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ABSTRACT.
As in the work of Tartar ([47]) we developed here some new results on non linear interpolation
of a-Holderian mappings between normed spaces, namely, by studying the action of the
mappings on K-functionals and between interpolation spaces with logarithm functors.
We apply those results to obtain regularity results on the gradient of the solution to quasilinear
equations of the form

—div (@(Vu)) + V(u) = f,
whenever V' is a nonlinear potential, f belongs to non standard spaces as Lorentz-Zygmund
spaces. We show among other that the mapping T : T f = Vu is locally or globally a-

Holderian under suitable values of « and adequate hypothesis on V' and a.
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1. Introduction - Notation - Preliminary results

1.1. Introduction.

The Marcinkiewicz interpolation theorems for linear operators acting on Lebesgue spaces
turned out to be an essential tool for studying regularity of solutions for linear partial differ-
ential equations (P.D.Es) in LP-spaces.

Then, Jaak Peetre ([33, 34]) introduced a method (K-method) to give a general definition
of interpolation spaces between two normed spaces embedded in a same topological space.
His definition allows to extend Marcinkiewicz’s results of linear operators acting on abstract
normed spaces. But his results allow also to go further in the study of regularity of solutions
of linear equations on spaces different from LP-spaces. The main problem to apply Peetre’s
definition is the identification of the interpolated spaces. For instance, we did such a study
with applications to linear P.D.Es in recent papers (see [22], [2] or [24]) using new spaces as
grand or small Lebesgue spaces, sometimes combining the regularity method with a duality
method.

Later, in our knowledge, L. Tartar [47], under the supervision of J.L. Lions was the first to give
interpolation results on nonlinear Holderian mappings (which include Lipschitz mappings) and
applied to a variety of boundary value problems as bilinear applications, semi-linear P.D.Es
but also on variational inequalities .

This last paper of L. Tartar, recent results development concerning the interpolation spaces
with logarithm functions (see, for instance [27], and the previous references) and the ap-
pearance of the new operators in P.D.Es as anisotropic p-Laplacian or variable exponents
p(-)-Laplacian were the main motivations which lead us to reconsider the work of L.Tartar
[47] and to show that we may have Holder mappings associated to quasilinear equations in

order to obtain new regularity results .
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So, we extend first Tartar’s results on nonlinear interpolations mappings 7" to couples of spaces
with a logarithm function by studying the action of the mapping 7" on the K-functional as-
sociated to those couples . This is the purpose of the second section . Here is an example of
such result:

Let X1 C Xy, Y1 C Yy, be four normed spaces. Assume that T : X; — Y; is globally
a-Holderian for i =0,1. Then, for all a € Xy, b € X, one has

K(Ta —Tb;t*) < 2Max (My; M1)K (a — b;t)°,

where M; denotes the Holder constants.

As a consequence, we derive the following result:

Let X1 C Xy, Y1 C Yy four normed spaces. Assume that T : X; — Y; is globally a-Hélderian
fori=0,1. For0< 60 <1, 1 <p<+oo, if Xy is dense in Xy, then

T is an a-Hélderian mapping form (Xo, X1)op nto (Yo, Y1)s 2 ra-

The last subsection of this paragraph is devoted to some identification of interpolation spaces
using couples of Lebesgue or Lorentz spaces. This allows us to recover spaces as Lorentz-
Zygmund spaces or GI'-gamma spaces. The list is not exhaustive but was chosen to be
applied later on, in the fourth and the fifth paragraphs.
To define the adequate mappings in those last sections, we consider two types of formulations,
the usual weak formulation and the entropic-renormalized formulation for the quasilinear
P.D.Es of the form Au + V(u) = f, f in L'(Q) where A is a Leray-Lions type operator,
V' a potential, and we may prove the existence and uniqueness of solution according to the
space where the data f belongs. We can define a non-linear operator, 7' : L'(Q2) — Y,
i=1,---,n:tof € L' (N) we associate the i-th component of the gradient of the solution
in an appropriate space Yy;. The main step is to prove that such a nonlinear operator is an
Holderian mapping. This is done in each application from section four to six. The fundamental
lemma to obtain such a result in Marcinkiewicz spaces for L!-data is the following result:
Let v be a non negative Borel measure and h : Q@ — IR;, g: Q — IR, be two v-measurable
functions. Then, VA >0, Vk > 0,

u{h> )\} < 1/ hdv + v{g > k}.

A Jigsh)

See Lemma 3.1 for its proof.
Replacing L'(2) by other L™-spaces we can have more regularity on the gradient of the

solution.
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We then apply the abstract results on interpolation mappings obtained in the second section.
Let us notice that our estimates are optimal in many cases. Therefore we improved some
well-known regularity results as in Lorentz spaces but also we have an easy tool to derive
regularity of the gradient when the data f is in spaces as L™" (Log L)a, m > 1 or in small
spaces L(™?(Q) or Orlicz spaces.

For convenience, we took only models for the nonlinear operator A. More precisely, we study
the regularity of the weak or entropic-renormalized solution of a p-laplacian type operators

as —div (|Vu|p_2Vu> + V(z;u) = f, or its anisotropic version in a bounded smooth domain

Q of R,
_zn: 0 ou
i1 31’1 (9551

1< p;, p<+o0, i=1,...,n or the variable exponents version of p(-)-Laplacian, where V' is

i—2
P2 Ou
(9.1'1‘

+V(v;u) = f

nonlinear. We only consider the Dirichlet homogeneous condition on the boundary u = 0.
An example of regularity that we can deduce from Proposition 4.4 is:

If w is a solution of the above quasilinear equation see (33) ,2 < p <n and f € L*"(Q) then
the gradient of the solution u belongs to LF =D ®=1 ()" with k < (p*)" (conjuguate of the

Sobolev exponent of p), k* the Sobolev exponent of k. Moreover, we have

1
IVl g omnro-n) < e[ £

An example of non-standard regularity result that can be obtained from Theorem 4.3 for the

solution wu is:

TR

/01 <(/t1 ’v“|*(5)pd8); (1- 1ogt)m> ' % .

