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ABSTRACT. We investigate the generalized tree properties and guessing model
properties introduced by Weifl and Viale, as well as natural weakenings thereof,
studying the relationships among these properties and between these properties
and other prominent combinatorial principles. We introduce a weakening of
Viale and Weif}’s Guessing Model Property, which we call the Almost Guessing
Property, and prove that it provides an alternate formulation of the slender
tree property in the same way that the Guessing Model Property provides
and alternate formulation of the ineffable slender tree property. We show that
instances of the Almost Guessing Property have sufficient strength to imply,
for example, failures of square or the nonexistence of weak Kurepa trees. We
show that these instances of the Almost Guessing Property hold in the Mitchell
model starting from a strongly compact cardinal and prove a number of other
consistency results showing that certain implications between the principles
under consideration are in general not reversible. In the process, we provide
a new answer to a question of Viale by constructing a model in which, for all
regular 6 > ws, there are stationarily many wa-guessing models M € Z,, H(0)
that are not wi-guessing models.
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1. INTRODUCTION

A central line of research in modern combinatorial set theory concerns the study
of the extent to which various properties of large cardinals can consistently hold at
small cardinals, and the exploration of the web of implications and non-implications
existing among these principles. These large cardinal properties can typically be
interpreted as assertions of various forms of compactness, i.e., statements asserting
that the global behavior of certain combinatorial structures necessarily reflects their
local behavior.

Among the more prominent of these principles in recent years have been various
two-cardinal tree properties. Their study dates back at least to the 1970s, when
they were used to provide combinatorial characterizations of strongly compact and
supercompact cardinals. In modern terminology, Jech [11] proved that an uncount-
able cardinal k is strongly compact if and only if, for all A > &, every (k, A)-list has
a cofinal branch. Shortly thereafter, Magidor [20] proved that & is supercompact if
and only if, for all A > k, every (x, A)-list has an ineffable branch (see Section 4 for
precise definitions of these terms).

The modern study of these two-cardinal tree properties at small cardinals was
initiated in the 2000s by Weif} [26], who realized that, although it is impossible
to have a small cardinal x for which every (k, A)-list has a cofinal branch, if one
restricts one’s attention to certain interesting subclasses of (x, A)-lists, one obtains
consistent yet nontrivial principles. In particular, Weifl introduced the notions
of thin and slender (k,\)-lists (with slenderness being a weakening of thinness).
These in turn gave rise to four compactness principles asserting that, for a given
uncountable regular cardinal &, for every A\ > k, every thin (or slender) (k, A)-list
has a cofinal (or ineffable) branch. The strongest of these principles, denoted ISP,
is the assertion that every slender (x, A)-list has an ineffable branch. Weif} proved
that these principles can consistently hold at small cardinals; for example, ISP,
holds in the supercompact Mitchell model.

In [25], Viale and Weif} proved that ISP,,, also follows from the Proper Forcing
Axiom (PFA), in the process giving a useful reformulation of ISP, in terms of the
existence of powerful elementary substructures known as guessing models (again,
see Section 4 for precise definitions). The guessing model formulation of ISP, has
proven quite useful in efficiently establishing that a wide variety of other compact-
ness principles are in fact consequences of ISP,. For example, the following is a
partial but representative list of some of the consequences of ISP,:

o (Weil [26]) the failure of O(\, wq) for every regular A > wg (this only
requires the weaker TP, );

o (Viale [24], Krueger [13]) the Singular Cardinals Hypothesis;

o (Lambie-Hanson [16] and Liicke [19], independently) the narrow system
property NSP(wq, ) for every regular A > wo;

o (Cox—Krueger [2]) the negation of the weak Kurepa Hypothesis (—wKH).

This paper is the first in a projected series of works further exploring the world of
these two-cardinal tree properties and their relatives. A future installment [18] will
deal primarily with questions connected to cardinal arithmetic and cardinal charac-
teristics; the present entry can be seen as an investigation into natural weakenings
of ISP, and the extent to which these weakenings still imply various combinatorial
consequences of ISP,.
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This investigation inevitably entails a more fine-grained analysis of the notions
of slenderness and guessing model. Still leaving the formal definitions for Section 4,
let us give a broad overview here. The standard notion of “slender” can naturally
be seen as “wj-slender”, and the standard notion of “guessing model” can naturally
be seen as “wi-guessing model”. One can obtain natural variations of these notions
by replacing wy by any other uncountable cardinal . Following [8], given cardinals
< K < A with x regular, let SP(u, k, A) (resp. ISP(p, %, A)) be the assertion that
every p-slender (k, \)-list has a cofinal (resp. ineffable) branch. It will follow imme-
diately from the definitions that these principles become stronger as p decreases.
Arguments of Viale and Weiss [25] show that, for uncountable cardinals p < , the
following two statements are equivalent:

e ISP(, k, A) holds for every A > k;
e the set of p-guessing models is stationary in &, H () for every regular
0> k.

The statement in the second bullet point above is abbreviated here as GMP(u, &, 0)
(GMP stands for “guessing model property”). In this paper, we isolate a weakening
of GMP, which we denote by AGP (for “almost guessing property”), and we also
introduce further weakenings of SP and AGP, wSP and wAGP respectively, by re-
placing all instances of “club” and “stationary” in the definitions by “strong club”
and “weakly stationary”, respectively. We then prove the following theorem.

Theorem A. For all uncountable cardinals p < k, with k reqular, the following
are equivalent:

(1) SP(u, K, \) (resp. wSP(u, k, X)) holds for all A > k;

(2) AGP(u, k,0) (resp. wAGP (i, k,8)) holds for all regular 0 > k.

One reason for introducing these weakenings is the fact that, unlike ISP, they
hold at cardinals that are strongly compact but not supercompact, or in the model
obtained by Mitchell forcing starting with a cardinal that is strongly compact but
not supercompact. For example, we obtain the following theorem, where, for a set
Y C P\, the principle wSPy (i, , \) denotes the strengthening of wSP(u, , A) in
which expands the set of (k, \)-lists under consideration to include those indexed
only by elements of ) rather than the full & \.

Theorem B. In the strongly compact Mitchell model, for every cardinal A > wa,
wSPy (w1, wa, A) holds, where Y :={z € P A | cf(MNA) =w}.

While these principles are substantial weakenings of ISP, they are still sufficient
to obtain some of the combinatorial consequences of ISP. For example, we obtain
the following results.

Theorem C. Let p be a reqular uncountable cardinal.

(1) If wWAGP (p, pt, u) holds, then there are no weak pu-Kurepa trees.

(2) Suppose that x < xT < rk < X are infinite cardinals, with x reqular and
cf(N) > &, and let Y == {M € P.,H\") | cf(sup(M NN)) > x}. If
wWAGPy;(k, k, AT) holds, then there are no subadditive, strongly unbounded
functions ¢ : [\]*> = x. In particular, O()\) fails.

We remark that the proofs of Theorems A and B will show that the hypothesis of
clause (2) of Theorem C holds in the strongly compact Mitchell model with x = w,
= w1, kK = we, and any value of A > ws.
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Finally, we prove a consistency result indicating that increasing the first param-
eter in the principles under consideration does lead to strictly weaker statements.
In particular, we show that, unlike ISP, (or even wAGP(w,ws, H(ws2)), by clause
(1) of Theorem C), the existence of a Kurepa tree is compatible with ISP(ws, wa, \)
for all A > ws.

Theorem D. Let k be a supercompact cardinal. Then there is a generic extension
in which there is an wy-Kurepa tree and ISP(wa, w2, \) holds for every A > wso. In
particular, SP(wy,ws, |H(ws)|) fails.

Theorem D can be seen as a variation on a related result of Cummings [3], who
proved, using a similar argument, that the tree property at ws is compatible with
the existence of an wi-Kurepa tree. This also addresses a question of Viale from
[24] by providing a model in which, for all § > w,, there are ws-guessing models in
P, H(0) that are not wi-guessing models.

The structure of the paper is as follows. In Section 2, we introduce the notion
of A-tree for an arbitrary directed partial order A, providing a very general setting
in which many of our results naturally sit. In Section 3, we review some basic facts
about &, A\ combinatorics. In Section 4, we recall the strong tree properties and
guessing model properties introduced in [26] and [25] and establish some basic facts
thereon. We also answer a question of Fontanella and Matet from [7] by showing
that two tree properties considered there are equivalent. At the end of the section,
we prove a separation result between two strong tree properties by showing that
one of them entails a failure of approachability while the other does not.

In Section 5, we introduce our “almost guessing properties (w)AGP(...) and
prove Theorem A. We also consider a variation of GMP(...) in which only sub-
sets of “small” sets are guessed and show that this variation does not require the
full strength of ISP(...) but already follows from the relevant instance of SP(...).
In Section 6, we prove that an instance of wAGP(...) implies the nonexistence of
certain strongly unbounded subadditive functions and hence the failure of square,
thus establishing clause (2) of Theorem C. In Section 7, we present a variety of
preservation lemmas that will be useful in our consistency results in the remainder
of the paper. In Section 8, we analyze various principles in the Mitchell extension
obtained from a strongly compact cardinal, proving Theorem B, among other re-
sults. As a corollary, for instance, we obtain a model of MA+ TP(w», > w,) starting
just with a strongly compact cardinal. Finally, in Section 9, we investigate the
effect of various principles on the existence of (weak) Kurepa trees, proving clause
(1) of Theorem C and Theorem D.

Unless specifically noted, our notation and terminology is standard. We use [12]
as our standard background reference for set theory.

2. GENERALIZED TREES

Although the primary setting for the results of this paper is that of (k, A)- lists,
a number of our results hold in a more general setting. We therefore take the time
here to establish this setting and introduce the notion of generalized trees indexed
by an arbitrary partial order A.

Throughout the paper, unless otherwise specified, x denotes an arbitrary regular
uncountable cardinal. Also, for this section, fix a partial order (A, <j). In most
cases of interest A will be k-directed, but for now let it be arbitrary. We will
sometimes abuse notation and simply use A to refer to the order (A, <p).
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Definition 2.1. A A-tree is a pair T = ((Ty, | u € A), <7) such that the following
conditions all hold.

(i) (T | u € A) is a sequence of nonempty, pairwise disjoint sets.
(ii) <7 is a transitive partial ordering on (J,cp Tu-
iii) For all u,v € A, all s € T, and all t € Ty, if s <p ¢, then u <j v.
iv) <r is tree-like, i.e., for all u <p v <p w, all r € Ty, all s € T, and all ¢t € Ty,
if r,s <p t, then r <r s.

(v) For all u < v in A and all ¢t € Ty, there is a unique s € Ty, denoted ¢ | w,

such that s <p ¢.

IT=({T,|ueAN),<r)is a A-tree, we let width(T) denote the least cardinal
such that |T,| < p for all u € A. For a cardinal k, we say that T is a k-A-tree if, in
addition to the above requirements, we have width(T") < k.

(
G

Given a A-tree T = ((T,, | u € A),<r), we will sometimes abuse notation and
use T to refer to the underlying set of the tree, Uue ATy. The set Ty, is called the
u™ level of T. If a A-tree T is given, it should be understood unless otherwise
specified that its u'? level is denoted by T, for each u € A, and its ordering is
denoted by <. Given t € T, we let levp(t) be the unique u € A such that ¢t € T,,.
A subtree of T is a A-tree T" = ((T), | uw € A), <p+) such that T,, C T, for all u € A

and <7 is the restriction of <7 to (J,cx Ty-

Definition 2.2. Suppose that T is a A-tree. A cofinal branch through T is a
function b € [, To such that, for all u <z v in A, we have b(u) <r b(v). The
(k, A)-tree property, denoted TP,(A), is the assertion that every k-A-tree has a
cofinal branch.

Remark 2.3. Note that, if A = k (with the ordinal ordering), then a k-A-tree is
simply a classical k-tree, and TP, (A) is the classical tree property TP(x). Another
important special case, which will be the setting for many of the results of this
paper, is A = 2\ for some cardinal A > &, ordered by C.

Many of the standard facts about k-trees remain true about k-A-trees when A is
k-directed. We establish some of these facts now, after some preliminary definitions.

Definition 2.4. Suppose that T is a A-tree.
(i) We say that T is well-pruned if, for all u <, v in A and all s € Ty, there is
t € T, such that s <p t.
(ii) For a fixed Y C A, we say that T is k-Y-thin if |T,,| < « for all u € Y.
(i) We say that T is very thin if A is width(T')T-directed.

Proposition 2.5. Suppose that A is k-directed, X C A is <p-cofinal, and T is a
k-Y-thin A-tree. Then T has a well-pruned subtree.

Proof. For each u € A, simply let T}, be the set of all s € T, such that, for all
v € A with u <A v, there is t € T, such that s <p t. Let <7+ be the restriction of
<7 t0 Uyep Th- We claim that 7" = ((T}, | u € A), <7v) is the desired well-pruned
subtree.

