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Informationtheoretictest for nonlinearityin time series
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A diagnostictestfor identifyingnonlineardynamicalrelationshipsin timeseries,basedonmutual informationandredundancy,
functionals introducedin informationtheory, is proposed.Its ability to distinguish (noised)multiperiodic andrandomtime
seriesfromtimeseriesgeneratedby chaoticdynamicalsystemsis demonstrated.Thelatterarecharacterizedby specificbehaviour
of marginalredundanciesreflectingtheincreaseof uncertaintyin timedueto positiveinformationproductionrate.

1. Introduction versionsin two ways: as a functional of the series
probabilitydistributiondensitiesandfromtheseries

Algorithms for analysisof experimentaltime se- covariancematrix. Wedemonstratethat the former
ries,basedon theinverseproblemof nonlineardy- canreflect nonlinearitiesin thedatawhile the latter,
namicalsystems,canin principle servefor identi- the specialcaseof the former, is sensitiveto linear
fication and quantificationof underlying chaotic relationshipsonly. Moreover, the general (nonlin-
dynamics [1,2]. Analyzing experimentaland usu- ear) redundancycanmeasurethe information pro-
ally short and noisy data, however,ordinary esti- duction rate— metricKolmogorov—Sinaientropyof
matorsof dimensions(seee.g. refs. [3,4]) or Lya- the chaoticdynamicalsystems[12—17].
punovexponents(seee.g.refs. [5,6]) canbe fooled Thetheoreticalconceptof redundanciesis intro-
e.g. by simple autocorrelationof the seriesunder ducedin section2. Remarkson algorithmsfor their
studyandcanconsideraschaotica processwhich is numericalestimationcanbe found in appendixA.
in fact linear and stochastic[7]. Thesecomplica- The basicideasof the proposedtestareexplainedin
tions evoked the necessityof developingmethods section 3. In section4 we demonstratethe powerof
testingfor basic propertiesof chaoticsystemslike the proposedmethodologyusing numericallygen-
nonlinearity, independentlyof the dimensionalor erateddatawhich aredescribedin detailin appendix
Lyapunovexponentalgorithmsused [8—111. B.

In this paperwe proposean original methodfor
distinguishingtime seriesgeneratedby continuous
nonlinearandespeciallychaoticdynamicalsystems 2. Mutual information andredundancies
on oneside,from noisedmultiperiodicandrandom
signalson the otherside. The method is basedon
evaluationof redundancies(multidimensionalmu- Letx, y be randomvariableswith probabilitydis-
tual information)of the time seriesandits delayed tribution densitiesp~(x)andp~,(y).The entropyof

thedistribution of a singlevariable,sayx, is defined
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For the joint distribution~ y) of x andy the ,~

joint entropyis definedas R(x1~ ~ log(c~1)—~~ log(,~.,), (8)
i=1 i=I

H(x,y) = — JJp~(x,y) log[p~~(x,y)] &dy. where c~are diagonalelements(variances)andA~

(2) are eigenvalues of the n x n covariancematrix C.

Theaverageamountof informationthat thevariable Formula(8), obviously,may be associatedwith
x bearsaboutthevariabley is quantifiedby the mu- anypositivedefinitecovariancematrix.Thuswe use
tual information I(x; ~ formula (8) to define the linear redundancy

L (x1 ...; x,~)of an arbitraryn-dimensionalrandom
I(x; y) =H(x) + H(y) —H(x, y) . (3) variablex1, ..., x,~,whosemutualdependencesarede-

Clearly,I(x; y)=0 iffp~~(x,y) =p~(x)p~(y),i.e. ~ff scribedby the correspondingcovariancematrix C,
x andy are statisticallyindependent.For more de-
tails seee.g. refs. [18—20]. L(x1 ~ > log(c11)—~~ log(2,) . (9)