. [ /0 1 (( / 1 f*(s)(p*)'ds) . logtV)p %] % ,

whenever the right hand side of the inequality is finite. Here o = ﬁ, 2<p<n, AeR.

m’ A D—1
Moreover, if f € Lm'—oP? (Log L> then |Vu| € Lpor2p=1) (Log L> T

From Section 4 to Section 6, we give such applications of the abstract results obtained in
Sections 2 and 3.
For instance, here it is the basis of the existence of an Holderian mapping result for anisotropic

equation:



QUASILINEAR P.D.ES, INTERPOLATION SPACES AND HOLDERIAN MAPPINGS 5

Let u be the entropic-renormalized solution of equation (49). Then there exists a constant

¢ > 0 independent of w and f such that

(1) meas {|u| >k} < c[|f]| ik ", VE>0.

ou I .
@ Haxz Pt < dlfllziey i=1,...,n

For the sake of completeness, although the existence and uniqueness for quasilinear equations

are widely done in the literature and are not the main issue of our work, we shall give some
examples of proofs of uniqueness and existence. Namely, when the operator A has variable
exponents, we have new results and we show in particular that:

There exists a constant ¢ > 0 depending only on p, n, € such that

lag |
a

meas{|Vu|p(') > )\} < c¢1(||f||1)1+\1a1\)\_1+| i VA>0.

Such topic is developed in the last section 6. The method is widely inspired by the previous
works (see for instance [5], [37], [38], [41], [42]) and uses recent theorems as the one given in
[23].

Moreover, the same method can be used to prove the existence and uniqueness of entropic-

renormalized solution for general operators including the anisotropic case.

1.2. Notation -Preliminary results.
We shall adopt our usual notation.

For a measurable f € Q — IR, we set for t > 0
D¢(t) = meas {x eQ:|f(x)] > t},

and f, the decreasing rearrangement of |f| is defined as follows:

For s € (0,92]), |€2| being the measure of €2,

f«(s) = inf {t :Dy(t) < s}, we also denote by f..(s) = é/s fu(t)dt.
0

The Lorentz space LP9(Q2), 1 < p < +oo, 1< g < 400, is defined as the set of measurable

functions f for which

o | >
[/0 [tpf**(t)]q%] if ¢ < +o0,

sup t%f**(t) if ¢ = +o0,
0<t<|Q|

is finite,

1 1lpa =
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where ||v]|, denotes the norm in L9(€2), 1 < ¢ < +o0.

If A; and A, are two quantities depending on some parameters, we shall write

Ay S Ay (if there exists ¢ > 0 independent of the parameters) such that A; < cAs

Al ~ A2 if and OIlly if Al rg A2 and Al § Al.

For the anisotropic problem, we will need the following Troisi’s Sobolev inequalities [49, 48].

For this purpose, we shall denote by

1 11 n , 1 .
P wd g S e ()
p o ni pi n=r im1 i

Theorem 1.1. Poincaré-Sobolev inequality for anisotropic Sobolev spaces

Assume that 1 < p < n . Then, the following inequalities hold true.

(1) There exists a constant C = C(n,p) such that

0 ([ 1

n_

p*dx) ! < CH (/ |0,
i=1 \WIR"

1
pidx) " Yue OF(RY).

n

(2) For any = (01,...,0,) such that 6; > 0 for alli =1,...,n andZ— = —

i=1

—

exists a constant Cy = C(n,p,0) such that

D n ﬁ
(2) (/ |u|p*dx) s Cy > (/ |8ziu|pidx) " Yue CP(RMY).
n Z:1 n
In particular, we shall use the case 0; = p; for allt=1,... n.

We shall denote by W2 7(Q) the closure of C°(€2) with respect to the norm:

n

lollig =

1=0

The following Poincaré-Sobolev inequality holds true in W, #(£2).

Corollary 1.1.1. of Theorem 1.1

(1) There exists a constant C' = C(n,p) such that

© JAC

. "1
for allv € WP (Q), if Y — > 1.
— Pi
i=1

1
*

p*(x)dx]p <cC (il/gmw

1
p
pi
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"1
2) If — < 1, then
CRDS
Wy P(Q) s L¥(Q).

Moreover, there exists a constant C'(n) > 0 such that

i=n

ol < C(m) ||

i=1

for all r < +o00.

Remark 1.1.

The two last statements can be found also in [46].

For the case of variable exponent spaces, for u : {2 — IR measurable, we set

By) = [ Ju(o)P e

and we consider the norm:

(4) Hu||p(.):inf{)\>0:®p (%) < 1}, (inf § = +o0).
Setting
LPO(Q) = {u: Q — IR measurable such that ||u||,., < +oo},
the space (LPO(Q);]] - ||p()) is a Banach function space and an equivalent norm for u is the

following Amemiya norm
: u

R iy = 32 (1492 (5).
which is equivalent to the norm in (4) since
(6) [lullpey < Tulpey < 2ffullp).
We set

LL(Q) = {ve LYQ) : v >0} and L(Q) = LPO(Q) N LL(Q).
We always assume that

1 <p_ =inf{p(z) : v € Q} < p; =sup{p(z) : z € Q} < 0.

Proposition 1.1.

One has:
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o LPV)(Q) is reflexive.
e For allu € LPV(Q),

1

2||u||p(.) < (/ |u(x)|19(m)dx> P n (/ |u(:p)|p(a:)dx) P )
Q Q

We also have Poincaré-Sobolev type inequality for variable exponent spaces. Following [15],
[12], for the next theorem, we shall consider that the function p(-) being a bounded log-Holder
continuous function on a bounded open set €2, that is:

There exists a constant ¢; > 0:

Log (e + 1/|z — y|)lp(z) — p(y)| < 1, V(z,y) € Q x €L

Assuming also p, < n, one can consider the Sobolev variable exponent
. np(x)
p(z) =
n—p(z)

and the following Poincaré-Sobolev inequality holds true:

, T €l

Theorem 1.2.
There ezists a constant C = C(n,p(-)) such that

(7) 0llpeiy < ClIV[lpy  for all v € WyPO(Q).