First note that, for all u <5 v and all ¢ € T, the definition of T” ensures that
t | w € T,. We next argue that 7). # @ for all u € A. Suppose for sake of
contradiction that there is u € A such that T), = 0. Note that, if v € A and u <}, v,
then the observation at the beginning of the paragraph implies that we must have
T! = () as well. Therefore, by increasing u if necessary, we may assume that u € ).
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Since T, = 0, we know that, for each s € Ty, there is vs € A such that u <, vs
and, for all ¢ € T,_, we have s £p t. Since A is s-directed and |T,| < k, we can
find v € A such that vy <j v for all s € T;,. Choose an arbitrary ¢t € T, and let
s:=1t]wu Thent [ v, € T,, and s <7 t | vs, contradicting our choice of w,.
Therefore, T!, # () for all u € A. Tt follows that 7" is indeed a subtree of T

It remains to show that 7" is well-pruned. Suppose for sake of contradiction that
u <a v and s € T, but there is no ¢t € T, such that s <g+ t. Note that, if v <) w,
then there is still no t € T), such that s <7+ t, as otherwise ¢ | v would contradict
the previous sentence. Therefore, by increasing v if necessary, we may assume that
veY Let S:={teT,|s<rt} Since s € T, we know that S is nonempty.
For each t € S, since t ¢ T, we can find w; € A such that v <j w; and there is
no r € Ty, such that ¢ <r r. Since A is k-directed and |S| < |T,| < &, we can find
w € A such that wy; <p w for all t € S. Since s € T}, we can find r € T, such that
s<pr.Lett:=rlv. Thente S, r|w €Ty, and t <p (r [ w), contradicting
our choice of w;. Therefore, T” is indeed well-pruned. O

The following definition will be useful.

Definition 2.6. Suppose that T is a A-tree and u <p w. We say that T splits
between u and v if there are distinct tg,t; € T, such that tq [ u =t1 [ u.

Note that, if T is a well-pruned A-tree, u <x v < w, and T splits between u and
v, then T also splits between u and w. The following lemma generalizes a result of
Kurepa [14] from the setting of k-trees to our general setting.

Lemma 2.7. Suppose that T is a very thin A-tree. Then T has a cofinal branch.

Proof. Since T is very thin, by Proposition 2.5 we can assume that it is well-pruned.
Let p := width(7T'); then A is pt-directed and |T,,| < p for all u € A. We first show
that g must be a successor cardinal.

Claim 2.8. There is v < p such that |T,| < v for all u € A.

Proof. Let X := {v | Ju € A (|Ty] = v)}. Then X is a set of cardinals less than
p. For each v € X, choose u,, € A such that |T},, | = v. Since A is p*-directed, we
can find v € A such that u, < v for all v € X. Since T is well-pruned, it follows
|Ty| > |T,, | for all v € X. In particular, X has a maximal element, and max(X) is
as desired in the statement of the claim. O

By minimality of y, it must be the case that u = v+, where v is given by the
preceding claim.

Let 0 be a sufficiently large regular cardinal (in particular, we want T' € H(#)),
and let Z be the set of all M < (H(6),€,T) such that

o [M|=yp;
e there is a strictly C-increasing sequence (M, | n < ) such that
— M = U’I’]<IJ4 Mn;

— forall p < pu, M, € M.
Then Z is stationary in &,+ H(f). For each M € &,+ H(#), use the fact that A is
pt-directed and |M| = i to find vy € A such that u <, vy for all u € M NA.
Temporarily fix an M € Z. Since |Ty,,| < p and p is regular, we can find an
Ny < p such that, for all distinct to,¢1 € Ty,,, if there is uw € M N A such that
to [ u # t1 | u, then there is such a w in M,,, NA. Since M,,, € M and |M,,,| < g,
we can find ups € M N A such that u <a ups for all w € M, NA.
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Claim 2.9. For all v € M N A such that up; <a v, T does not split between ups
and v.

Proof. Suppose for sake of contradiction that v € M, sg and s; are distinct elements
of T, and so [ upsr = s1 [ upr. Since T is well-pruned, we can find ¢o,¢; € T),,, such
that o [ v = so and t; [ v = s;. Then, by our choice of 1, there is v € M,,, N A
such that tg [u # t1 [u. But u < upy and tg [ ups = so [ upr = s1 [ upr = t1 [ ung,
soto Ju=(to [ un) [u=(t1 [upn) [ u=t; | u, which is a contradiction. O

The function that takes each M € Z to uys is a regressive map, so, since Z is
stationary in &,+ H(), we can find a stationary Z* C Z and a single u* € A such
that uy, = u* for all M € Z*. Choose an arbitrary s* € Ty«, and define a function
b € [[,ca Tu as follows. For each u € A, find v € A such that u,u* <j v, use the
fact that T is well-pruned to find ¢ € T, such that s* <7 ¢, and let b(u) =t | u.

We claim that b is a cofinal branch through 7', which will complete the proof of
the lemma. Suppose for sake of contradiction that there are ug <a wp such that
b(ug) £ b(u1). Recalling the definition of b, for each ¢ < 2 find v; € A and ¢; € Ty,
such that u;, u* <p v;, s* <r t;, and b(u;) = ¢; | u;. Then find v € A such that
vo,v1 <a v and t§, 1t} € T, such that to <r t§ and ¢; <7 ¢7. Then b(ug) <r ti and
b(uy) < t3, so, since b(ug) £r b(uy), it follows that ¢ # ti. Moreover, we know
that ¢t§ [ u* = s* =] [ u*. Since u* <p v, it follows that T splits between u* and
v. Now fix M € Z* such that v € M. Since uy; = u*, Claim 2.9 implies that T
does not split between u* and v, which is the desired contradiction. O

Proposition 2.10. Suppose that k is strongly compact and A is k-directed. Then
TP, (A) holds.

Proof. Let T be a k-A-tree, and let j : V' — M be an elementary embedding
with critical point x such that j(k) > |A| and there is X C j(A) in M such that
M E “X| < j(k)” and j“A € X. In M, let j(T) = (T, | w € j(A)), <;(r))- Note
that, for all u € A, since |T,| < & = crit(j), we have Tjq,y) = j“T,,. In M, j(A)
is j(x)-directed, so we can find w € j(A) such that v <;n) w for all v € X. Fix
an arbitrary t € T,,. Now define a function b € [],c, Tu by letting b(u) be the
unique s € T, such that j(s) =t | j(u) for all w € A. Then whenever ug < uj, we
know that, in M, we have j(b(ug)) =1t | j(uo) and j(b(u1)) =t | j(u1). Therefore,
J(b(uo)) <jery j(b(u1)), so, by elementarity, b(ug) <7 b(u1). Therefore, b is a
cofinal branch through T'. O

3. BACKGROUND ON TWO-CARDINAL COMBINATORICS

As noted in the previous section, many of our results in this paper are in the
specific context of the partial order (Z,\, C). We therefore briefly review some of
the relevant combinatorial definitions and facts about &, A. For this section, let X
denote an arbitrary set with k < |X]|.

Definition 3.1. Suppose that C C £, X.

(1) C is closed if whenever D C C' is such that |D| < k and D is linearly
ordered by C, we have | JD € C;

) C'is strongly closed if whenever D C C and |D| < k, we have | JD € C;

) C'is cofinal if for all x € P\, there is y € C such that z C y;

) Cis a club in £, X if it is closed and cofinal;

) C'is a strong club in P, X if it is strongly closed and cofinal.
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Definition 3.2. The club filter on .. X, denoted CF,, x, is the set of all B C &, X
for which there is a club C C £, X such that C C B. Similarly, the strong club
filter on &, X, denoted SCF, x, is the set of all B C &, X for which there is a
strong club C' C Z,.X such that C' C B. The dual ideals to the club filter and
the strong club filter are denoted NS, x and SNS, x, respectively. Elements of
NS:; x and SNS: y are called stationary and weakly stationary subsets of &2, X,
respectively.

Given a set x C £, X and a function f : X — P, X, we say that x is closed
under f if f(a) C z for all @ € 2. Similarly, if g : [X]? — £, X, then z is closed
under g if g(a) C « for all a € [x]2. The following proposition is immediate.

Proposition 3.3. Suppose that f : X — P, X is a function. Then the set {x €
P X | x is closed under f} is a strong club in P, X. In particular, if Y C P, X
is weakly stationary, then there is x € Y such that x is closed under f.

The following characterization of CF, x is due to Menas [21].
Proposition 3.4. If g: [X]? — 2. X is a function, then the set
Cy :={x € Z.X | x is infinite and closed under g}

is a club in 2. X. Moreover, for any club C in P.X, there is g : [X]*> - P X
such that Cy C C.

Given sets X C X’ and a subset S C Z. X, let S 1 Z. X' = {y € £,9 |
yNX € S} Dually, if ' C Z. X', 1let S| 22X ={yNX |y €5} The
following facts are standard.

Proposition 3.5. Suppose that X C X' are sets such that k < |X|, S C £, X,
and 8" C 2. X’.
(1) If S is a (strong) club in . X, then S 1+ P, X' is a (strong) club in P, X’'.
(2) If S’ is a strong club in P, X', then S | P, X is a strong club in P, X.
(8) If S is a club in P, X', then S | £, X contains a club in . X.
(4) If S is (weakly) stationary in P, X, then St 2. X' is (weakly) stationary
in 2. X'.
(5) If S" is (weakly) stationary in P, X', then S' | X is (weakly) stationary
mn Z.X.

4. STRONG TREE PROPERTIES AND GUESSING MODELS

In this section, we review the basic definitions and facts about two-cardinal tree
properties and guessing models. These definitions and facts are largely generaliza-
tions of definitions and results from [26] and [25]. The end of the section contains
some new results, separating certain two-cardinal tree properties and answering a
question of Fontanella and Matet.

Let % be a regular uncountable cardinal, and let X be a set with |X| > k. We
say that a sequence (d, |z € £, X) is a (k, X)-list if d, C x for all x € &, X.

Definition 4.1. Assume that D = (d; |z € £, X) is a (k, X)-list and Y C &, X.

(i) We say that D is Y-thin if there is a closed unbounded set C' C &, X such
that |[{d, Ny|ly Cz € P, X}| <k for every y € CN Y.

(ii) Let u < k be an uncountable cardinal. We say that D is pu-Y-slender if for all

sufficiently large 6 there is a club C' C Z2,H () such that for all M € C' and
alye MNZ, X, if MNX €Y, then dynx Ny € M.
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Here and in all similar later situations, if Y = £, X, then we will typically omit
mention of Y and simply refer to D as being thin or p-slender.

The following fact is easily established (cf. [26, Proposition 2.2]).

Fact 4.2. Assume that D is a (k,X)-list and Y C P X. If D is Y-thin, then it
is k-Y-slender.

The following proposition follows almost immediately from the definitions but is
often useful, showing that the value of € in Clause (ii) of Definition 4.1 can always
be taken to be any cardinal § for which &2, X C H(0).

Proposition 4.3. Suppose that p < k is an infinite cardinal, D = (d, | x € £, X)
is a (k, X)-list, Y C 2. X, and 0 is a cardinal such that &, X C H(#). Then the
following are equivalent.
(1) D is p-Y-slender.
(2) Thereis a club C C &P H(0) such that for all M € C and ally € MNP, X,
fMNXeY, thendynx Ny € M.

Proof. Suppose that 6y < 6; < 6, are cardinals for which &2, X C H(6y), and
suppose that C C &, H(01) is a club witnessing the p-)-slenderness of D (i.e.,
C is as in Clause (ii) of Definition 4.1). Then it is easily verified that C' | H ()
and C 1 H(603) also witness the p-Y-slenderness of D (recall Proposition 3.5). The
proposition is then immediate. (]

Definition 4.4. Assume that D = (d, |z € £, X) is a (k, X)-list, Y C P, X is
stationary, and d C X.
(i) We say that d is a cofinal branch of D if for all x € &, X there is z, 2 x such
that dNz =d,, Nx.
(ii) We say that d is a Y-ineffable branch of D if the set {x € Y |dNa = d,} is
stationary. (Again, we will omit mention of Y if ¥ = £, X.)

Remark 4.5. Given a (k, X)-list, there is a canonical way of generating a &, X-
tree (in the sense of Section 2) from it, where &2, X is seen as a poset ordered
by C. Namely, fix a (k, X)-list D = (d, | x € #.X), and define a P, X-tree
T=(T,|ze P.X),<r) as follows. First, for cach z € 2, X, let T, := {d, Nz |
ye P.X andxz Cy}. Givenx C yin P X, s € T, and t € T, we set s <p ¢t if
and only if s =t N . The following are then immediate:

e Tis a X, X-tree;

e for every Y C &£, X, D is Y-thin if and only if T' is Y-k-thin;

e T has a cofinal branch if and only if D has a cofinal branch.

Definition 4.6. If D = (d, | x € £, X) is a (k, X)-list, then we let width(D)
denote width(T), where T is the &, X-tree generated from D as in Remark 4.5.