For n variablesx1,...,x~the extensionof (2) is
straightforward, If formula (5) is evaluatedusingthecorrelationma-

trix insteadof the covariancematrix, thenparticu-
H(x1 x~)= — $ ... $ p(x1, ..., x~) larly c~=1 for every i, andwe obtain

xlog[p(x1,...,x~)]dx1...dx~. (4) L(x1 x~)=—~~ 1og(A~). (10)
1=1

Thenanalogouslyas in (3) we define
Furthermore,in analogywith (7) we candefinethe

R(x1 ...; x~) marginallinear redundancyof x1, ..., x,~_1andx,, as

(5)

This differencebetweenthe sum of the individual
=L(x1...;x~)—L(x1...;x~_1). (11)

entropiesand the entropy of the n-tuple x1, ...,

vanishesiff there is no dependenceamong these
variables.Quantity (5) is calledthe redundancy of

x~. 3. The test
Besides (5) we define the marginal redundancy

~ (x1, ..., x~— ~ x~)quantifying the averageamount Considerthe typical “chaos inverse” problem:
ofinformationaboutthevariablex,, containedin the Thereis an experimentalone-dimensionaltime Se-
variablesx1, ..., ~ ries Y( t) andwe wantto assesswhetherit is chaotic

(i.e. generatedby a low-dimensionalnonlineardy-
~ (x~~...~ x~_1x~)= H(x1, ...~ x~_1)+ H(x~) namical systemin the chaotic regime) or not. The

— H(x1, ..., x,~). (6) first step is theconstructionof an n-dimensionalse-
riesx1 (t) usingthe time-delaymethodbasedon the

Thefollowing relationbetweenredundancy(5) and embeddingtheoremof Takens[22],
marginalredundancy(6) canbeobtainedby asim-
ple manipulation, x.(t)=Y(t+(i—l)r), i=l n , (12)

~ (Xt x,,_1 ; x,,) wherer is atime delayandn isthe so-calledembed-
dingdimension[22]. Searchingforstructuresin the

=R(x1~ . x~)—R(x1...;x~_1). (7) datathe redundanciesof the type

Let now x1,...,x~bean n-dimensionalrandomvan- R(Y(t); Y(t+r); ...; Y(t+(n—l)r)) (13)
able with normal distribution with zero meanand
covariancematrixC. In thisspecialcaseredundancy areof interest.Assumingstationarityof theseriesthe
(5) canbecomputedstraightforwardlyfromthedef- redundancy
inition [21]
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the multivariate Gaussiandistribution. In the gen-R”(r)=R(Y(t)~ Y(t+r)~ ...~ Y(t+(n—l)r)) .

‘14 eralcase,however,a possibilitythat differencesbe-
“ ‘ tweenredundanciesandlinearredundanciesare not

is clearly independentof t. due to nonlinearitybut due to a non-Gaussiandis-
Analogouslywe denotethe marginalredundancy tribution of the studieddata, cannotbe neglected.

Nevertheless,aftertheextensivenumericalstudywe
= ~9(Y(t), Y(t+r), ..., Y(t+ (n—2)r);

canconjecturethat the shapesof the i-dependence
Y(t+ (n— 1 )r)) , (15) of redundancyR”(r) (.~“(t)) and linear redun-

dancyL’~(r) (2~(t)) are approximatelythe samethe linearredundancy . .

or similaralsofor differentkindsof linearprocesses.
L”(r) =L(Y(t); Y(t+r); ...; Y(t+ (n— 1 )r)), Only for nonlinearprocessesthe differenceis qua!-

(16) itative andit is very distinct in the caseof chaotic
dynamics,whenthetime-lagdependenceof themar-

andthe marginal linear redundancy gina! redundancy~ (r), unlike thatof themarginal
‘~(r)=2’(Y(t), Y(t+r),..., Y(t+(n—2)r); linear redundancy.2’~(r),reflects specifically the
~ ~ ‘‘ ‘17’ “productionof information”, thetypical propertyof

fl — IT)) “ ‘ chaoticdynamicalsystems,which is quantifiedby

Relations(7) and (11) canbe rewritten as the positive metric (Kolmogorov—Sinai) entropy

9V’(r) =R”(t) —R”’ (r) (18) [12—17].