The dual of W™ is denoted by W~ 0(Q) with p/(z) = %.
p\xr) —
We can summarize the definitions of Lebesgue, Lorentz and Zygmund spaces as follows:
Definition 1.1. ( Lorentz-Zygmund spaces)
Let 2 be a space of measure 1, 0 < p, ¢ < +00, —00 < A < +00. Then the Lorentz-Zygmund

A
space Lp’q< log L) consists of all Lebesque measurable function f on € such that :

1 adt §
il (/ 71~ Log )" £.()] %) 0 < g < +oo
DG =

sup t%(l — Logt)*f.(1) q= oo
0<t<1

is finite.

Here f. is the decreasing rearrangement of | f|.
We also need the next definition.

Definition 1.2. (of GT'(p, m;wy,ws)) (see [22])
Let wy, wy be two weights on (0,1), m € [1,400], 1 < p < +00. We assume the following

conditions:

(cl) There ezists K12 > 0 such that we(2t) < Kiowe(t) Vt € (1,1/2).
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t
(c2) The function/ wy(o)do belongs to L'» (0, 1;wy).
0

A generalized Gamma space with double weights is the set

t
GT'(p, m; wy, w2) = {w : Q — IR measurable / VP (0 )ws(o)do is in L' (0, l;wl)}.
0

It is a quasi-normed space endowed with the natural quasi-norm:

p(v) = [ /0 lwl(t)< /0 t vf(a)wg(a)d(f)?dt];.

If wy = 1 we simply note GI'(p, m;wy, 1) = GI'(p, m; wy).

We shall also need the following elementary inequalities that can be found in [30], [13].

For p > 2, there exists a constant «, > 0 such that V¢ € IR", V¢ € R"

(®) (I —ler2g e =€) > aple -1

Rn
A similar relation holds for the case 1 < p < 2, namely, there exists a constant a,, > 0 such
that V¢ € IR", V¢’ € R"”

€&

p=2¢ | ¢lp=2¢1 ¢ ¢!
(9) (lr2e ~ el 6 =€) . > el e

2. Abstract results on nonlinear interpolation

We shall need the following results concerning real interpolation with logarithm function (see
[18, 27]).

Let (Xo,|| - [lo), (X1,|| - |l1) be two normed spaces continuously embedded in a Hausdorff
topological vector space, that is, (Xo, X;) is a compatible couple.

For g € Xy + X1, t > 0, we shall denote
K(g,0=K (9,4 X0, X1) = _inf (Ilgollo + llgal)
9=9go+g1
For0 <0 <1, 1<qg<+00, a€lR, we define the interpolation space
g1 o . .
(X0, Xt)oga = {9 € Xo+ X1, llgllogua = 11775 (1 = Log)"K (9,6l (o, s fnite )

Next, we consider four normed spaces X; C Xy, Y; C Yy, and T a non-linear mapping from

X; into Y;, 2 = 0,1 such that:
(1) [ITa = Tlly, < f (llallx 1bllx, ) lla = Bl[%, for all (a,b) in Xo.
2) |Tally, < g(llallx, )llall%,, ¥Yae Xu,
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Here 0 < ae < 1, 8 > 0, ¢ is a continuous increasing function, and f is continuous on IR? and

such that for each o, f(o;-) is increasing.

2.1. Estimating K-functional related to the mapping 7.

Lemma 2.1.
Under the above assumptions (1) and (2) on T, let G(o) = Max (g(QU); f(o; 20)),0 € R,.
Then for all a € Xy, allt > 0 one has

K (Ta, ", Yo, i) = K(Ta, %) < G(lJal ) [ 0, 8)" + K(a,1°].
Moreover, if 8 > «, then
K(Ta,t%) < G(|lallx,) (1 +lallx,") K (a, ).

Proof :
We follow the Tartar’s idea [47], (see also [32]). Let a € Xy and € > 0 . Then, there exist
functions ag(e;-) and a4 (e, -) such that:

ao(e, t)=ao(t) € Xo, ai(e,t)=a1(t) € X7 with a = ao(t) + a1(¢) such that
(10) K(a,) < llao(®)l|x, + tllar (Dl lx, < (1+£)K(a,8), Yt >0.
We set T'a = by(t) + b1 (t) with by(t) = T'a;(t). Then

K(Ta,t") < by, + #0101 (0)llv, = ITa = Tyl + )| Tar (1),
(11) < g (llaa®llxo )llas 113, + £ (allx; llaa (@)l ) lao D] %,
Since a € X, then
(12) K (a,) < llal

Thus from relations (10) and (12), we have

(13) lao®)l|x, < (1 +¢)llallx, V>0,
and then
(14) ar ()l xo < llallx, + [lao()]x, < (2 + €)l]allx,-

Therefore, relation (11) implies that

(15) K(Ta, ") < Max (g(llallx(2+2)): £ (llallx; (2+)llallx,) ) | Hao ] %, +7 lar (8)]13, .
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combining this relation (15) with relation (10) and letting ¢ — 0, we derive
(16) K(Ta,t%) < G(||al|x,)| K (a,)* + K (a, t)ﬂ] Vit > 0.
If B > a , then using relation (12), one deduces from (16) that

(17) K(Ta,t") < G(llallx,) (1 + llally,") K (a, 1)

A particular case : as a particular case we have the following:

Corollary 2.1.1. (of Lemma 2.1)
Let X1 C Xo, Y1 C Yy be four normed spaces. Assume that T : X1 — Y7 is globally o-
Holderian, i.e. 3 My > 0 such that

||Ta —Tb|ly, < Mylla —D|%,, 0<a<1,
and T maps Xy into Yy in the sense that A My > 0, >0
1Tally, < Mollall',-
Then, YVa € Xqy, Vt >0, one has
K(Ta, t®) < Max (My; M) [K(a, 1) + K{(a, t)a].