Definition 4.7. Assume that p < k is regular and ) C &, X is stationary. We
say that
(i) the (k,X)-tree property holds on Y, denoted TPy(k,X), if every Y-thin
(k, X)-list has a cofinal branch.
(ii) the (k,X)-ineffable tree property holds on Y, denoted ITPy(k, X), if every
Y-thin (k, X)-list has a Y-ineffable branch.
(iii) the (u, k, X)-slender tree property holds on ), denoted SPy (u, k, X), if every
u-Y-slender (k, X)-list has a cofinal branch.
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(iv) the (u, k, X)-ineffable slender tree property holds on ), denoted ISPy (i, &, X),
if every p-Y-slender (k, X)-list has a Y-ineffable branch.

Remark 4.8. In order to ease notation, we introduce a couple of conventions. As
before, if mention of ) is omitted in any of the principles from Definition 4.7, then it
should be understood that Y = &2, X. We will use notations such as (I)TP(x, > )
(resp. (NSP(u, k, > K)) to assert that (I)TP(x, ) (resp. (I)SP(u, %, A)) holds for all
A > k. Finally, in the principles (I)SP,,(u, £, ), the value of u that has most
often been considered in the literature is wq; we will therefore use (I)SP,. to denote
(DSP (w1, k, > K).

If f: Xo— X, is a bijection, Yy C £, X is stationary, and Yy := {f[z] |« €
Yo}, then TPy, (k, Xo) is equivalent to TPy, (k, X1), ITPy, (1, &, Xo) is equivalent
to ITPy, (1, k, X1), and similarly for SP and ISP. We will therefore not lose any
generality by stating our results in the context in which X is an infinite cardinal,
which is what is typically seen in the literature. There are instances, though, in
which it is more convenient to work with, e.g., (k, H(0))-lists, so we have opted for
the more general terminology and notation. Also, if C' C £, X, is a club, then
TPy, (k, Xo) is equivalent to TPy, ~c(k, Xo), and similarly for the other principles.

Note that (I)SP,,(x, %, A) implies (1)SPy,(v, s, ) for K > v > p. The converse
does not hold: In Theorem 9.3 we show that SP(w1,ws,ws) implies that there are
no weak wi-Kurepa trees, while in Theorem 9.9 we show that ISP(wq,ws, A), and
hence also the weaker SP(wq,wa, A), is consistent with the existence of a (thin) w-
Kurepa tree.! Also, by Fact 4.2, (1)SPy, (K, &, A) implies (I)TP(x, A). We will see in
Subsection 4.2 below that these implications are also in general not reversible.

Note additionally that there is monotonicity in the last coordinate of these
principles: if X > XA > x and V' = Y 1+ PN, then (I)SPy,(u,,\') implies
()SPy, (1, &, A), and (1) TPy, (k, \') implies (1) TPy, (%, A).

We now recall a useful reformulation of instances of ISP(...) in terms of guessing
models. We first introduce some basic definitions. Terminology regarding guessing
models is slightly inconsistent across sources; we will primarily be following the
terminology and notation from [24]. We note, however, that our definition of a
(1, M)-approximated set is formally weaker than the standard definition. It is easily
seen to be equivalent if M is closed under pairwise intersections of its elements (in
particular, if M < H(0)), but since we will sometimes want to apply the definition
to sets M that are not elementary submodels of H(#), our weaker definition seems
more appropriate.

Definition 4.9. Suppose that 6 is a sufficiently large regular cardinal and M C
H(0).
(1) Given a set x € M, a subset d C x, and an uncountable cardinal p, we say
that
(a) dis (u, M)-approzimated if, for every z € M N 2, (x), there is e € M
such that dNz=eNz;
(b) dis M-guessed if there is e € M such that dN M =en M.
(2) M is a u-guessing model for x if M < H(0) and every (u, M )-approximated
subset of x is M-guessed.
(3) M is a p-guessing model if, for every x € M, it is a u-guessing model for x.

IFor concreteness, we formulate the result of wa, but it can be easily generalized to an arbitrary
double successor of a regular cardinal.
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(4) Given uncountable cardinals p < k < 6 with x and 0 regular, and given
x € H(0), let G  H(0) denote the set of M € &, H(0) such that M is a
p-guessing model for . Let G,, . H(6) denote the set of M € &, H(#) such
that M is a pu-guessing model.

(5) Suppose that p < k < 6 are uncountable cardinals with « and 6 regular,
and that Y C &, H(0) is stationary. Then GMPy (u, %, 0) is the assertion
that G, H(6) NY is stationary in &2,H(6), i.e., Y contains stationarily
many pu-guessing models.

Remark 4.10. As was the case with Definition 4.7, we introduce some notational
conveniences. If ) is omitted from GMPy,(u, ,6), then it should be understood to
be 2, H(0). We let GMP(u, x,> k) denote the assertion that GMP(y, %, 6) holds
for every regular 8 > k. Again, the case y = w; is the most prominent in the
literature; we will simply say that a model M is a guessing model to mean that it is
an w;-guessing model, and we will write G H(¢) and G, H(0) instead of G, H(0)
or G, .~H(6).

The following proposition is immediate from the definitions.

Proposition 4.11. Suppose that u < k < 6 < 0" are uncountable cardinals, with
K, 0, and 0" regular.

(1) Suppose that x € M < H(0), M’ < H(0'), and M' N H(0) = M. Then M
is a p-guessing model for x if and only if M’ is a p-guessing model for x.
In particular, G7 (H(0) is stationary in &, H(0) if and only if Gi;  H(0")
is stationary in P.H(0').

(2) Suppose that M < H(0), M' < H(¢'), and M' N H(0) = M. If M’ is
a p-guessing model, then M is also a p-guessing model. In particular,
GMP(u, k,0") implies GMP(u, , ).

The proofs of the following propositions are essentially the same as those of [25,
Propositions 3.2 and 3.3]; we include them for completeness.

Proposition 4.12. Let p < k < 0 be regular uncountable cardinals, and let Y C
P.H(0) be stationary. If ISPy (u, k, H(0)) holds, then GMPy(u, k,0) holds.

Proof. Suppose for sake of contradiction that there is a club C C Z, H(0) such
that every element of C'N) is not a u-guessing model. Then for every M € C'N Y,
we can fix a set zpr € M and dps C zps such that dps is (u, M)-approximated but
not M-guessed. The same is easily seen to also be true for dy; N M, so we can
assume that dyy € M. For M € &, H(0)\ CNY, let dys be an arbitrary subset of
M. This defines a (x, H(0))-list D := (dps | M € P,,H(0)).

We claim that D is p-Y-slender. Let 8 > |H(0)| be a regular cardinal, and let
C'={MecCtP.HWO)| M < H®)}. Then C’is a club in L H(#'), and the
fact that C’ witnesses the pu-Y-slenderness of D follows immediately from the fact
that dps is (u, M)-approximated for all M € C' N Y.

We can therefore apply ISPy (u, , H(0)) to find a Y-ineffable branch d of D. Let
So:={M e CnNnY|dnM =dy}. Then Sy is stationary in &, H (), so, by an
application of Fodor’s lemma, we can fix a stationary S; C Sy and a fixed set z
such that zp; = z for all M € Sy. Since Sy is C-cofinal in &, H(6), it follows that
d C z, and hence d € H(#). We can therefore find M € Sy such that d € M. But
then dy; N M = d N M, contradicting the fact that dy; is not M-guessed. [
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Proposition 4.13. Let p < k < X be regular uncountable cardinals, and let ) C
P\ be stationary. Suppose that there is a regular cardinal 0 > \<F such that
GMPy: (u, k,0) holds, where Y' := Y 1 P.H(0). Then ISPy (u, r,A) holds.

Proof. Let D = (d, | x € Z£,.\) be a p-Y-slender (k, A)-list. We will find a Y-
ineffable branch for D. Let C C 2, H(AT) be a club witnessing that D is u-Y-
slender. By our hypothesis, we can find an M € £ ,H(6) such that D,y € M,
MNHMY) € C, MNX €Y, and M is a u-guessing model for A\. By the fact
that M N H(AT) € C, we have dyjny Ny € M for all y € M N &, A\, which directly
implies that dyny is (s, M)-approximated. Since M is a p-guessing model, there
is e € M such that e N M = dy;nx N M = dpnn. Note that, since dpnxn € A and
A € M, it follows that e C .

We claim that e is a V-ineffable branch for D. Let S:={z € Y |ena = d,},
and note that M N A € S. If S were not stationary, then there would be a club
E C 2.\ such that ENS = ). Since everything needed to define S is in M, we
can assume by elementarity that £ € M. But then, since F is a club, we have
MNAX € E, and we already saw that M NA € S, contradicting the assumption that
E NS = (. Therefore, e is indeed a Y-ineffable branch for D. O

Corollary 4.14. Suppose that p < k are reqular uncountable cardinals. Then the
following are equivalent:

(1) 1SP(p, K, > K);
(2) GMP(p, k, > K).

Proof. This is immediate from Propositions 4.12 and 4.13. [

Note that there is a local asymmetry between Propositions 4.12 and 4.13: by
Proposition 4.12, ISP(u, &, |H(0)|) implies GMP(u, x, H(6)), but Proposition 4.13
does not provide an exact converse to this fact. Instead, we must assume that
GMP(u, k, H(#")) holds for some ¢ > |H(#)| to conclude that ISP(u,x,|H(0)|)
holds. We now show that this is necessary; in fact, GMP(u, , H(#)) does not in
general imply even ITP(x, |[H(0)|). We first need the following standard proposition.

Proposition 4.15. Suppose that k < 6 are regular uncountable cardinals, S C
P.H(0) is stationary, and P is a |H(0)|-strategically closed forcing notion. Then
S remains a stationary subset of 2, H(0) in VF.

Proof. Note first that, since P is |H (0)|-strategically closed and thus certainly <6-
distributive, we have H(0)V = H(0)VI¢ and (2,.H(0))" = (2.H(0))VI]. By
Proposition 3.4, it suffices to show that, for every p € P and every P-name §
for a function from [H(0)]* to £, H (), there is ¢ <p p and M € S such that
q IFp “M is closed under ¢”. To this end, fix such a p and ¢, and enumerate H(6)
as (o | @ < |H(0)|). For all 8 < |H(O)], let X5 := {zo | @ < B}. Using
the fact that P is |H (9)|-strategically closed, recursively construct a <p-decreasing
sequence (pg | < |H(0)|) such that py = p and, for all 5 < |H(0)|, pg+1 decides
the value of ¢ | [X;3]?, say as g5 : [X5]? — P.H(0). Let g* = Us<#(0) 98-
Then g* : [H(0)]> — P.H(0), so we can find M € S such that M is closed
under g*. Let 8 < |H(8)| be large enough so that M C Xg (this is possible, since
cf(|H(0)]) > 0 > k). Then pg IFp “g | [M]? = gg | [M]?”, so pg forces that M is
closed under g. [
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Theorem 4.16. Suppose that p < k < 0 are regular uncountable cardinals, |H(0)]
is a regular cardinal, and GMP(u, ,0) holds. Then there is a forcing extension,
preserving all cofinalities < |H ()|, in which GMP(u, x,8) + O(|H(0)|) holds; in
particular, ITP(k, |H(0)|) (and hence ISP(u, &, |H(0)|)) fails in this model.

Proof. Let A := |H(0)|. Let P be the standard forcing poset to add a CJ(\)-sequence
by closed initial segments (cf. [15, §3] for a precise definition of P and proofs of
relevant facts thereon). PP is A-strategically closed, so (2. H(0))V = (2,.H(#))"C].
It follows that every p-guessing model M € L, H(f) in V remains a p-guessing
model in V[G], since no new subsets of M are added by forcing with P. In addition,
Proposition 4.15 implies that the set of such u-guessing models remains stationary
in VE. Therefore, V¥ satisfies GMP(y, &, 0) + O(X).

To see that ITP(k,\) fails in VP, simply appeal to [26, Theorem 4.2], which
states that, if ¢f(\) > & and () (or even a substantial weakening of CJ(A)) holds,
then ITP(x, \) fails. O

4.1. A question of Fontanella and Matet. Let us take a brief detour to show
that the results of Section 2 provide an answer to a question of Fontanella and
Matet from [7]. In that paper, the authors consider the tree property TP(k, ) as
well as an apparent weakening, which they denote TP~ (k, \).

Definition 4.17. TP~ (x,\) is the following assertion: If D = (d, | z € P, \)
is a (K, A)-list for which there is a strongly closed, cofinal C' C 2.\ such that
Hd: Nyly Cx e P} <k for every y € C, then D has a cofinal branch.

The authors isolate a certain partition relation, denoted PS(x, ), and prove
that PS(k, A) implies TP~ (k, A). They then ask whether PS(x, \) implies TP(k, A)
and, in particular, whether TP~ (k,A) and TP(k, \) are equivalent. The following
corollary gives a positive answer to both questions.

Corollary 4.18. Suppose that TP(k,A) holds, and suppose that D = (d, | = €
PpA) is a (k, N)-list for which there is a cofinal Y C P\ such that |{d; Ny |y C
x € P A} <k for everyy € Y. Then D has a cofinal branch.