and

2” (r) = L” (r) — L “~ (r) , (19) 4. Assessingthe powerof the testby the known
data

respectively.
Thelinearredundancy,accordingto its definition In applicationsof the proposedtestwe compare

(10), reflectsdependencestructurescontainedin the shapesof redundanciesasfunctionsof the lag r, not
correlationmatrix C of thevariablesunderstudy. In particularvaluesof theredundancies.Estimatedva!-
the specialcase,consideredhere,whenall the vari- uesof R” (r) and .~“ (‘r) dependon the numerical
ablesare,accordingto eq. (12), laggedversionsof procedureused(“quantization”, seeappendixA),
the series Y( 1), eachelementof C is given by the while the shapesof their i-tracesareusuallyconsis-
valueof the autocorrelationfunction of the series tent for a largeextentof numericalparametersused
Y( t) for a particularlag. As the correlationis the in the redundancyestimations.Thereforeeachfig-
measureoflineardependence,thelinearredundancy ure, depictingredundanciesagainstthetimelag r, is
characterizeslinearstructuresin thedataunderstudy. drawn in its individual scale.Redundanciesare in

We proposeto comparethe linear redundancy bits and time lags in numberof samples.The dif-
L” (r) with the redundancyR” (r) (or the marginal ferent curves in each figure correspondto redun-
linear redundancy2”(z) with the marginalredun- dancies of the different number n of variables
dancy~“( ‘r)) consideredasthefunctionsofthetime (embeddingdimension),n is from 2 to 5, reading
lag r. If their shapesare the sameor very similar a from thebottomto the top.
lineardescriptionof the processunderstudyshould We startwith noisy torus (two-periodic) timese-
be consideredsufficient.Large discrepanciessuggest ries. (For detailsaboutall thedatasetsseeappendix
importantno~ilinearitiesin links among the vari- B.) Timelag r plotsof linearredundancyL”(t) and
ables,or, recalling(12), amongthe studiedtimese- redundancyR” (r) computedfrom the torus series
ries andits laggedversions,i.e. in the dynamicsof jammedby 50% of uniformly distributednoiseare
the processuflderstudy. presentedin figs. la andlb, respectively.Wecansee

Letusrecall thatequivalenceof redundancyR “(z) that thesefiguresarealmostthe same,i.e. thelinear
andlinearredundancyL” (r) canbeprovedonlyfor descriptionof thedatais sufficient. Thisholdsalso
a specialtypeof linearprocesses— theprocesseswith formarginallinearredundancy2”’(t) andmarginal
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LINEAR REDUNDANCY a MARGINAL LINEAR REDUNDANCY c

TIME LAG TIME LAG

REDUNDANCY b MARGINAL REDUNDANCY d

TIME LAG TIME LAG

Fig. 1. (a)L”(r), (b) R”(z), (c) .2”(r) and (d) .~(t) computedfrom noisytorus series.Theembeddingdimensionsn are2, 3,4and
5 readingfromthebottomtothetop ofeachfigure. (Thevaluesof L” andR” aredivided by n — 1.)

redundancy~“ ( i), illustrated in figs. 1 c and 1 d, decreasingfunction of the type A — Kr. The coeffi-
respectively. cient K canserve as an estimateof the metric en-