If o < 3, then
K(Ta,t?) < (1+ llal|,”) Max (My; M) K (a,t)*.

Corollary 2.1.2. (of Lemma 2.1)
Let X1 C Xy, Y1 C Yy be four normed spaces. Assume that T : X; — Y; is globally
a-Holderian for i =0,1. Then, for all a € Xy, b € X, one has

K(Ta —Tb;t*) < 2Max (My; M1)K (a — b;t)?,

where M; denotes the Holder constants as in Corollary 2.1.1 of Lemma 2.1. Furthermore, if

Xy 1s dense in X then the above equality holds also for all b € X,.

Proof :
Let b € X; and define Sx =T(b+ x) — Thb for x € Xy. Then

1Sz|ly, < Mollz%,,
and for all z € X; and y € X; we have

1Sz — Sylly, < M|z —yll%,.
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We may apply Corollary 2.1.1 of Lemma 2.1 to derive
K(Sz;t%) < 2Max (My; M) K (z; 1),V € X,.

Choosing for a € Xy, © = a — b and taking into account that S(a — b) = T'a — T'h, we obtain
the first result. If X; is dense in X , we consider a sequence b, € X; converging to b in Xy,

since
K (b = b;t) < [|bn — b|x,,
then K (b, — b;t) converges to zero as n goes to co. Writing
K(Ta—-Tb;t*) < K(Ta — Th,;t*) + K(Tb,, — Th; t%),
and applying the preceding results, one has
K(Ta — Thy; %) + K(Tb, — Th; %) < 2 Max (Mo; M) [K(a — b ) + K (by — b; t)a] .
Letting n goes to oo, we get from the two last formulae that
K(Ta—Tb;t*) < 2Max (My; M) K (a — b; 1),

for all (a,b) € Xy x Xo. %

2.2. Interpolation of Holderian mappings.

Theorem 2.1.
Let X1 C Xy, Y1 C Yy, be four normed spaces, T' the mapping satisfying (1) and (2), moreover

assume that o < . Then, if 0 <0 <1, 1 < p < +oo, fora € (Xo, X1)opr one has:
2oaand |Tallooy,g 5, S |3 lall )G lallx)] lallf -

Proof :

One has from relation (17)
(18) K(Ta,t") < (G([lallx,) (1 + llal |%,*) K (a, ).

Thus

P

b pdt —a o
19) = [ 40— Logt (T, )5 < [0+ el 6 )]l

Set

! oL P do
Jp = / o "5 (1 — Log (o))" K(Ta,o)s—.
0 o
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We make the change of variables o = ¢? in the first integral J to deduce:

(20 ;1 PO | oA pdt
) = — o 51+ =|Log (o))" K(Ta,o)=—.
B Jo B t
From which we have
a1 < J < ey
1 1\" 1 1\"
— min 1;—) if A > 0. —max | 1; = if A >0,
with ¢; = A and ¢y = A
(1 1) £ <0 L i (1 1) £ 2 <0
—max | 1; = i —min [ 1; = 1 )
B B 5
Then
Jl ~ J.

So this last relation and relations (19) to (20) lead us to

(21) 1 Tallog 200 S (1+ llall%, )G lallxo)al[f 5ox-

In view of applications in P.D.Es, we first have the following:

Theorem 2.2.

Let X1 C Xo, Y7 C Yy be four normed spaces. Assume that T : X; — Y; is globally o-
Holderian fori=10,1.

For0<0<1, 1<p< oo, if Xy s dense in Xy, then

T is an a-Hélderian mapping from (Xo, X1)gpn into (Yo, Y1) 2 ra-

Proof :
Let a € (Xo, X1)opx and b € (Xo, X1)op:x. We have shown in the above corollary 2.1.2

K(Ta — Tb;t*) < 2Max (My; M1)K (a — b;t)°.

Following the same arguments as in proof of the above Theorem 2.1, we deduce from this

inequality:

(22) 1Ta — Tllg,2 00 < colla — blI§un.
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2.3. Identification of some interpolation spaces.
To obtain similar results as for Proposition 4.4 below with an interpolation process including

a functor (as a logarithm function), we must identify the following interpolation spaces:
(Lla Lm)&m;)\’ (L17 Ln?l)&m;)\a (LS,OO, Lm)&m;)\’ (LS?OO, Loo)ﬁm;)\?

under suitable conditions on s, p,, 6. Here is the general result collecting the necessary
interpolation identification that we shall need for the application. The proof can be essentially

found in ([27] ) (see also [1]), we give below the idea how to prove the statements.

Proposition 2.1.

Let 1<r<m<+400, 1<q, <o, 1<p<+00,0<0<land e R, if0 =1 then
1 1

A< ——,and A\ > —— 1f0=0.
p p

f[/l (tlzuif*(t)(l_Logt)ky%];, 0<6<1;
0

LA

[/01 ((/Otsq:lf*(s)qlds)qﬁ(1 _ Logt)/\)p%] 0 =0, ¢ < +oo:

! 1 by pdt %
s =3 [ [ (s s22.6) 0 -Togt?) X7 0 =0, = +oc
0

0<s<t

B =

[/01 ((/tl st *(S)quS)é(l —Logt)’\)p%] =1, ¢y < +oo:

S
>
I
\.}—‘

g2 = +00.

| / 1 ((esssup 5% £.(5))(1 — Logt)!) )",

0<s<t

Proof :

The above proposition can be proved directly without invoking the general framework in the
cited references. Indeed, the main steps to do it are: first, use Holmsted’s formula to get
an equivalent expression for the K-functional between Lorentz spaces and then, we can use
suitable Hardy inequalities essentially developed in [3] to get the results. &
We have several consequence of the above proposition. First, when we compare with the

definition of Lorentz-Zygmund, GI'-space, and small Lebesgue spaces, we have:

Proposition 2.2.