Proof. Define a P Atree T = (T, | ¢ € P, A) from D as in Remark 4.5. In
particular, T, := {d, Ny|y Cz € LA} for all x € P \. Then T is k-Y-thin, so,
by Proposition 2.5, we can find a well-pruned subtree 77 = (T, | x € P \) of T.
The fact that 7" is well-pruned implies that |T;| < |T}| for all z C y € P, A. In
particular, since T is x-Y-thin and Y is cofinal in Z A, we have |T,.| < & for all
x € PeA Now let D' = (d, | z € P\) be a (k, M)-list such that dl, € T, for all
x € P\ D' is thin, so, by TP(k, ), it has a cofinal branch, d. By construction,
for all z € P, A, there is y € P\ such that y D « and d), = d, N x; it follows that
d is a cofinal branch through D, as well. O

Corollary 4.19. If Y C P, X is cofinal, then TP(k, A) is equivalent to TPy(k, ).

4.2. Approachability and separating ISP from ITP. It follows immediately
from the definitions that, for A > wy, we have

|SP(W1,L«J2, )\) = ISP(CUQ,WQ, )\) = |TP(WQ,>\),
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and, as mentioned above, we will see in Theorem 9.9 that ISP(ws, w2, \) does not
imply ISP(w1,ws, A). This raises the natural question of whether ITP(wy, A) implies
ISP (w2, ws, A). In this subsection, we answer this question negatively.?

We first note that ISP(ws,ws,ws) implies a failure of approachability.

Proposition 4.20. Suppose that ISP(wa, we,ws) holds. Then —AP,,, holds.

Proof. In [25, Corollary 4.9], Viale and Weiss show that ISP(w;,ws,ws) implies
—AP,, (for a more detailed proof, using guessing models, see [2, Proposition 2.6]).
An examination of the proofs in [25] and [2], though, shows that they only really
need ISP (ws, wa, ws). ]

We next show that ITP(ws, A) is consistent with AP, .

Proposition 4.21. Suppose that k is a supercompact cardinal. Then there is a
forcing extension in which k = wy and ITP (w2, A) holds for all A > ws.

Proof. We use the Mitchell forcing variation My from [4, §3.2], with the parameter
“k” from that paper set to be w. As shown in [4, §3.5], in V™o we have wy € I[ws],
i.e., AP, holds.

In [6], Fontanella proves that, in the extension by a slightly different variant of
Mitchell forcing, ITP(ws, ) holds for all A > wy. The same argument works for
My; the key point is that My, as well as all of its quotients over initial segments
of inaccessible length, have the property that there are projections onto them from
products PxQ, where P is the forcing to add k-many Cohen reals and Q is countably
closed (see Section 8 below for more about Mitchell forcing and this property in
particular). O

The following is now immediate.

Corollary 4.22. Suppose that k is a supercompact cardinal. Then there is a forcing
extension in which ISP (we, wa,wa) fails but ITP(wa, A) holds for all A > ws.

5. SLENDER TREES AND THE ALMOST GUESSING PROPERTY

In this section, we isolate a guessing principle in the style of GMP(...) that pro-
vides an alternative formulation of SP(...) in the same way that GMP(...) provides
an alternative formulation of ISP(...). We begin with a rough heuristic that the
reader may or may not find helpful. Note that the guessing models witnessing
principles of the form GMP(...) are in effect performing two roles. First, they are
approximating a given set of interest. Second, they are guessing this set, and pro-
viding the setting for subsequent elementarity arguments. The fact that ISP(...)
produces ineffable branches for slender lists, i.e., branches whose small pieces are
precisely approximated by the elements of the list at stationarily many entries, is
what allows us to find guessing models that fulfill these two roles simultaneously.
When we only have SP(...), though, and are not necessarily able to find ineffable
branches, it is possible that these two roles must be pulled apart and fulfilled by
two different sets, the second a possibly proper subset of the first. We now make
this heuristic more precise.

2For concreteness, we focus here on wa, but analogous arguments work at other double succes-
sors of regular cardinals.
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Definition 5.1. Let u < k < 6 be uncountable cardinals, with x and 6 regular,
and suppose that z € H(#), S C £,.H(0) is cofinal, and M C H(6). We say
that (M, x) is almost p-guessed by S if x € M and, for every (u, M )-approximated
subset d C x, there is an N € S such that

ez € NCM; and
e d is N-guessed.

Definition 5.2. Let u < k < 6 be uncountable cardinals, with x and 6 regular,
and let Y C &, H(0) be stationary. We say that AGPy(u, k,6) holds if for every
cofinal S C P, H(0) and every x € H(0), the set of M € Y such that (M, z) is
almost p-guessed by S is stationary in &2, H (6).

All of the notational conventions regarding GMPy (. ..) from Remark 4.10 apply,
mutatis mutandis, to the setting of AGPy(...).

Theorem 5.3. Let u < k < 0 be uncountable cardinals, with k and 0 regular, and
let Y C P,.H(0) be stationary. If SPy(u, k, H()) holds, then AGPy (u, k,0) holds.

Proof. Suppose that SPy(u, s, H(#)) holds. Fix a cofinal S C &, H(#) and a set
x € H(0), and assume for sake of contradiction that there is a club C' C &, H(0)
such that, for all M € CNY, (M,z) is not almost u-guessed by S. By thinning
out C if necessary, we can assume that x € M for all M € C. Therefore, for each
M e CNY, we can fix a set dyy C x such that dps is (u, M)-approximated but
there is no set N € S such that x € N, N C M, and dp; is N-guessed. As in the
proof of Proposition 4.12, by replacing dj; by dy; N M if necessary, we can assume
that dpy € M. For M € Z,H(0) \ CN)Y, choose an arbitrary M* € C' N such
that M C M*, and let dy; := dp+« N M.

Let D := (dy | M € P,H(0)). Again as in the proof of Proposition 4.12, it
follows that D is a u-Y-slender (k, H(6))-list. Therefore, by SPy(u, x, H(6)), we
can find a cofinal branch d C H(6) through D. Since dy; C x for all M € &2, H(0),
it follows that d C z, and hence d € H(#). We can therefore fix an N € S such that
d,z € N and then fix an M € P, H(0) such that M O N and dN N = dp; N N.
We can assume that M € C'NY; (if not, we can replace it with the M* used in the
definition of dys, since dpr = dp~ N M). But then dy is N-guessed, as witnessed
by d, contradicting the fact that there is no N € S such that z € N, N C M, and
dpr is N-guessed. ([l

Theorem 5.4. Let p < k < A be uncountable cardinals, with k and 0 regular, and
let Y C P\ be stationary. Suppose that there is a reqular cardinal 0 > \<* such
that AGPy/ (i, k,0) holds, where Y’ :=Y 1+ P,H(0). Then SPy(u,r, ) holds.

Proof. Let D = (d, | x € &, \) be a p-Y-slender (k, A)-list. We will find a cofinal
branch for D. Let C C Z,H(\") be a club witnessing that D is p-Y-slender.
Let S be the set of N < H(6) such that |[N| < k, D € N, and NNk € k. By
hypothesis, we can find M € 22,H(0)NY' such that M NH(AT) € C and (M, \) is
almost p-guessed by S. Since M N H(AT) € C and M N H(\) € Y, the fact that C
witnesses that D is p-Y-slender implies that dysqy is a (u, M)-approximated subset
of A\. Therefore, we can find N € S such that N C M and dy;ny is N-guessed, i.e.,
there is e € N such that eN N = dp;na N N.

Since dprnn C A, it follows from the elementarity of N that e C A\. We claim
that e is a cofinal branch of D, which will finish the proof. To verify this claim,
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first fix an arbitrary x € Z, AN N. Since N Nk € k, it follows that |z| C N and
hence, by elementarity, x C N. In particular, we have e Nz = dp;nx N z. Now

H) E“ze P Nz2D2xandenz=d,Nx)”,

as witnessed by M N A. By elementarity, N satisfies this statement as well. Since
this holds for all x € #Z. AN N, we have

NEYre PANFze P ANzD2randenNe=d,Nax)”.

Again by elementarity, this statement holds in H(#). But this is precisely the
assertion that e is a cofinal branch of D, as desired. ([

We therefore obtain the following corollary, proving half of Theorem A.

Corollary 5.5. Suppose that p < Kk are reqular uncountable cardinals. Then the
following are equivalent:

(1) SP(p, ki, > K);

(ii) AGP(p, k,> K).

In analogy with the principle TP~ (k, A) from subsection 4.1, we will also be in-
terested in weakenings of the slender tree property and almost guessing property
in which “club” and “stationary” are replaced by “strong club” and “weakly sta-
tionary”. Unlike the situation with TP~ and TP however, we do not know whether
these weak versions are equivalent to their seemingly stronger relatives.

Definition 5.6. Let 4 < k < X\ be uncountable cardinals, with s regular, and let

Y C .\ be weakly stationary.

(i) We say that a (k,A)-list D = (d, | ¢ € P\ is strongly p-Y-slender if for a
sufficiently large regular cardinal € there is a strong club C' C £, H(0) such
that, for all M € C and all y € M N P\, it M N A€ Y, then there is e € M
such that we have dy;ny Ny =eNy.

(ii) The weak (u, x, X)-slender tree property on ), denoted wSPy (i, k, A), is the
assertion that every strongly p-Y-slender (k, A)-list has a cofinal branch.

(iii) For a regular cardinal § > k and a weakly stationary )’ C %, H(0), the
principle wAGPy (u, k,6) is the assertion that for every cofinal S C £, H(0)
and every « € H(0), the set of M € &#,H(#) N)' such that (M, ) is almost
u-guessed by S is weakly stationary in &2, H ().

Again, the notational conventions from Remarks 4.8 and 4.10 apply to the prin-
ciples wSPy(...) and wAGPy(...), respectively.

Remark 5.7. Note that our formulation of strongly p-slender differs from the
formulation of p-slender in that the conclusion does not require dyny Ny € M
but rather the existence of e € M such that dynx Ny = eNy. These are clearly
equivalent if M is closed under finite intersections, but since we cannot assume that
all elements of a strong club are closed under intersections (unlike the situation with
clubs), this seems like the more appropriate definition.

Remark 5.8. Just as in Fact 4.2, it can be shown that a thin (k, A)-list is in fact
strongly k-slender, so wSP(k, k, ) is enough to imply TP(k, A).

The straightforward analogues of Theorems 5.3 and 5.4 hold for wSP and wAGP.
The proofs are essentially identical, so we omit them, noting only that, in the proof
of the analogue of Theorem 5.3, when verifying that the constructed (r, H(0))-list
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is strongly p-)i-slender, it is important that the conclusion in the definition of
strongly p-slender is weakened from the conclusion of p-slender, as discussed in
Remark 5.7. We therefore obtain the following corollary, completing the proof of
Theorem A.

Corollary 5.9. Suppose that u < Kk are reqular uncountable cardinals. Then the
following are equivalent:

(i) WSP (1, 5, > 1);

(ii) wAGP(u, k,> K).

5.1. Guessing models for small sets. In this subsection, we examine weakenings
of GMP in which we only require models to be guessing for sets of some fixed small
cardinality. We will see that such principles do not require the full power of ISP(...)
but in fact follow already from an appropriate instance of SP(...). At the same
time, these principles are strong enough to imply statements such as the failure of
the weak Kurepa Hypothesis. For concreteness, we focus on guessing models for
sets of size wy, but it will be evident how to adjust the results for other values of
the relevant parameters.

Let us say that M is a guessing model for sets of size wy if for every z € M with
|z| = w1, if d C z is (w1, M)-approximated, then it is M-guessed. We first show
that if M is a guessing model for z for some set z € M, then M is a guessing model
for y for all sets y in M which have the same size as z. Therefore to show that

{M < H(0)||M| < wy and M is a guessing model for sets of size wy }

is stationary, it is enough to show that GZ_ H(0) is stationary for some z € H(f) of
size wy.

Lemma 5.10. Let M < H(0) and z € M. If M is a guessing model for z, then
M is a guessing model for y for every y € M such that |z| = |y|.

Proof. Let M < H(0) be a guessing model for z and let y € M have the same
size as z. This means that there is in M a bijection f : y — z. Let d C y be M-
approximated. Then f”d is a subset of z, which is also M-approximated. To see
this, let @ C z be a countable and in M. Then an f”d € M, since f~1"(an f"d) =
f~Yandis in M. Therefore there is e € M, e C z such that eN M = f’dN M
and hence f~'"’eNM =dnN M. O

Lemma 5.11. Assume that SP(wy,ws, H(A)) holds. Then for all z € H(0) with
|z| = w1, the set G2, H(0) is stationary in P, H(0).

Proof. Assume for sake of contradiction that z € H(0), |z| = w1, and G _H(0) is
nonstationary. This means that there is a club C C £, H() such that for all
M € C there is dyy C z € M such that dp is (wq, M)-approximated but not M-
guessed. Note that we can assume that z is also a subset of M for all M € C since
z has size wy. For N € &, H(0) \ C, choose M € C such that N C M and let
dy :=dy NN.

