ea(ha(t))[vxcp(t,.)] YL(t) = VLE.(h(1)[(t, )] .Ya(t)] d dt.

(7.1) [e1]
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In accordance with the convergence (3.13) and the estimate (4.6), we get:

| [ et Eoe) dedts [ [ o ap(t) dedeas o
0 R3 0 R3

As for the remaining integral in (7.1), we use (4.10) obtaining

/R3 que(tv ) ' |:Es(hs<t>)[vx¢(tv )] : Y:—:(t) - V:pEs<hs(t))[Qo(t7 )] : sz(t):| dx

I,
4

-], . Oemte(ts) - [Belha(t)[Vatplt, )] - Yo(0) = Vo Eehe()elt, ) - Yelt) do

“
Br
IE

By virtue of (4.10), (3.5), and hypothesis (2.10),

) Qeus(ta ) : [Ea(hs(t))[va:90<t7 )] : K(t) - vacEe<h€(t))[so<t7 )] : }/a(t)] dx

(he)

/B ) Qa,Bue(ta ) : |:Es(h6<t>)[vx¢(t’ )] : Yvé(t) - vwE&(h@(t))[Qo(t’ )] : Yvé(t)} dx

_3
[ el et
<(he)

Thus, in view of the uniform bounds (3.6), we conclude

Qa,fue(t7 ) ’ [Ee(he(t))[vmso(t’ )] : Y::(t) - Van(he(t))[‘p(t’ )] : Y::(t)] dz.

(7.2)

(7.3)

(7.4)

/0 /(h)gg,BuE(t,.).[Eg(ha(t))[vxso(t,.)].Ye(t)—vas(hg(t))[cp(t,.)].Yg(t)} dzdt — 0 (7.5)

as ¢ — 0.

The second integral on the right-hand side of (7.3) can be handled by using (4.6) and (4.8):

Qa,fua(t> ) ’ [Es(ha@))[vxso(t’ )] ’ ifa(t) - Van(hg(t))[QO(t, )] ’ ifs(t)]

L1(R3)
§ 1 1 1
~ e () 2o ey lwe (8 )| 2o (ro) | Ye L Boc (ho) || s (r2) | V2P| oo (3 5 tegts=1
Moreover, by virtue of (3.5),
1 -3 < B3
V) € e S5
vV Qa,B

Thus, it follows from hypothesis (2.10) and a direct manipulation

Al

(he)

Te
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Ocytte(t; ) - | Ec(he(0)[Vaip(t, )] - Ye(t) = VaEe(he(t)) (2, )] Ys(t)] dzdt

(7.6)

(7.7)



—0ase—0.

Summing up (7.2), (7.5), and (7.8) we conclude

(7.8)

/0 /R3 o:uc(t,-) - 0y (E-(ho(1)))[e(t,")]) dxdt— /0 /R3 ou - Opp(t,) dedt ase — 0. (7.9) |c10

7.2 Convective term and the viscous stress

Repeating the arguments of the previous section, we easily establish
T
|| e o) Vo B @) ) ded
o JR
T
— [ ] oot ): Ve (Bulh )l ) dadt
0 JE

T
_>/ / ou®u: Ve drdt ase — 0,
0o JR3

and
/0 RS S(Vaue) : Vo (Ec(he(1)))[e(t,-)]) dodt
- /T S(Veu) : Ve dzdt as e — 0.

Here, in view of the uniform bounds (6.7),

0 fU: @ U — ou ® u weakly in Li ([0, 7] x R?®; R¥*3) for some p > 1.

loc
Our ultimate goal in the section is to prove the identity
URU=uuU.
To this end, consider
¢ = E:(h-())[()o()], ¢ € C.(0,T), ¢ € Co(R% )

as a test function in the momentum equation (2.12). We easily compute

| [ e aBhon o) dodt =~ [ o) [ s us VLB )o0)] dod

‘/0 () /mp<@e>divxEs<hs<t>>>[¢<->] dz dt
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+ /OTw(t) /R 3 S(Voue) : Vo E.(he(t)[o(-)] dadt. 1o (e
Moreover, by virtue of formula (4.14),
/OT / o-tte - 0 (Ex(he()) [ (1)6()]) dadt
/ o (t) / o-u. - E-(he(1)))[6()] dudt
* / v /R 0ette - B (e(1))[V20()] - Ye(t) dudt
N /DTW / otte - Vo Eo(he(D)[6()] - Ya(t) dadt. (714) [oF8

If ¢ is smooth (C!(R3; R?)), the last two integrals in (7.14) can be handled exactly as their
counterpart in (7.5), (7.8), specifically,

/Rs O Uy - (Ea(ha(t))[vxgb()] - vxE&(hE(t))[¢()]) ’ K(t) de L2(0,T)

< ¢(]|#]|c1) independently of e — 0. (7.15) |c16

Combining (7.13)-(7.15) we may infer that the function

€0.T)— [ oouclt,) E(he(1)]¢] dv, ¢ € C(R; R), (7.16) [c17

R3

is Holder continuous with a positive exponent and norm depending solely on [|@||c1q.ga)-
Finally, by virtue of the error estimates (4.10),

E.(h.(t)[¢] = ¢ in W(R? R?) for any ¢ € W'?(R*, R*) uniformly in t € (0,7T),
and we deduce from (7.16) that
o-u. precompact in L2(0, T; W (R?; R?)), (7.17) |c18

which, together with (3.7) yields (7.12).

7.3 The pressure and strong convergence of the density

In view of the pressure estimates (6.6), it is easy to establish the limit

T T
/ / p(0e,)div, B (he)[ep] d:z:dt—>/ / p(o)div,p dzdt,
o Jrs o Jrs
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where p(p) stands for a weak limit of the sequence (p(o:,f))e>0-

Thus the remaining issue is to establish the equality

p(o) = p(o)

which is the standard and nowadays well understood problem in the theory of compressible fluids,
see e.g. [6], Lions [13]. The proof requires ¢ = 9 (t)d(x) VAL [b(0-.1)] to be used as test functions
in the momentum balance, where b is a bounded functions and ¢ € C}(0,T), ¢ € C}(R?). In the
present setting, similarly to the above, we use the quantity

@ = E.(he) [0V, A7 blo-s)]]

which is a legal test function for the momentum balance (2.12). As shown above, the resulting
error terms vanish in the asymptotic limit € — 0 and the proof of the strong convergence of the
density is therefore the same as in the fluid without moving objects. Thus exactly the same method
as in [6, Chapter 6] can be used to complete the proof of Theorem 2.3.
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