Let1<r<m<oo, AeR, 1< py < +00.
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(1) If 0 < 0 < 1, then, the interpolation space (L"%°; L™)g .1 coincides to the Lorentz-

1 1-6
Zygmund space L™P*(Log L)* with — = —— + —. (L', L™)g . coincides to the
me r m

! A
Lorentz-Zygmund space Lm'—o"2 <Log L> .

(2) If0 =0, 1 < q1, g2 < +00, then for j = 1,2, we have
(L7 L™%)g pyn = G (g, p2; wi, way),

with wy(t) = (1 — Log (1))t wyy (t) = 771 if g1 < 00, waa(t) = tm ' if gy < o0,
t €]0, 1.

The space (LY, L™) py.x is the Generalized-Gamma space GT'(1, pa;wr) where w(t) =
t=1(1 — Log t)* (see [22] or [25] ).

1
(3) In particular, we have for A > ——, the link with small Lebesgue spaces as:

b2
(a) If 1 < ¢ < +o0, Lae(Q) = (Lo, L™®), .\ Vg € [1,+00], Vm €
1 1
lgi, 0], o =qi(Ap2+1), —+ =1
q1 q1
(b) If 1 < g2 < 400, L(‘D’“Q(Q) = (L"%, L%2)g pyn with as = gh(Aps + 1),
1 1
I=— + R Vr € [17q2[a VQI € [1,+OO]
Q2 4

For the case 0 < 6 < 1, we may apply the following duality result (see[22, 32, 9, 45]).

Proposition 2.3.
Let X1 C Xy two Banach function spaces. Then the associate space of (Xo, X1)gpyn with
0<f<1, 1< py<+oo, A€R, is the space

1 1
(X1, X0)1-0,py— with — 4+ — =1, where X is the associate space of X;, i =0, 1.
b2 D2

This Proposition 2.3 leads us to:

Corollary 2.3.1. of Proposition 2.3
Let 1 <m < 400, 1 <p’ <400, A€R, 0<60 <1, m/:Ll' Then
m P—

(L™, L) g pyrx 15 the associate space of (L', Lm/)lfgypé;,/\,

that is the Lorentz-Zygmund space (up to equivalence of norms)

m I A
(L™, Lo pn = LT (Tog L) .
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Moreover, we have

(Lm7 LOO)G,m’;/\ = (Lm,ooa Loo)e,m’;)\'

Another theorem that we shall need, concerns a reiteration of Lorentz-Zygmund spaces, fol-

lowing the Lions-Peetre’s lemma (see [4, 27)).

Proposition 2.4. (see [27])
Let 1 < po, qo, p1,q1 < +00,p1, 0 <60 <1, r; €R. Then

(£ (Log L) Y (Log L) ”) — 19(TLog L)
0,q;r
1 1-6 6 0
with — = + — and re:(l_g)@+ﬂ+f_
Do Do h qo q1 q

Before starting the application of those interpolation formulae, we shall introduce a very
useful lemma inspired by the work of Benilan and al. (see [5] Lemma 4.2). But we state it in
a general framework in view of applications for a large number of estimates that we shall use

in the next section.

3. A fundamental lemma for estimates in Marcinkiewicz space

Lemma 3.1. Fundamental lemma of Benilan’s type
Let v be a non negative Borel measure and h : 0 = IRy, g : Q — R, two v-measurable

functions. Then, VX >0, Vk > 0, we have
1
u{h > A} < —/ hdv + v{g > k}.
{g<k}

Proof :

Since t — v{h > t} is non decreasing, ¥ A > 0, then

1 A
vih >\ < X/ v{h > t}dt
0

L A
= X/O (y{h>t}—u{h>t,g>k}>dt+§/o v{f >t g > k}dt.

We have v{h >t,g > k} <v{g >k} and
vih >t} —v{h>t:g>k}=v{h>t:g <k}
Therefore, we obtain
v{h > A} < %/O+Oou{h>t:g<k}dt+u{g> k).

By the Cavalieri’s principle, one has

400
/ y{h>t:g<k‘}dt:/ hdv.
0 {g<k}
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With those two last inequalities, we get the result. &
Besides the applications that we shall give in the next section, we recall some estimates that
we have already used in a previous work ([14]).

Let us recall that if w is an integrable weight function on €2, the weighted Marcinkiewicz space

is defined by

L9 (Q, w) = {v : 2 — IR measurable s.t. sup XI/ w(z)dr < —i—oo} ,0 < g < +oo.
250 Jpu|>a

If w=1, L¥>*(Q,1) is the same as the Lorentz space L?*°(Q2) defined in the first section.

Theorem 3.1. A generalized Benilan type result

Let w be an integrable weight function on ), 1 < p < +o00, and let u € Wl’l(Q) be such that,

loc

for a constant My > 0, we have

/ |VTi(u)Pw(x)dx +/ Ty (w)|Pw(z)de < Msk, Yk >0,
Q Q

with Ty (t) = min(|¢]; k)sign(t), t € R.

Assume furthermore that we have a continuous Sobolev embedding,
W'LP(Q,w) & LF (Qw)  for some p* > p.

Then, one has:

p* *
/ wdzr < ch"**”' A YA > 0,
[Vu|>A

1 1
where ¢ > 0 is a constant depending only on p, Q, p*, —+ — = 1. Hence [Vu| € LT*(Q, w),
p p
with ¢ = PP Ifg>1, thenue WL (Quw), 1 <r <q.
Pty
Proof :

For a measurable set £ C (2, we set v(F) = / w(z)dx and we apply the above fundamental
E
Lemma 3.1 to derive that for all A > 0, Vk > 0,

1
(23) v({|Vulf > A}) < X/ VT (u) Pwdz + v({|u] > k[}).
Q
By the first assumption of the theorem, we get, for all £ > 0 and A > 0, that

N A}) <My (] > Y.

(24) v({IVu .