Let D = (dy | M € £,,H()). Again as in the proof of Proposition 4.12, it
follows that D is an wy-slender (we, H(6))-list. Therefore, by SP(w,ws, H(#)) there
is d C H(6) such that for all M € C there is N O M such that

(1) dNM =dy N M.
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By our definition of D, we can always choose such an N to be in C. By (1), d
is a subset of z and in particular it is in H(f). Let M in C be such that d € M.
Then there is N D M such that N € C and dN M = dy N M. We then have

(2) d=dnNM=dyNM=dy =dynN.

The first equality above holds because d C z C M, and the last two equalities
hold because dy C 2z C M C N. But thend € N and dNN = dyNN, contradicting
the assumption that dy is not N-guessed. (Il

Putting together a couple of results, we can actually show that SP(wq,ws, H(w2))
is sufficient to obtain the conclusion of the previous lemma.

Corollary 5.12. Assume that SP(w1,wa, H(w2)) holds. Then for every regular
0 > wo, the set

{M < H()||M| <wy and M is a guessing model for sets of size wy}
is stationary in P, H(0).

Proof. By Lemma 5.10, it is enough to show that, for every regular 6 > wo, G&1 H(0)
is stationary in Z,,, H(). By Clause 1 of Proposition 4.11, this is equivalent to the
assertion that G&1 H (wz) is stationary in &, H(wz). By Lemma 5.11, this follows
from the hypothesis of SP(wy,ws, H(ws)). O

Since every element of H(w9) has cardinality at most wy, it follows that the prin-
ciple GMP (w1, wa, H(w2)) is equivalent to the conclusion of the previous corollary.
In particular, as a special case of Theorem 9.3 below, we see that the existence of
guessing models for sets of size w; is sufficient to imply the nonexistence of weak
Kurepa trees.

6. SUBADDITIVE FUNCTIONS AND WEAK GUESSING PROPERTIES

Definition 6.1. Suppose that y and A are infinite cardinals and ¢ : [A\]*? — x.
We say that c is subadditive if, for all a < 8 < v < A, the following two triangle
inequalities hold:

(i) ela,y) < max{e(a, B),c(8,7)};

(i) cla, B) < max{e(a, 7). c(8,7)}.
We say that c is strongly unbounded if, for every unbounded A C X, c“[A]? is
unbounded in .

In [16, Theorem 10.3 and Proposition 6.1], it is shown that GMP(wy,ws, > ws)
implies that, for every regular A > wo, there are no subadditive, strongly unbounded
functions ¢ : [A\]> — w. We now prove a generalization and strengthening of this
result by proving that the nonexistence of subadditive, strongly unbounded func-
tions follows from relevant instances of wAGP(...). Together with Corollary 6.4,
this yields clause (2) of Theorem C. In Section 8, we will see that the hypotheses
of the following theorem hold, for instance, after forcing with M(u, k) when & is
strongly compact, where p is a regular infinite cardinal and M(u, k) is the Mitchell
forcing that collapses k to be put.

Theorem 6.2. Suppose that the following hypotheses hold:
(1) x < xT < K < X are infinite cardinals, with k regular and cf(\) > k;
(2) Y :={Me P, H\T) | ct(sup(M N A)) > x};
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(3) WAGPy(k, k, \T) holds.
Then there are no subadditive, strongly unbounded functions c : [\]> — x.

Proof. Fix a subadditive function ¢ : [\]> — x. We will find an unbounded A C A
such that ¢“[A]? is bounded below .
For each 3 < A and each ¢ < x, let cg; : B — x be defined by setting

coi(a) = 4 CL0B) i ela B) 2
o 1 if (o, B) < i.

Note that the subadditivity of ¢ implies that, for all « < 8 < A and all i < ¥, if
cla, B) < i, then cg; | o = ¢q,;. We will think of functions such as cg,; as subsets
of A x x in the natural way.

Let S be the set of N < H(AT) such that |[N| < k, x € N, ¢ € N, and
cf(sup(NNA)) > x. Since wWAGPy (k, k, H(AT)) holds, there are weakly stationarily
many M € Y such that (M, A X x) is almost k-guessed by S. In particular, we can
find such an M € Y with the following additional properties:

e c,AXweEM;

o forall € M NAXandalli<6, wehave cg; € M;

e forall z € MNP, (XX x), we have sup{a < A | 3i < x[(a,9) € 2]} € M.
Let v := sup(M N \). Since M € ), we have cf(y) > x. We can therefore fix an
1o < x and an unbounded B C M N A such that, for all 8 € B, we have ¢(8,7) = ig.

Claim 6.3. ¢, is (k, M)-approzimated.

Proof. Fix aset z € MNP, (Axx). We must find e € M such that ¢, ;,Nz =eNz.
We have sup{a < A | 3i < x[(a,i) € 2]} € M, so we can find 8 € B such that
z C Bxx. Since ¢(8,v) = i, we have ¢y ;, | 8 = ¢g,i,, and hence ¢, ;,Nz = cg,4,Nz.
Moreover, we have cg ;, € M, so cg;, is as desired. g

Since (M, A x x) is almost x-guessed by S, we can find N € S such that N C M
and cy;, is IN-guessed, i.e., there is e € N such that ¢, ;, "IN = eN N. Note that
Cy,i, NN is a function from NN to x. By elementarity and the fact that x4+1 C N,
it follows that e is a function from X to x. Let § := sup(NNA). Since N € S, we have
cf(6) > x. We can therefore find i1 € [ig, x) such that Ag := {a € NNA | e(a) < i1}
is unbounded in §. Let A := {& < A | e(er) < i1} All of the parameters needed
to define A are in N, so A € N. Moreover, N | “A is unbounded in \”, so, by
elementarity, A is in fact unbounded in A. We will therefore be finished if we show
that c¢(a,8) < 4y for all @ < 8 in A. By elementarity, it suffices to show that
c(a, B) < iy for all @« < B in N N A.

To this end, fix @ < §in NNA. By definition of A, we know that e(«), e(8) < i.
Since N € M, eNN = ¢y, N, and i1 > 1o, it follows that max{c(c, ), c¢(8,7)} <
i1. By the subadditivity of ¢, we can conclude that ¢(«,3) < i1, finishing the
proof. O

Corollary 6.4. Suppose that ws < k < X are regular cardinals,
Vi={Mec P H\") |cf(sup(M NN)) > w},
and wAGPy (k, k, AT) holds. Then O(X\) fails.

Proof. By the combination of [16, Proposition 6.5] and [17, Theorem 3.4], J(X)
implies the existence of a subadditive, strongly unbounded function ¢ : [A\]? — w.
The corollary now follows from Theorem 6.2. (]
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7. PRESERVATION LEMMAS

In this section, we prove a variety of preservation lemmas that will be used in
our consistency results in the remaining sections of the paper.

Lemma 7.1. Suppose that u < rk are regular uncountable cardinals, A is a kK-
directed poset, T is a A-tree, P is a p-c.c. forcing notion, and

IFp “there is a cofinal branch through T”.

Then there is a cofinal branch through T in V.

Proof. Let b be a P-name for a cofinal branch through 7'. For each u € A, let
T :={seT,|IpePplre “blu) = s"]}.

Note that, if u <y v, t€T,,s =t [ u, p € P, and p IFp “b(v) = t”, then we also
have p IFp “b(u) = s”. It follows that 7" := ((T!, | u € A), <) is a subtree of T,
where <7 is the restriction of <t to UUGA T!. Also, since P has the p-c.c., we
know that |T),| < u for all w € A. In particular, since u < x and A is k-directed,
T’ is very thin. By Lemma 2.7, 7" has a cofinal branch, which is plainly a cofinal
branch through 7', as well. O

Lemma 7.2. Let £ be a cardinal and p < k be reqular cardinals such that 2* > &
and 2<F < k. Let Q be a p*-closed forcing and P be u*-cc. Assume that A is a
k-directed poset in V. If T is a A-tree with width at most & in VE, then forcing
with Q over VT does not add a cofinal branch through T .

Proof. Let p € P be a condition which forces that 7" is a A-tree of width at most
¢, and assume further that for some ¢ € Q, (p, q) forces that b is a cofinal branch
through 7" which is not in V¥ (we view b as a P x Q-name).

First we prove the following auxiliary claim.

Claim 7.3. Assume that ¢, and ¢} are conditions in Q which extend q, and let
x' € A. Then there are a mazimal antichain'Y in P below p, conditions qo <g 4,
@1 <q qi, and & >p x' such that whenever p' € Y, then (p',qo) and (p',q1) force
contradictory information about b on level z; i.e. there are P-names iy and i, such
that p’ IFp tg # 1, € T, and

(', q0) IFexq b(x) = to and (', q1) IFexq b(z) = i1.

Proof. Let q),q; <g ¢ and ' € A be given. We will construct by induction a
maximal antichain Y = {p} € P|i < v} below p, decreasing sequences (g} |i < 7)
and (g} |i < ) of conditions in Q and a <,-increasing sequence (z;|i < ), for
some v < pT.

Assume § < pt and we already constructed {p; € P|i < 6}, (g)|i < ), {¢i]i <
d) and (x;|i < 0). Suppose that {p, € P|i < §} is not a maximal antichain in P
below p. We distinguish two cases: (A) 4 is a successor ordinal, and (B) § is a limit
ordinal.

Case (A). Suppose § = &’ + 1. Since {p}|i < §} is not a maximal antichain in
PP below p, there is p* € P such that p* <p p and p* is incompatible with p} for all
i < 6. Now, consider the condition (p*,¢¥,) and zs. Since b is forced by (p,q) to
be a cofinal branch through 7' which is not in V¥, there are 2/ >a zg, p/ <p p*,
and 79 and r; both extending ¢ in Q, such that (p/,70) IFpxg b(x’) = {y and
(P',71) Fpxo b(x’) = {1, where ¢y and £, are forced by p’ to be distinct elements of
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T,. Moreover, let (p”,73) < (p/, q}) be such that it decides b on level z’; i.e there
is a P-name ¢ such that (p”,r2) IFpxo b(x’) ={. Since p” < p’ and p’ IFp o # £,
p" has to force that ¢ # fg or  # 1. If p” forces that ¢ # £y then define ¢§ = ro, if
not then define ¢) = r1. Let p§ = p”, ¢} = ry and z5 = 2.

Case (B). If § is a limit ordinal, then we first take ¢ and ¢ to be some lower
bounds of {(gf|i < &) and {(qi|i < J) respectively and z* be an upper bound of
(x; 4 < d). Then we proceed as in the successor step, using ¢g, ¢ and x* instead
of qg,, q(%/ and x4/, respectively.

By the xT-cc of P, the inductive construction must stop at some § < kT in the
sense that {p;|i < J} is a maximal antichain in P below p. Let Y = {p}|i < ¢},
let go and g; be some lower bounds of (¢{ |i < §) and (g} | i < ), respectively, and
finally let « be an upper bound of {z; | < d}.

It is easy to verify that for every p’ € Y, (p',qo) and (p’, q1) force contradictory
information about b on level z. This follows immediately from the construction of
Y, qo and ¢;. [

Iteratively using Claim 7.3, one can build a labeled full binary tree .7 in 2<#
such that for every s € 2<¢ there are ¢, € Q, z, € A and Y, C P such that the
following hold:

(1) For all s € 2<#, g, < q and Y is a maximal antichain in P below p.

(2) For all s € 2<F and p' € Yy, (0, qs~0) and (p/,gs—~1) force contradictory

information about b on level Ts.

(3) For all f € 2#, the conditions (g | < p) are decreasing in <.

(4) For all f € 2#, the sets (x| @ < p) are increasing in <4.
Suppose for the moment that .7 has been constructed; then we can conclude the
proof as follows. Since 2<# < k and A is k-directed, we can fix an x € A such that
x5 <p x for all s € 2<#. Let G be a P-generic filter over V such that p € P. Next,
still in V, let us fix lower bounds gy of (g | < p) for all f € 2/ (they exist since
Q is put-closed in V). In V[G], for each f, we find q} < gy such that q} decides b(:r)
We claim that, for each f # g € (24)V, qy and g force contradictory information

about b on level z. To see this, assume that f # g € (2M)V. Let s = fNg, and
without loss of generality let f extend s—0 and g extend s 1. By the properties
of the tree 7, there is p’ € Yy such that p’ € G and (p’, gs~0) and (p’, gs—~1) force
contradictory information about b on level z,. Since q} < gs—~p and q; < @s—1,

(', q}) and (p', qy) force contradictory information about b on level z,, and hence
also on level z >, x,. However, this is a contradiction since 2# > ¢ and there are
only < ¢ many nodes on level x in T’; i.e., < £ many possible values of b(ac)

To finish the argument it is enough to construct the tree 7. The construction
will proceed by induction on the length of s; during the construction we will also
construct an auxiliary increasing sequence (. |« < p) of elements of A.

For a = 0, let gy = q and let zy = zy be an arbitrary element of A.

Assume now that we have constructed 7 [«. If « is limit, then for s € 2%, let
gs be a lower bound of (gqs |8 < &) and z, an upper bound of {z; € A|¢ € 2<*}.
Note that z, exists since we assume that A is x-directed and 2<# < .