On the contrary,therearedifferencesof the qual- tropy ofthesystemunderstudyasproposedby Fraser
itative level between2”’ ( t) and ,~3t”( r) computed [16,17] and Shaw [23], who introducedapplica-
from chaotictime series(fig. 2). The main feature tions of the information theory to the nonlinear
of the (marginal) redundanciesof the chaoticdata dynamics.
(figs. 2b and2d) is a long timelag decreasingtrend The linear (marginal) redundancyis not ableto
(i.e. the decreaseonthe timescalegreaterthanape- detectthe abovepropertiesof the nonlinearchaotic
riod of the dataoscillationsreflectedin redundan- systems.The resultspresentedfor the Rössler (fig.
cies). Recalling the definition of the marginal re- 2a) andLorenz (fig. 2c) systemsdemonstratetwo
dundancy (6) we can considerthe value of the typesof possible“misinterpretation”of thechaotic
quantity (const— ,~“ ( i)) as a measureof uncer- databy thelinearmethods:TheRösslerseriesgives
tainty in predictionof x,, knowing x1, ..., x,, ~. The resultssimilar to a multiperiodicsignal, i.e. there is
behaviourof i~”( r) in figs. 2b and2d reflectsthe a constantnonzerolevel of the linear marginalre-
factthat thisuncertaintyincreaseswith timein cha- dundancyor theconstantfinite level of uncertainty
otic systems.It isthe consequenceof thepositivein- as estimatedby the linear method.The linear mar-
formation production rate — the positive metric ginal redundancyis notableto detecttheproduction
(Kolmogorov—Sinai) entropy of chaotic systems of informationin this system.On theotherhand,the
[13—17].The characterof the dependenceof the linear marginalredundancy(like the linear redun-
marginalredundancy~“ (t) on i tendsfor embed- dancy)for theLorenzsystemdecreasesquickly in an
dingdimensionsn greaterthan the systemdimen- exponentialor power-lawway resulting in the con-
sionandfor a certainextentof r [12] to a linearly stant close-to-zerolevel of the redundancyor the
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MARGINAL LINEAR REDUNDANCY a MARGINAL LINEAR REDUNDANCY c

cO~~~
6O COL ~ 4~ 60

TIME LAG TIME LAG

MARGINAL REDUNDANCY b MARGINAL REDUNDANCY d

~2~4~0 _
TIME LAG TIME LAG

Fig. 2. (a) .~‘~(r)and (b) ~(r) computedfrom thetime seriesgeneratedby thechaoticRosslersystem;(c) £~“(r)and (d) ~“(r)
computedfromthetime seriesgeneratedby thechaoticLorenzsystem.Theembeddingdimensionsn are2, 3, 4 and5 readingfromthe
bottomto thetopofeachfigure.

constanthigh (noise-like) level ofuncertainty(mea- gavenegativeresultsconsistentwith the wayof gen-
suredby the linear method).In this casethe linear eratingthesedataaslinearandstochasticprocesses.
(marginal) redundancyis notableto detectany re- Themoreinterestingfact is that the notion of line-
lationshipsin~the datafrom a certain(low) valueof arity as consideredhere (see section 3) coincides

withrandomness,i.e. usingredundancies(like using
This differencecanbe explainedby variouslevels spectra)one cannotdistinguish(noised)linearos-

of”chaoticity” oftheabovetwo systems— theRössler cillation from (filtered) noise.Nonlinearandcha-
systemis “weakly” chaoticandthe Lorenz system otic oscillations,however,are clearlydetectable.
“strongly” chaotic.To be morespecific,the metric “Colourednoises”is thetermusedfor therandom
entropy or the positive Lyapunov exponentof the processeswhich canbegeneratedby backwardFou-
Lorenz systemis morethan ten timesgreaterthan riertransformfroma spectrumofthetype l/fc~and
that of the Rösslersystem(seee.g. refs. [5,6]). uniformly distributedrandomphases.Osborneand

Applicationof ourtestto thelinearstochasticpro- Provenzale[7] showedthat suchprocessescanex-
cesseswith thesamespectraasthe aboveseries(the hibit a finite correlationdimension.Thevalueof the
so-calledsurrogatedata,seerefs. [8,9]) broughtin- dimensiondependson the spectrumdecaycoeffi-
terestingresults;marginalredundancies~9”( r) and cienta [7,24]. This coefficientalso determinesthe
marginallinearredundancies£°“(r)arethesameand shapeof the processprobability distribution: the
they both are practically the sameas the marginal largera,the smallerthedimension,butalsothe larger
linearredundanciesoftheoriginaldata.(Clearly,this the differenceof the probability distribution from
holdsalsofor redundanciesL”(i) andR”(x).) This the Gaussianone [7]. It meansthat somediffer-
meansthe best for nonlinearityfor theseprocesses encesbetween 1~?”( t) and 2” (r) of the coloured
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noisescanoccur for largera,but in any casethese frameworkof the IBM AcademicInitiative in the
differencesare not qualitative and,moreover, the CSFR, and Application of EEG complexity meas-
behaviourof .~“ ( r) for n greaterthanthe estimated uresfor quantificationof changesof thebrain state,
dimension is not like those of chaotic systems. supportedby the Ministry of Healthof the Czech
Thereforethe colourednoisesare easilydiscernible Republic.
from low-dimensionalchaoticprocessesby ourtest,
while only by the estimationof the dimensionality
they arenot. AppendixA