Following Benilan and al. [5], we have {|u| > e} = {|T)(u)| > £} for ¢ < k. Therefore

(25) (el > ) < 5 [ 1Tl wds
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Using Sobolev inequality, we have

1 % 1 k*
(26) v({lul > €}) < s {/ VT (u)Pwdx +/ |Tk(u)|pdx} < gcskT.
Q 0

As ¢ = k, we have, for all k > 0,

(27) v({lul > k}) = / w(x)dr < cskf%t,

lu|>k
where ¢, is the Sobolev constant.
Combining relations (24) and (27) one has
(28) v({|Vul’ > A}) < Inf %k Foek Vb
E>0 | A °
Computing the infimum, we have VA > 0
(29) v({|VulP > A}) S MPH7 \Tv
This implies the result &

Here are some weighted spaces in which we have a Sobolev embedding (see [28, 44]).

Proposition 3.1.
Assume that Q0 is a bounded open Lipschitz set of IR". Let o > 0,and let w be one of the
following weights

o w(x) = dist (x;00)* = §(x)?,

o w(z) =dist (z;x0)Y, o € ON.
(n+a)p
n+a—p

1 1 1
{/ |U|P*wdx} ’ <c (/ |v|pwdx) s (/ |VU|Pwdx> .
Q Q Q

As a consequence of the above Theorem and Proposition 3.1, here it is a proposition that we

For1 <p<n+ a, we have p* = and

have already stated and used in [14] (see Proposition 13).

Proposition 3.2.
Let v € LY(Q,6%), and a € [0,1]. Assume that there exists a constant co > 0 such that for
all k>0

Ty (v) := min(|v|; k) sign (v) € W'L*(Q, %),

(30) / |VTk(U)|25ad96+/ T (v)[?6“dz < cok.
Q Q
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Then, there exists a constant ¢, depending continuously on cq > 0, such that for all X > 0

C
5 (@)de < —
/{z:|w|(x>>A} S M

In particular, if (v;); is a sequence converging weakly in L'(Q) to a function v, satisfying the

inequality (30) and such that
/ VT (v))]26%dz < cok Vi, Vk,
Q

n—+ o

then (v;); converges to v weakly in WH4(Q') for all q € [1, - . [ and all Q' CC Q, and

+ o —
there exists a subsequence (v;); such that vi(x) — v(z) a.e. in Q.

4. Application to the regularity of the solution of a p-Laplacian

/ 1 1
Let © be a bounded set of IR". Let us consider f € L'(Q)NW17(Q), —+==1,1<p<
p P
400, V' be a Caratheodory function from €2 x IR into IR such that

H1: forallc € R, x € Q = V(x;0) is in L>®(9Q).
H2: fora.e. x € Q,0 € R — V(z;0) is continuous and non decreasing with V' (x;0) = 0.
Using the Leray-Lions’ method for monotone operators (see Lions’s book [29]) or the usual

fixed point theorem of Leray-Schauder’s type (see Gilbarg -Trudinger [26]) we have:

Proposition 4.1.
, 1 1
Let f be in L'(Q)NW 1 (Q), -+ — = 1. Then there exists a unique element u € WyP(Q)
p

p
such that

(31) / o(x)V (z;u)dx + / |VulP2Vu - Vodr = / fodr Yo e WP Q)N L=(Q).
Q Q Q
We call such solution a weak solution of the Dirichlet equation —A,u + V(x;u) = f.

Remark 4.1. (on the above existence and uniqueness)
If p > n, then L*(Q) c W1 (Q).
If p < n, then the dual space L¥) () ¢ W1 (Q) whenever p* =

if p < mn, and p* is
any finite number if p = n.
Therefore, the above result can be applied for these cases. In the paragraph concerning the

equation with variable exponents, we give the idea on how to prove the above proposition.

We can define a nonlinear mapping;:
T: L'QnNW Q) —  Lr(Q)"
f — T f =Vu.

We shall need sometimes the following additional growth assumption for V.
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1 .
(p—1)<1+—) if p<n
H3: There exist m; € [p —1,m [, my = n—p
< 400 if p=n,
and a constant ¢ > 0 such that

\V(z,0)| < clo|™ VoelR, ae x €.

We want to extend above mapping over all L*(2). When p = n and f € L'(Q) the Iwaniec-
Sbordone’s method ensures the existence and uniqueness of a weak solution that is under the
above formulation (31) or even in the sense of distribution, see for instance ( [19], [31], [20]).
So the above mapping is well defined on L*(2).

When p < n and the data f is only in L'(Q), the formulation by equation (31) cannot ensure
the uniqueness of the solution. Here it is an equivalent formulation which summarizes various
definitions introduced by different authors (see for instance [16, 5, 7, 8, 41, 40, 10]).

We consider again the usual truncation
Ty : R — R defined by Ty(0) = {|k + o| — |k — o|}/2,
and we define as in [38, 41] (see also [5]), the following T-space or T-set:
Se? = {v - Q0 — IR measurable such that tan~'(v) € W, (Q),

and Yk > 0, Tp(v) € WyP(Q), sup k_%HVTk<'U)HLP(Q) =K< +oo}.
k>0

Definition 4.1 (of an entropic-renormalized solution).
We will say that a function u defined on € is an entropic-renormalized solution associated to

the Dirichlet problem
(32) —Aju+V(zu)=fe€L'(Q) u=0 ond
if
(1) u e S;P(Q), V(-,u) € LYRQ).
(2) Ve WY (Q), 7 >n, Yo e WP (Q)NLX(Q) and all B € WY(IR) with B(0) =0,

B'(0) =0 for all o such |o| = o9 > 0, one has:
(33) / |VulP?Vu - V(nB(u — gp))dx + / V(z;u)nB(u — ¢)dx = / fnB(u— ¢)dx.
Q Q 0

If f € L”(Q) the above formulation (33) is equivalent to the formulation (31) (i.e. a weak
solution is an entropic-renormalized solution); see[38] or [31] for the case p = n.
It has been proved in the above references (see [5, 42, 40, 7, 10] ) that we have existence and

uniqueness of an entropic-renormalized solution.
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Theorem 4.1.