If a is equal to B+ 1, and s € 2P, then the existence of gs—~¢, gs—~1 € Q, x5 € A
and Y follows from Claim 7.3 starting with ¢, = ¢} = ¢s and 2’ = x,, and defining
Ys =Y, g0 = qo, ¢s~1 = q1 and x; = x. The properties (1)—(4) of the labeled
tree  now follow immediately from the construction. O
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Corollary 7.4. Let £ be a cardinal and p < & < X be reqular cardinals such that
24 > € and 2<H < k. Let Q be pt-closed forcing and P be u*-cc. If T is a P \-tree
with width at most & in VT, then forcing with Q over V¥ does not add a cofinal
branch through T

Proof. Note that, since P is pt-cc, (Z,\)V is C-cofinal in (2,))" . Hence the
proof follows immediately from the previous theorem. If T"is a (f@,i)\)vp—tree in VP
with a new cofinal branch in V¥*Q then T" = {T, |z € (#,)\)"} also has a new
cofinal branch in VF*Q, which is a contradiction to the previous theorem. O

We next recall the covering and approzimation properties, introduced by Hamkins
(ct. [9]).
Definition 7.5. Suppose that V' C W are transitive models of ZFC and p is a
regular uncountable cardinal.

(1) (V, W) satisfies the p-covering property if, for every x € W such that x CV
and |z|" < p, there is y € V such that |y|¥ < p and x C y.
(2) (V,W) satisfies the u-approzimation property if, for all x € W such that
xCVand zNz eV for all z €V with |z| < p, we in fact have z € V.
A poset P has the u-covering property (resp. p-approximation property) if, for every
V-generic filter G C P, the pair (V,V[G]) has the u-covering property (resp. u-
approximation property).

Lemma 7.6. Suppose that V. C W are transitive models of ZFC, k is a regular
uncountable cardinal, and (V,W) has the k-approzimation property. Suppose also
that, in V, A is a k-directed partial order and T is a A-tree. Then every cofinal
branch through T in W is already in V.

Proof. Suppose that b € W is a cofinal branch through 7. We will show that
b € V. Towards an application of the k-approximation property, fix a set z € V
with |z] < k. We want to show that b Nz € V, so we may as well assume that
z CU{{u} x T\, | u € A}, since b is also a subset of this set. Let

W={ueA|3teT,(u,t) € 2]}

Then |W| < k and A is k-directed, we can find v € A such that u <, v for all
u € W. Let s :==b(v). Then bNz = {(u,t) € z | t <p s}. All of the parameters in
the right-hand side of this equation are in V', so bz € V. Since z was arbitrary,
the k-approximation property implies that b € V. O

Lemma 7.7. Suppose that V. C W are models of ZFC, k is a reqular uncountable
cardinal in V, (V,W) satisfies the k-covering property, A is a k-directed partial
order in'V, and T is a A-tree in V. Suppose also that, in W, P is a k-c.c. forcing
that adds a new cofinal branch to T. Then there is a k-Suslin tree S € W such that
P adds a cofinal branch to S.

Proof. Work in W, and let b be a P-name for a new cofinal branch through T". For
allu € A, let B, :={t €T, |3IpeP (plp “b(u) = t”)}. Since P has the s-c.c.,
each B, has cardinality less than k.

We now recursively define a <j-increasing sequence (u, | n < x) as follows. First,
since IFp “b ¢ W”, we can find ug € A such that |B,,| > 1. Next, suppose that n < &
and we have defined u,,. For each ¢t € B,,, again using the fact that IFp “p ¢ W”,
we can find u,; € A such that u, <a u,¢ and {t' € By, , [ t' [ uy = t}| > 1.
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Since | By, | < , (V, W) satisfies the s-covering property and A is s-directed in V,
it follows that we can find u,4+1 € A such that u, ; <a uy41 forallt € Bun- Finally,
if £ < K is a limit ordinal and we have defined (u,, | n < §), again use the s-covering
property to find ug € A such that u, <a ug for all n < ¢&.

Now define a tree S by letting the underlying set of S be (J{B., | n < s} and
letting the ordering <g be the restriction of <p to S. It is immediate that S is
a tree of height x and, for all < x, the n*" level of S is precisely By,,. Since
|Bu, | < &, it follows that S is a s-tree. Moreover, it follows from our construction
that, for all n < € < k and all t € B,,, there are distinct #9,?1 € By, such that
to [ uy = t1 [ uy = t. Therefore, S is splitting, so to show that S is x-Suslin, it
suffices to show that it has no antichain of cardinality . To this end, suppose that
(to | @ < k) is a sequence of elements of S. For each a < &, fix 7, < k such that
to € By, . For each a < k, fix p, € P such that p, IFp “b(una) =t,”. Since P has
the k-c.c., we can find o < 8 < s such that p, and pg are compatible in P. Let ¢ € P
be a common extension of p, and pg. Then ¢ Ikp “(b(uy,, ) = ta) A (l}(unﬁ) =tg)".
In particular, it follows that ¢, and ¢g are comparable in S, so (t, | @ < k) is not
an antichain in S.

Finally, the interpretation of b in any forcing extension by P defines a cofinal
branch through S, namely {b(u,) | 7 < x}. Therefore, P necessarily adds a cofinal
branch to S. O

8. MITCHELL FORCING

A variant of Mitchell forcing will be one of our primary tools for proving consis-
tency results. We begin this section by briefly reviewing its definition and some of
its important properties. Throughout this section, let 1 be an infinite cardinal such
that u<* = u, and let § be an ordinal with cf(§) > u. In practice, § will typically
be (at least) a Mahlo cardinal, but will sometimes need to consider ¢ of the form
j(k), where j : V' — M is an elementary embedding with critical point x, in which
case ¢ is inaccessible in M but may not even be a cardinal in V.

For this section, let P denote the forcing Add(p,d) for adding §-many Cohen
subsets to p. More precisely, P consists of all partial functions of size <u from
4 to <H2, where, for q,p € P, we have ¢ <p p if and only if dom(q) O dom(p)
and, for all @ € dom(p), g(a) end-extends p(a). For f < J, let Pz denote the
suborder Add(u, ). We can now define the variant of the Mitchell forcing that
we will use, M = M(y,d), as follows. First, let A be some unbounded subset
of § with min(A) > u. Recall that acc(A), the set of accumulation points of A,
is defined to be {& € A | sup(A N «) = a}, and nacc(A4) := A\ acc(A4). Also,
accT(A) := {a < sup(4) | sup(A N «a) = a}. Though our definition of M will
depend on our choice of A, we suppress mention of A in the notation; if we need
to make the choice of A explicit, we will speak of “the Mitchell forcing M(yu, d)
defined using the set A”. Unless otherwise specified, we will always let A be the
set of all inaccessible cardinals in the interval (u,d), but the definition of M and
the properties listed below work for any choice of A. Conditions in M are all pairs
(p°, p*) such that

o p’ el
e p! is a function and dom(p') € [nacc(4)]
e for all a € dom(p!), p° | alFp, “p(a) € Add(p*, 1)V 7.

<u.
b
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If (p°,p'), (¢°, ¢*) € M, then (¢°,¢") <w (p°,p") if and only if
o ¢ <pp’;
e dom(g!) 2 dom(p!);
e for all @ € dom(p!), ¢° | alFp, “¢'(a) < p(a)”.

For 8 < k, we let Mg denote the suborder of M consisting of all conditions (p°, p!)

such that the domains of both p® and p' are contained in 3. We will sometimes
denote M by M.

Remark 8.1. The following are some of the key properties of M (cf. [1], [22] for
further details and proofs):

(1) M is p-closed and, if § is inaccessible, it is 6-Knaster.

(2) M has the p*-covering and p*-approximation properties. Together with
the previous item, this implies that, if § is inaccessible, then forcing with
M preserves all cardinals less than or equal to ™ and all cardinals greater
than or equal to k.

(3) If 4 is inaccessible, then Ik “2# = § = pt 7.

(4) There is a projection onto M from a forcing of the form Add(u,d) x Q,
where Q is pT-closed.

(5) For all inaccessible cardinals « € acc™(A), there is a projection from M to
M, and, in VMa | the quotient forcing M/M, has the u*-approximation
property.

(6) For all inaccessible cardinals a € acct(A), let af denote min(A4 \ « + 1).
Then, in V™= the quotient forcing M[/M,, is of the form Add (s, aT—a)*M“,
where, in VM*Add(“’D‘LO‘), there is a projection onto M from a forcing of
the form Add(u,d — af) x Qq, where Q,, is u*-closed.

In [26], Weif} presents a proof of the fact that, if x is supercompact and M =
M(w, k), then, in V™ ISP, holds. In [10], Holy, Liicke, and Njegomir point out a
mistake in Weifl’s proof but give an alternate proof of the theorem. In [25], Viale
and WeiB prove the following theorem.?

Theorem 8.2 (Viale-Weif§ [25, Proposition 6.8 and Theorem 6.9]). Suppose that
V C W are transitive models of ZFC such that

e K is an inaccessible cardinal in V ;

o (V,W) satisfies the k-covering and k-approximation properties;

o for every v < k and S C (S))V in V, if S is stationary in V, then S
remains stationary in W
in W, ITP(k,> k) holds.

Then k is supercompact in V.

Since for inaccessible x the Mitchell forcing M(w, ) is k-Knaster, it follows that
it satisfies the k-covering and k-approximation properties. Moreover, since there
is a projection onto M(w, ) from a forcing of the form Add(w, k) x Q, where Q is
countably closed, it follows that M(w, k) preserves the stationarity of all stationary
subsets of S for every ordinal ~ of uncountable cofinality. Therefore, V' C VM(w:x)
satisfy the hypothesis of Theorem 8.2. In particular, if x is a strongly compact but
not supercompact cardinal, then in VM(«#) there is A > wy for which ITP(ws, \)
fails.

3The theorem is not stated in this form in [25], but it follows immediately from the two cited
results.
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In light of this, and as part of a broader set-theoretic project to understand the
relationship between strongly compact and supercompact cardinals, it is natural
to ask precisely which strong tree properties necessarily hold in the strongly com-
pact Mitchell model. In [26], Weifl claims without providing a proof that if x is
strongly compact, then, in VM) SP(w;,ws, > wo) holds. We have been unable
to verify the truth of this claim; nontrivial problems arise when attempting to use
standard techniques to prove it. The next two results record the strongest results
in this direction we were able to obtain. The first is a result about generalized tree
properties, indicating that TP, A holds for every ws-directed partial order A. The
second indicates that a strong version of wSP (w1, ws, > ws) holds, and yields The-

orem B from the Introduction. We present our results in more generality, though,
in terms of M(u, k) for arbitrary u (recall our assumption for this section that

Pt = p).

Theorem 8.3. Suppose that k is a strongly compact cardinal and M = M(p, k).
Then, in VM, TP ,++(A) holds for every p*-directed partial order A.

Proof. Recall that IFy “k = p™+7. Let A be an M-name for a s-directed partial
order, and let 7" be an M-name for a s-A-tree. Also fix an arbitrary condition
(p°,p*) € M. Without loss of generality, we can assume that the underlying set
of A is forced to be a cardinal, and, by strengthening (pY, p') if necessary, we can
assume that there is a cardinal X that is forced by (p°, p!) to be the underlying set
of A.

Let 5 : V — M be an elementary embedding with critical point x given by a
fine k-complete ultrafilter U on P, A, i.e. M = Ult(V,U). In particular, we can
find a set @ € (20, (3 (N))™ such that j“\ € x. Note that j(M) = M(u, j(x))
(defined using the set j(A)), j | M is the identity function, and, by clause (5) of
Remark 8.1 applied to M(u, j(k)), there is a projection from j(M) to M such that
the quotient forcing is forced to have the p™-approximation property. Let G be
M-generic over V, and let g be j(M)/M generic over V[G]. Then, in V[G][g], we
can lift j to j : V[G] = M|G][g].

In V[G], let A and T be the realizations of A and T', respectively. In M|[G][g], 7(A)
is a j(k)-directed partial order and j(T) is a j(k)-j(A)-tree. Moreover, for all u € A,
since |T,,| < k and crit(j) = «, we have j(T) ;) = j“Tu. Since |z|MIE9) < j(k),
we can therefore find a w € j(A) such that v <,y w for all v € 2. Fix an arbitrary
5 € j(T)w, and define a function b € [],., Ty by letting b(u) be the unique ¢t € T,
such that j(t) = s | j(u).

Note that, if u <a u', then j(b(u)),j(b(u")) <j(r) s, 50 j(b(u)) <1y j(b(u')) and
hence, by elementarity, b(u) <t b(u’). It follows that b is a cofinal branch through
T. Moreover, b € V[G][g], but g is generic over V[G] for j(M)/M, which has the
T -approximation property and hence, a fortiori, the rk-approximation property.
Therefore, by Lemma 7.6, we have b € V[G], and hence TP, (A) holds in V[G]. O

Theorem 8.4. Suppose that K is a strongly compact cardinal, A > K is reqular,
and ¥ C [k,A] is a set of reqular cardinals such that |X| < k. Then, in VM
wSPy (', K, \) holds, where Y denotes the set of x € P\ such that cf(sup(z N

X)) = pt for all x € 2.