For a sequenceof independentrandomvariables,
usuallycalledwhite noise,anyredundancyshouldbe Thelinearredundancieswerecomputedaccording
zero (in practicalcomputationsit is closeto zero) to eq. (10). Eigenvaluesof eachcorrelationmatrix
for any r>0. This condition is fulfilled automati- wereobtainedby its decompositionusingSVDCMP
cally by the proposedtest. routinedescribedin ref. [26, p. 52]. Theresultspre-

Remark.Oneshouldaskhowtheproposedtestbe- sentedhere werecomputedusing 5120 samplesof
haveswhenappliedto othertypesof processes,e.g. the total serieslength,but almostthe sameresults
timeseriesgeneratedby Hamiltonianor nearHam- canbeobtainedevenfrom severalhundredsof sam-
iltonian systems,linear or nonlinearautoregressive ples of the effectiveserieslength. (A part of the Se-
processes,noisy chaoticdataor nonstationarydata. ries is “spent” in the embeddingreconstructionby
Thesequestionsare importantandwill be discussed the time delaymethod.Forinstance,with themax-
in a moreextendedpapertogetherwith examplesof imum lag 100 samplesanddimension5 theeffective
physicaland medicalexperimentaldata [25]. serieslength is the total length minus 400.)

Thealgorithmforcomputingtheredundancy,pro-

posedby Fraser[16,17] or FraserandSwinney [18],
5. Conclusion is a rathercomplicatedone.The simplebox-count-

ing methodwe havefoundsufficient. Theonly “spe-
A testfor detectingnonlineardynamicalrelation- cial prescriptions”,basedon our extensivenumeri-

shipsin time seriesbasedon comparingtwo typesof cal experience, concern the way of the data
redundancieshasbeenproposed.On severaltypical quantization:
examplesit has beendemonstratedthat this tech- (a) The type of quantization:We proposeto use
nique is able to discern chaotic from random or themarginalequiquantizationmethod,i.e. theboxes
noisedmultiperiodictime series, forbox-countingaredefinednotequidistantlybutso

The results presentedare encouraging,however, that thereis approximatelythesamenumberof sam-
they mustnot be overestimatedby absolutizingthe ples in eachmarginalbox.
methodproposed.We recommendto use it asa part (b) The numberof quantizationlevels (marginal
of a batteryof methodsand algorithmsfor testing boxes):We havefoundthat therequirementfor the
the nonlineardynamicsanddeterministicchaosin effectiveserieslength Nusing Qquantizationlevels
time seriestogetherwith order techniquesfor esti- in the computationof the n-dimensionalredun-
mationof dimensions,entropiesand/orLyapunov dancyis N>~Q”1 l, otherwisetheresultscanbeheav-
exponents. ily biased.Usually betterresultsare obtainedwith

Q<N”~”~’~thanwith Q>N”~”~’~.Redundancies
computedwith Q<N” (n±1) canbeunderestimated

Acknowledgement in the values,but graphsofR” versusi are, evenfor
Q=4—6, similarto thoseobtainedfrom longtimese-

Theauthorsaregratefulto A. Fraserfor inspiring riesandQ=N”~”~’~.In thecaseof Q>N”~”~’~the
discussionsandvaluableadvices. redundanciescanbe overestimatedandthe results

Thisstudywasperformedasa part of theprojects could be distortedin a qualitativeway, e.g. the de-
Informationand entropypropertiesof the sponta- pendenceof redundancieson r is lost or i-trendsin
neousbrainelectricalactivity, supportedwithin the marginalredundanciesof chaoticdataleadto anab-
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