Let f € LY () and assume (H1) and (H2). Then there exists a unique entropic-renormalized
solution of equation (32). Moreover, if the sequence (f;);converges to f in L'(SY), then the
sequence (Vu;(x)); converges to Vu(z) almost everywhere in § for a subsequence still denoted
by (u;);- ,

When p > 2 — e the solution u € W, (Q).

Comments on the proofs of Theorem 4.1 and Theorem 4.2

e For any v € S;”(Q), the gradient of v exists a.e. in the sense that if we denote by
{e1,. .., €n} the canonical basis of IR", then the following limit exists almost every-

where in €2
. v(x+te) —v(x) . v
P—{% t 8xz< 7)

and
DB(v)(z) = B'(v(z)) Dv(x), whenever B € WH*(IR).

This result is only given in [40] (see also[41]).

o Let f1 € LY(Q), fo € L™(Q), u; be the entropic-renormalized solution associated
to fi and us be the weak solution of equation (31) associated to fa. Then, choosing
n =1, B =tan " (Ty), for k > 0, ¢ = uy is in W, *(Q) N L®(Q). One has, dropping

the non negative term,

B0 [ (IVuP Ve - [Vl Vi) - VB - wde < 5 [ |~ flda,
Q Q

The relation (34) implies the uniqueness of the entropic-renormalized solution for all
p €]1,n].

When p > 2, we can have more inequalities for u; — us . Indeed, we can use the
strong coercivity of the p-Laplacian, that is inequality (8) (or see below(44)), and we

let k¥ — +o00 to obtain:

A )] i <7 [ I - plas

1 + |U1 — U2|2

From this relation, we have for all 1 < ¢ < —1(p —1)

[ 19— w < dls - £l [H ( / |v<u1—u2>|wx) ]
Q Q
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1 1 1 1 1

with my = q*(———> and — = — — — if p < n, so that my < 1; and ¢* is any
q P q q n

number so that mo < 1 if p > n.

Hence, using Young inequality,

1/q
([ 1ot —ul) " < efih - Al + 115 - sl

where (;, i = 1,2, ¢ depend only p, n, Q, 3; > 0.

This is the method used in [37, 39]. The above inequality gives a stability and unique-
ness result.

The technique developed by Benilan and al. [5] gives a more precise result than the
above relation (35). Indeed the same arguments as for having (34) with B = T}, leads

to:

/ VT (s — up)Pdz < k;/ fi— fldz, V>0
Q Q

Uy — Uz !

If fi # fo, we set w = ——. A=Fk[|fi - fQH;f’j and we deduce that
11— follj7!

/ |IVT)\(w)|Pdz < A
0

From this inequality, the Benilan’s technique (see [5] or the above Theorem 3.1) implies

that
|Vw|| v =100 < c(p, ).

This implies the second statement of the Theorem. Another proof of this regularity

result (38) is in [43]. &

Proposition 4.2.
Let u be the solution of equation (82) with f being in L¥ (). Then

(1) If f e L%;p%l(Q),p < n (Lorentz space), then u € L>®(S2). Moreover,

1
ullpe < || fII"% o ifp<n,
LPP=1(0)

1
lulloe < CILFIT ifp>n.

(2) If we assume (H3) and f € L™'(Q), then

my1+1—p

1= _1
Vu e 1% and |[Vulls= < c(1+ LT ) IA1EA 0

All the constants denoted by ¢ depend only on p, Q and V.
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This proposition gathers well known results (see for instance [11] for statement (1), and [36, 35]
for statement (2)).

The growth of the gradient in Proposition 4.2 comes from the following Lemmas.

Lemma 4.1.

Assume (HS3). Let ms = L(p —1)if 1 < p <n, and ms any finite number in [nmy, +00|,
n—p

and let u € L>(2). Then

mi1+1l—p
IV ulD IS S lulle lull 2
Proof :
One has from (H3)

of =
IV (DI \c[ / tnru\::“(t)?]

1

€] N B dt p—1
< Ilull [ | p<t>7]

m1+1-p

(39) S Mullsolul] L,

n(mi+l—p),mi+l—p"*

1
If 1 <p<mn,onehasn(m +1—p) < L(p—l) = mg since my < (p — 1) {1%——]
n—p p
n(my + 1 —p) < mg if p = n. Therefore, the last inequality implies the result. O

Lemma 4.2.
Assume (H3) and let mg be as in Lemma 4.1. If f € L™(Q) and u is a weak solution of
equation (31), then

mi+l—p

V(5 u ()ani S HfHLm 11"

Proof :
Following Proposition 4.2, u is bounded and ||ul|s < || f]] z;tll Since we have
(40) ull pwo-v=a < el IVl o) o,

by Sobolev-Poincaré’s inequality (see [35] ) and

(41) HVUHL”’(%M Hf”[,l )

by Theorem 4.1.
From (40) and (41), we have

_1
(42) ull pwovea S
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Since n/(p — 1)* = mg, from Lemma 4.1 we derive the result. &
The statement 2.) of Proposition 4.2 is then a consequence of the above Lemmas since
—Ayu = f—=V(;u) € L™ if u is a weak solution of (31) for f € L™!(Q). The Cianchi-

Mazja’s result implies

1

(43) IVulle S = VEwllzah Sl + 11V )HLM

This inequality (43) and Lemma 4.2 implies the estimate 2.) in Proposition 4.2.

4.1. The Holderian mappings for the case p > 2.
2 <

We start with the Holder property in the case p < n.

Theorem 4.2.

If f € LYQ), i = 1,2 and if u; are the corresponding entropic-renormalized solution, one has
forp > 2.

)/‘v:rk = ) /|f1 foldz.

(2) u; € Wy''(Q), and moreover

19 (1 = )|ty < cllfi = Foll iy,

n

where ¢ is a constant depending only on the data p, Q and V, n' = T
n _

Proof :

We use the stability result. Indeed, let fi; = Tj(f1) (resp. fo; = T;(f2)). Then, u;; i = 1,2
associated to f;; are solutions of (31).