Proof. By enlarging 3 if necessary, we can assume that x € Y. Let y be an M-
name for Y, and let D = (d; | & € £, \) be an M-name for a strongly p+-Y-slender
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(k, A)-list. Let G be M-generic over V and, for each inaccessible a < &, let G, be
the M,-generic filter induced by G. Let ) and D be the realizations of J and D,
respectively, in V[G].

The first part of our proof largely follows the beginning of the proof of [26,
Theorem 5.4]. Work for now in V[G]. By the s-c.c. of M, we know that, for all
x € P\, there is an inaccessible o, < & such that d, € V[G,,]. Let > X be a
sufficiently large regular cardinal, and let C' C &, H(6) be a strong club witnessing
that D is strongly p™-)Y-slender. We can assume that, for all N € C, we have
KNy == kNN € k and, for all x € . AN N, we have a,, € N. It follows that,
whenever N € C| ky is inaccessible in V, and € #, AN N, we have x € V[G,, ]

In V, let o := A<® and find N < H(f) such that Z .\ C N and [N| = 0. In
VI[G),let C | N:={NNN|N €C}. Then C | N is a strong club in &, N. Now
move back to V, and let C' be an M-name for C. Since M has the s-c.c., we can
find a strong club E C 2, N such that -y “E C C | N”.

Let j : V — M be an elementary embedding witnessing that « is o-strongly
compact. Therefore, in M, we can find a set y € %(K)j(N) such that j“N C y. For
each x € X, let v, := sup j“x. Note that, since |X| < k, we have {7, | x € £} € M.
Let

Z:={2Cylzej(F) and, forall x € X, 2Nj(x) C 7y}

Then Z € M and, in M, it is a subset of j(E) of cardinality less than j(k).
Therefore, | J Z € j(E). Let w := j(A)NJ Z. The definition of Z implies that j“E C
Z and therefore j“\ C w. It follows that, for all x € ¥, we have sup(wNj(x)) = V-

Note that j(M) = M(y, j(k)), defined using the set j(A). Let g be j(M)/M-
generic over V[G], and lift j to j : V[G] — M[G][g]. In M[G][g], for every V-regular
cardinal x € [k, j(k)), we have cf(x) = pT. In particular, for every x € 3, we have
cf(yy) = cf(5%x) = cf(x) = p*, and hence w € j(Y).

Let j(D) = (d, | x € Pj4)j(N)). Since UZ € j(E), we can find N € j(C)
such that NN j(N) = |JZ. In particular, N N j(\) = w. Therefore, since j(D) is
a ut-j(Y)-slender (j(k),j(N))-list, as witnessed by the strong club j(C), it follows
that, for every u € NN 2,1 j(A), we have d;, Nu € N. Note also that j(k) "N = &
is inaccessible in V, and hence we have di, Nu € V[j(G),] = V[G] for all u €
NN @m—j()\).

Claim 8.5. For all u € (#,+ )", we have j(u) € N.

Proof. Fix u € (2,+A)V. Since E is cofinal in Z,N and (£,+A)V C N, we can
find z € E such that u € z. Then j(z) € Z, and hence j(u) € JZ C N. O

Let b:={a < A | jla) €d,}.
Claim 8.6. For all u € (2,+\)VI, we have bNu € V[G].
Proof. Fix u € (@M+A)V[G]. Since M satisfies the u*-covering property, we can
find v’ € (£,+A)V such that u C v’. By Claim 8.5, we have j(u/) € N. Then, by

the sentence preceding Claim 8.5, we have d,, N j(u') € V[G]. But then bNnu =
{a€eu|jla)ed,nj(u)} is definable in V[G], and hence is in V[G]. O

In V[G], the quotient forcing j(M)/M has the T -approximation property. There-
fore, Claim 8.6 implies that b € V[G]. We will therefore be done if we can show
that, in V[G], b is a cofinal branch through D. To this end, fix z € (Z.\)VI¢], and
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note that j(z) = j“¢ and j(bNx) = j“bNx). Now
MIGlg] 32 € P50i(N) Li(w) € = and &, N j(z) = j(bNa)],
as witnessed by w. Therefore, by elementarity of j, we have
VIGIEJze P A [x Czand d, Nz =bNxz].

Since x was arbitrary, this implies that b is in fact a cofinal branch of D, thus
completing the proof. O

Remark 8.7. Suppose that § > k is a regular uncountable cardinal and f :
|H(0)] — H(0) is a bijection. Then

C={xe P|HO)| flz]N6=2n06)}

is a strong club in 2, |H(0)| (and hence {f[X] | X € C} is a strong club in
P.H(0)). Therefore, by the discussion following Remark 4.8, we see that, in the
forcing extension of the previous theorem, for every regular § > k and every collec-
tion X C [«, 0] of regular cardinals with || < &, we have wSPy (u™, r, H(0)), where
Y is the set of M € 2, H(0) such that cf(sup(M Nx)) = p* for all y € . In
particular, by the analogue of Theorem 5.3 for wSP and wAGP, Theorem 6.2, and
Corollary 6.4, the version of wSP obtained in the preceding theorem is enough to
obtain the nonexistence of subadditive, strongly unbounded functions ¢ : [\]? — x
for every regular A >  and every x with y* < x, and hence the failure of CJ()\) for
every regular A > k.

We now present a result indicating that, if & is strongly compact, then, in the
extension by M(w, k), an instance of wSP(...) is indestructible under certain iter-
ations of small c.c.c. forcings. This is a variation on a result of Todorcevi¢ from
[23].

Theorem 8.8. Suppose that k is strongly compact, M = M(w, k), and, in VM,
R := (R, Sg | @ < K, B <K) is a finite-support forcing iteration such that, for all
B < K, S,@ 18 forced to be a c.c.c. forcing of size at most Ny that does not add cofinal
branches to any Suslin tree. Suppose also that A > k is regular and ¥ C [k, ] is a
set of reqular cardinals such that |X| < k. Then, in VM*R, wSPy (w1, wa, A) holds,
where ) denotes the set of v € P, A such that cf(sup(x N x)) = wy for all x € .

Proof. The proof repeats many of the steps of the proof of Theorem 8.4, so we
will leave out some details. We may again assume that  is in . Let ) be an
M *R-name for Y, and let D = (d; | & € 2,\) be an M x R-name for a strongly w;-
Y-slender (wa, A)-list. Let G'* H be M x R-generic over V and, for each inaccessible
a < K, let G, and H, be the M, and R,-generic filters induced by G and H,
respectively. We can assume that the underlying set of each Sg is forced to be wy
and Sg is a nice name for a subset of w?. By the k-c.c. of M, there is a club B C &
such that, for every o € B, R, is an My-name. Therefore, for each o € B, it makes
sense to speak about the forcing extension V[G,][Ha].

Let 6 > X be a sufficiently large regular cardinal. As in the proof of Theorem
8.4, working in V[G][H], we can find a strong club C C £, H(#) such that, for
every N € C, we have ky := k N N € k and, whenever N € C, ky is inaccessible
inV,and z € Z,ANN, we have x € V|G, y|[Hry]-

Work now in V, and let 0, N, C | N, E, j : V — M, and w be defined as in

the proof of Theorem 8.4. Note that j(M) = M(w, j(x)) and j(R) is of the form
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R % U, where U is forced to be a finite-support iteration of length j(x) such that
each iterand is forced to be a c.c.c. forcing of size at most RN; that does not add
cofinal branches to any Suslin tree. By standard arguments, M x R is a complete
suborder of (M % R); let g * h be j(M * R)/G % H-generic over V[G][H], and lift j
to j : VIG|[H] — M[G][H][g][h]. In V[G][H][g][h], let j(D) = (d}, | x € P;j()i(A)),
and define b := {a < A | j(a) € d, }.

As in the proof of Theorem 8.4, one can show that, for all u € (2, \)VICIH] we
have b N u € V[G][H] (this uses the fact that M % R has the w;-covering property,
which follows from the fact that M has the w;-covering property and R is forced to
have the c.c.c.).

Claim 8.9. For all v € (2 NV we have bnv € VIG][H].

Proof. Since R has the k-covering property in V]G], it suffices to prove the claim
for all v € (2, \)VICl. Let s be the least inaccessible cardinal greater than . In
V|G, by Clause 6 of Remark 8.1 applied to j(M), the quotient forcing j(M)/M
is of the form Add(w,x! — k) * M*. Let go be the Add(w, k! — k)-generic filter
induced by g. In V[G][go], there is a projection onto M"* from a forcing of the form
Add(w, j(k) — k') x Q,, where Qy is wi-closed. Let g1 x go be (Add(w, j(k) — xT) x
Q)-generic over V[G][go] such that V[G][go][g1][g2] is an extension of V[G][g] by
(Add(w, j() — £T) x Q) /M.

Fix v € (2" and let A := (2,,v)VI¢]. Since all forcing notions used
in this proof have the wi-covering property, A is wi-directed in all of the forcing
extensions of V[G] appearing here. Now consider the A-tree T := ((T, | u € A), C),
where T, := (2 (u))VIIMH] for every u € A. Note that |T,,| = (2«1)VICIH] = <
KT.

By the paragraph immediately preceding the claim, b v is a branch through T,
and we know that bNv € V[G][H][g][h].* First note that, in V[G][H][g], j(R)/H is
equivalent to a tail of the iteration j(R), which is a finite-support iteration of c.c.c.
posets that do not add branches to any Suslin tree. By [5, Lemma 3.7], it follows
that the entire iteration j(R)/H cannot add branches to any Suslin tree. Therefore,
by Lemma 7.7, bNv could not have been added by h, so we have bnv € VI[G|[H]]g],
and, a fortiori, bNv € V[G][H][g0][91][92]-

We now work in the model V[G][go]. Since go is generic for an w;-Knaster poset,
we know that R remains c.c.c. in V[G][go]. Also, Q. is wi-closed. In V[G][go],
2@ = kT > Kk, and, in V[G][go][H][g1], T is a A-tree of width xT. We can therefore
apply Lemma 7.2 to conclude that bNv cannot have been added by go and therefore
lies in V[G][go][H][g1]. Finally, go * g1 is generic over V[G][H] for Add(w, " — k) *
Add(w, (k) — T) =2 Add(w, j(k) — k), so, again by Lemma 7.7, bN v cannot have
been added by g * g1 and therefore lies in V[G][H], as desired. O

Claim 8.10. b is a cofinal branch through D.

Proof. Fix v € (Z\)VIEIH We must find z € (2. \)VIEIH] such that v C x and
d; Nv =bNwv. By Claim 8.9, we have bNv € V[G]|[H]. Moreover, by the definition
of b, we have

jbnv)=j4bnv)=d, Nj).

4More precisely, the function v — bNwu defined on A is a branch through 7', but it is clear that
this function and b are definable from one another in all models of interest.
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Therefore,
M(G][H][g][h] F 3z € Pj()i(N) [d; Nj(v) = j(bNv)],
as witnessed by x = w. Therefore, by elementarity,
VIG|[H] =3z € P [deNv=0bN0],
as desired. O

Now the verification that b is in V[G][H] follows reasoning as in the proof of
Claim 8.9. Let A’ be the partial order ((Z,\)VICIH] C) and let T’ be the A’-
tree generated from D as in Remark 4.5. Then A’ is k-directed in all extensions
of V[G][H] appearing in this proof, and, in V[G][H], T" is a A’-tree of width
((H<n)+)V[G][H] _ (Kfi’)V[G][H] < rt.

Just as in the proof of Claim 8.9, Lemma 7.7 implies that b cannot have been
added by h, so we have b € V[G|[H][g], and hence also b € V[G][H][go][g1][g2]. An
application of Lemma 7.2 in V[G][go] shows that b must be in V[G][H][go][¢1], and
the fact that gg*g; is generic for Add(w, j(k) — k) over V[G][H| implies that b must
be in V[G][H]. Therefore, D has a cofinal branch in V[G][H], so we have verified
this instance of wSPy (w1, ws, ) in V[G][H]. O

As a corollary, we show that Martin’s Axiom together with strong tree properties
at we can be obtained starting only from a strongly compact cardinal (both are
consequences of PFA, which can be forced from a supercompact cardinal).

Corollary 8.11. Suppose that k is a strongly compact cardinal. Then there is a
forcing extension in which k = wy = 2% and MA + wSP(wy,wp, > wy) (and hence
MA + TP(wa, > w)) holds.

Proof. In V, let M := M(w, ). Now work in V™. In [5], Devlin constructed a
finite-support iteration R of ccc forcings of size at most 8; that do not add cofinal
branches to any Suslin tree and such that IFg MA. Intuitively speaking, R is the
standard iteration to force MA, except that, when one encounters a ccc forcing of
size N; that adds a branch to a Suslin tree, one instead forces to specialize the
Suslin tree; we refer the reader to [5, Section 3] (and also [23]) for details. Then

MA holds in VM*R, By Theorem 8.8, wSP(wy,ws, > wa), and hence TP(wq, > ws),

holds in VM*R as well. (Note that Theorem 8.8 in fact gives us a strengthening of
wWSP (w1, w3z, > ws) that is enough to yields, for instance, the failure of J(A) for all

regular A > ws.) O

9. THE SLENDER TREE PROPERTY AND KUREPA TREES

In this section, we investigate the influence of various strong tree properties on
the existence of (weak) Kurepa trees and prove Theorem D, in the process showing
that, for instance, ISP(wq,wa,> we) does not imply SP(wi,ws, |H (w2)|), i.e., the

monotonicity in the first coordinate of these principles is in general strict. We first
recall the notion of a (weak) u-Kurepa tree.

Definition 9.1. Let u be a regular uncountable cardinal.
(i) A p-Kurepa tree is a u-tree (i.e., a tree of height p, all of whose levels have
size less than p) with at least pT-many cofinal branches.
(ii) A weak p-Kurepa tree is a tree of height and cardinality p with at least p™-
many cofinal branches.
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The following proposition is easily verified, so we leave its proof to the reader.

Proposition 9.2. Let k < 6 be regular uncountable cardinals, and suppose that
S C P,.H(0) is cofinal. Then the set of elements of P,.H(0) that can be written
as unions of elements of S is a strong club in Z.H(0).

The following theorem is clause (1) of Theorem C.

Theorem 9.3. Suppose that p is a reqular uncountable cardinal. If the principle
WAGP (11, u*, ) holds, then there are no weak u-Kurepa trees.

Proof. Let T be a tree of height and size u. We will show that 7" has at most p-many
cofinal branches. Without loss of generality, assume that the underlying set of T is
p. Let S be the set of N € &+ H(u") such that N < H(u"), T € N, and n C N.
By WAGP(p, pt, p), and recalling Proposition 9.2, we can find M € 2+ H(u")
such that T € M, u C M, M can be written as a union of elements of S, and
(M, p) is almost p-guessed by S.

Claim 9.4. Let b C p be a cofinal branch in T. Then b is (u, M)-approzimated.

Proof. Fix a set 2 € M N &1, and consider the set b z. Since M can be written
as the union of elements of S, we can find N € S such that N C M and z € N.
Since |z| < p, we can find v € b such that o <p v for all « € bNz. Then bNz is
definable in N as {« € z | @ <t v}. Therefore, bNz € N, and, since N C M, we
have bN z € M, as well. Therefore, b is (u, M )-approximated. O

Fix a cofinal branch b in 7. By Claim 9.4, b is (u, M )-approximated. Therefore,
since (M, u) is almost p-guessed by S, we can find N € S such that N C M and
b is N-guessed, i.e., there is d € N such that dN N =bN N. Since b C u, we can
assume that d C . But then, since p C N, we must have d = b. Therefore, b € N
and, since N C M, we also have b € M. Therefore, every cofinal branch of T is in
M, so, since |M| < p, there are at most p-many cofinal branches of T'. ([

We record the following immediate corollary to provide some additional context
for Theorem 9.9.

Corollary 9.5. If SP(wy,we, |H(w2)|) holds, then there is no weak wi-Kurepa tree.

Proof. This is immediate from the definitions, from Theorem 5.3, and from Theo-
rem 9.3. O

In preparation for the proof of Theorem 9.9, we review the forcing for adding an
wi-Kurepa tree, which we denote K(wy, ). We use the definition from [3].

Definition 9.6. Let x > w; be a cardinal. A condition p in K = K(wy, k) is a pair
(tp, fp) where the following hold:
(i) tp is a countable normal tree of successor height a, + 1;
(ii) fp is a countable partial function from & to (t,)a,
A condition ¢ is stronger than p if the following hold:
(i) ag > ap and tg ] (ap + 1) = tp;
(ii) dom(fy,) € dom(f,) and f,(&§) <¢, fq(§) for all £ € dom(f,).

Proofs of the following facts can be found in [3]:

Fact 9.7. The forcing K is wi-closed and it adds an wi-Kurepa tree with k-many
branches.
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Fact 9.8. Let p > w be a regular cardinal such that v~ < u for all v < p. Then
the forcing K is p-Knaster.

If kK < K/, we can define a projection 7 : K(wy,x) = K(wr,x') by 7(t, f) =
(t, f k). If H is K(wy, )-generic, m determines the quotient forcing K(wy,x’)/H =
{p € K(wy,r")|7(p) € K(wy,k)}. Note that the tree T = J{t| (¢, f) € H} is
already added by H: the quotient K(wi,’)/H just adds new cofinal branches to
T. Working in V[H], it is easy to verify that the quotient K(wq, ')/ H is forcing
equivalent to the following forcing which we denote K(wy, s’ \ k). A condition in
K(wy, k" \ k) is a pair p = (ap, fp), where oy, < wy and f, is a countable partial
function from "\ k to T,. We say that ¢ is stronger than p if a;, < g, dom(f,) C
dom(f,) and f,(§) <r f,(&) for all £ € dom(f,).

Theorem 9.9. Let k be a supercompact cardinal, and assume that GCH holds above
k. Then there is a generic extension where the following hold:

(i) 2¥ = k = wa;

(ii) there is an wi-Kurepa tree;
(#13) 1SP(wa,wa, > ws) holds.

Proof. The generic extension is obtained by forcing with a product of the Mitchell
forcing and the forcing for adding an wy-Kurepa tree: M(w, k) X K(w, k), which we
denote by M x K for simplicity. Let G x H be M x K-generic over V. The Mitchell
forcing preserves w; and all cardinal greater or equal to x and forces 2¥ = k = ws.
Since K is s-Knaster in V, K is still k-Knaster in V[G] and therefore it preserves all
cardinals greater or equal to x. It also preserves wy over V[G], since it is w;-closed
in V' and therefore it is w;-distributive in V[G] by the standard product analysis of
the Mitchell forcing M. This finishes the proof of (i).

There is an wi-Kurepa tree T in V[H| with k-many cofinal branches by definition
of K. Since w; is preserved by K x M, T is still wi-tree with k = ws-many cofinal
branches in V[H][G] = V[G][H].

Now fix A > k; by our hypotheses, we can assume that A<* = X\. To show
that ISP(x, k, A) holds in V[G][H] we use the lifting argument and analysis of the
quotient as in [3]. Let

(3) j: VM

be a supercompact elementary embedding with critical point x given by a normal
ultrafilter U on &, (\); i.e. M =2 Ult(V,U). We lift the elementary embedding j in
two steps. Note that j(M(w, k)) = M(w, j(k)) and recall that there is a projection
from M(w, j(k)) to M(w, ). Let us denote the quotient M(w, j(x))/G by Qu and
let g be Qu-generic over V[G][H]. Then we can lift in V[G][g] the embedding to
J : V[G] = M[G][g]. Now j(K(w1,x)) = K(wi,j(x)) and there is a projection from
K(w1,j(k)) to K(wy, k). Let us denote the quotient K(wy, j(x))/G by Qk and let h
be Qk-generic over V[G][H][g]. We can lift the embedding in V[G][H][g][h] further
to

(4) j : VIGI[H] — M[G][H][g][h].
Let D = (d, |z € 2,(\)VICIHA]) be a x-slender list in V[G][H]. We want to

show that there is an ineffable branch b through D in V[G][H].
Let us consider the image of D under j:

§((de |z € PNV = (d] |y € Py, (5i(N))MIAIHIGIR,
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The set j“\ is a subset of j(A) of size < j(k). We define our ineffable branch
b: X — 2in V[G][H][g][h] as follows:®
(5) for a < A, b(a) = dj, (j(a)).

Before we prove the following claim, let us state some simple properties of the
lifted embedding j. Since we assume A<* = X\, |H(A\)| = A, and this still holds
in V[G][H], i.e. [HN)VICIHH]| = X In (4) we lifted an embedding generated by a
normal ultrafilter U on &, (A) and therefore j“\ is an element of j(C) for every
club C in 2, (\)VICIH]: since there is a bijection between A and H(\)VICIH] there
is a correspondence between 2, \VICIH] and 2, H ()\)V[G] (7] and in particular it
holds for every club C in V[G][H] in 2, H(\)VICIH] that

(6) FHWYVIH € 5(0).
Claim 9.10. For cach x € 2\ b2 € M[G][H].

Proof. By slenderness of D, we can fix a club C in Z.H ()\)V[G] [H] such that for
every N € C, N < H(\)VIGIH] and for every « € N of size wy, we have dyny Nz €
N.

Let 2 € 2, \VICIH] be arbitrary. By the x-cc of the whole forcing, it holds that

= H()\)V[G][H] — H()\)M[G][H]

and therefore jz = j(z) € j“H(MN)MICIH] Let us denote H(N)MICIH] by N.
Notice that j“N is an elementary submodel of j(H ()\)VI¢I[H]) by a general model-
theoretic argument, or by invoking (6). Since j“H(M\)MICIH] ¢ 4(C), we have
dijenynoy [ 3% = djuy [ j%z € j“N. It follows that there is a function f in
N C M[G][H] with domain z such that for every o € z,

fla) = dj(i(@)).
By the definition of b, f = b[x, and the proof is finished. ([

Claim 9.11. b is in M[G][H].

Proof. We show that b — which is approximated in M[G][H] on sets in 22, \VICIH] =
P IMICIH] by Claim 9.10 — cannot be added by Qx x Qu over M[G][H] and
therefore it is already in M[G|[H].

We first argue that Qg is w;-distributive and we-Knaster over M[G][H]. In M,
J(K) ~ K % Qx is wy-closed and therefore by the product analysis of M, it is w;-
distributive in M[G] and therefore Qk is wy-distributive in M[G][H]. Regarding the
wo-Knaster property, first note that Qx is k-Knaster in M[H] since Qg is forcing
equivalent to K(wy, j(k) \ x) and this forcing is xk-Knaster by a standard A-system
argument (for more details see [3]). Since M is xk-Knaster in M it is still k-Knaster
in M[H] and therefore Qx is k-Knaster in M[H][G] = M[G][H]. Since Qx is k-
Knaster in M[G][H] it has the x = Ng-approximation property and cannot add b
over M[G]|[H].

Now, we will show that over M[G][H][h], @ also cannot add b. In M[G][H][h],
Kk = Ny = 2 and Qy is forcing equivalent to Add(w,x") * M*, where x! is the
first inaccessible above k. The branch b cannot be added by Add(w, ') since this
forcing is wi-Knaster.

SWe identify subsets of A and j“A with their characteristic functions to make this formally
correct.
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In M[G][H][R][Add(w, )], 29 = kT > (wo)VICNH] and D is a list with width
at most ((2¢1)H)VIGIH]) = (w3)VICIH] By standard product analysis (see Section
8) M* is a projection of a product of the form Add(w,j(x)) x Q., where Q, is
wi-closed. Again the branch b cannot be added by Add(w,j(k)) since this forcing
is wi-Knaster. Since D has width (ws)VICIH] < 2 in M[G][H][h][Add(w, x1)],
we can apply Lemma 7.2 to Add(w,j(k)) as P and Q. as Q over the model
MIG|[H][h][Add(w, kT)]. Therefore the forcing @, cannot add b over the model
MG)[H][h][Add(w, £T)][Add(w, j(x))], hence the cofinal branch b cannot be added
by M" over M[G][H][h][Add(w, xT)]. O

Claim 9.12. The function b is an ineffable branch in D.

Proof. We need to show that the set S = {z € £, (\)|b]x = d,} is stationary,
hence it is enough to show that j“\ is in j(S) = {y € P}, (j(N) [j(b) [y = d},}.
However this follows from the definition of b: j(b) [j“\ = j“b = d} - O

This finishes the proof of Theorem 9.9. (I

In [24, Question 2], Viale asks whether it is consistent that there exist y-guessing
models that are not w;-guessing for some p > w;y. A positive answer is given by
Hachtman and Sinapova in [8, Corollary 4.6]; they prove that, if u is a singular
limit of w-many supercompact cardinals, then, for every sufficiently large regular
cardinal 6, there are stationarily many p"-guessing models in &+ H(f) that are
not d-guessing for any § < pu. Theorem 9.9 gives a different path to a positive
answer, at a smaller cardinal and from weaker large cardinal assumptions.

Corollary 9.13. Let k be a supercompact cardinal. There is a generic extension
in which, for all reqular 8 > ws, there are stationarily many ws-guessing models
M e Z,,H(0) that are not wy-guessing.

Proof. Let W be the generic extension witnessing the conclusion of Theorem 9.9.
Since ISP(wa, w2, A) holds for all A > wq, Corollary 4.14 implies that there are
stationarily many ws-guessing models in &, H(6) for all regular § > wy. On the
other hand, there is an w;-Kurepa tree in W, so Theorem 9.3 implies that, for all
regular 0 > wo, the set of wi-guessing models is nonstationary in &, H(#). The
conclusion follows. O
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