We note first that if u; is an entropic-renormalized solution associated to fi and f1; = T;(f1) €

L>(2), then the weak solution w;; of equation (31) satisfies

[Vur; — V|| -0 () e 0.

Therefore using relation (8) and ¢ = Tj(u1, —us;) as a test function in relation (31), we derive
the statement (1) of the theorem using the convergences for each Vu;. While for statement
(2), we may apply Theorem 3.1 with u = u; —uy € W,2H(Q) and w = 1.

¢

As consequence of this theorem, we have the following Corollary which proves Theorem 4.2.

Corollary 4.2.1 (of Theorem 4.1).

n

L) — |[rev()
— Tf

Under the assumptions (H1) and (H2), we extend the mapping T :
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with T f = YVu, where wu is the unique entropic-renormalized solution of the Dirichlet equation

(32). Then, for p > 2, there exists a constant c(p,) > 0 independent of V' such that
_1
T f1 =T fall prp-1y.00 < c(p, Q)|| f1 — szfI(IQ)

Proof :
We derive this result from the statement (2) of Theorem 4.2. This stability implies the desired
result. &

Lemma 4.3.

1
Assume (H1) and (H2). If p > 2, then the preceding mapping T is
p—

oo . 1 1 , ,
L®) into LP(Q)™ with ) ==+ e p* = n?p’ 1 <p<mn,p isthe conjugate of p.

7= a-Hélderian from

Proof :
For p > 2, we recall that there exists a constant c,, > 0 such that V¢ € R", V¢’ € R"

(44) (IeP2s— g2 =€) > ale =€
Therefore, for two data f; and f, in L*'(Q), dropping non negative term; we have

Cp/ |Tf1 - Tf2|pd$ < / <]Vu1\p*2Vu1 - |VU2|p72VU,2, V(Ul - UQ>dLU
Q Q

< / (fi — fo)(u1 —ug)dx  (by Poincaré-Sobolev inequality)
Q

< epllfi = fallpory — T fol|rs,
so that
[T f1 =T follze) < copllfi — f2||L<p*>
This implies the result using a density argument. &

To apply the abstract results given in the second section for interpolation spaces, we need
to use some well-known results concerning some identification. The first one can be deduced

from the famous reiteration process of Lions-Peetre or from Proposition 2.1.

Proposition 4.3.
Forallr € [1,400], 1 <m < 400, 1 < ¢ < +oo, m < k < q, we have

1 1-6 6
(@, (@) =1 (@) with =04

0,0 m q

Notice that the interpolation space (Xg, X1)g.0 is the same as Peetre interpolation space

(X(), Xl)gjr since X; C Xj.
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Proposition 4.4.
Assume (H1) and (H2). Let p* = P with 2 < p <mn, (p*) its conjugate,
n—p

1<k (pt) = L, p* is any finite number if p = n. r € [1,4+00]. Then
np—mn-+p
1
T f1 = Thollpw-vro-n < ellfi = fallfis
k
for fi, foin LF7(Q), with k* = nk if k <n and any finite number if k > n.
n —_

In particular if f € LF7(Q) then the gradient of the solution u of (33) belongs to LF »=1r(p=1) ()",

Proof :
1 / /
The mapping T is a = —1—Hélderian from L'(Q) into L™ ®~D(Q)" and from L7 () into
p —

/ 1
LP(Q)™ with ¢’ = (p*)’. Moreover, we have L*"(Q) = (L', LY),, with § = p*<1 - E> and
Lk*(pfl),r(pfl) — <Ln/(p71),oo’ Lp> ‘

0,r(p—1)
From the abstract theorem, Theorem 2.2, we have for fi, fo in LF7(Q):

1
HTfl - Tf2H9,T(p—1);0 S Hfl - f2||g,;l'

Noticing that bounded functions are dense in L*"(£2), this gives the result. &

Proposition 4.4 improves previous known results in fact, one can consider the case k = r, the

usual estimate is only obtained in [Lk*(p_l)(Q)] (see for instance [11]).

Let us apply now those identification of the interpolation spaces to obtain precise regularity

of the gradient of an entropic-renormalized solution.

Theorem 4.3.

Assume (H1) and (H2) and let m = np

(n+1)p—mn
1

n, 1 < p < 400, A € R, 0 < 6§ < 1. Then, the mapping T 1is
p—

if2<p<mnandm € [1,+o0[ if p =

] -Hélderian from

A

m’ A A
Ltsr2 (Log L) into LPo->@=1) (Log L)p " with

l:(l—ﬁ)(n—1)+g and  m' = 2
Do n(p—1) P m—1

1
If2 < p<nandf =0, the mapping T is 1—Hé'ldermn from GT'(1,p;t=*(1 — Logt)*?)
p —

into (L™ P=12°(Q), LP(Q))o pp-1)n/ (1) This latter space has norm equivalent to

()

1
1 o N p(p—1) de | 7D
“fH(L"’“’*“"’O(Q),LP(Q))o,p(pﬂ);A/(pq) ~ [/0 ( sup s f.(s)(1 — LOgt)Pl) — :

0<s<to



QUASILINEAR P.D.ES, INTERPOLATION SPACES AND HOLDERIAN MAPPINGS 27

where 1/o =p'/(pn') — 1/p.
In the case 8 = 1, the mapping T is

1 Y
1—Hé'lderia,n from (LY(S2), L®)'(Q)) pon into

(LY ®=D20(Q), LP(Q))1 pjara- The first space has (quasi)norm

[/01 (</tl f*(S)(p*),dS) 7 (1—log t)A)p %] |

while the second has (quasi)norm

/01 ((/ﬁl f*(S)pdS); (1- 10gt)Aa> z %

Here o = .
p—1
Proof :
1 /
Since T is 1-H61derian from L' into LY®~D>(Q)" and L™ into LP(Q)", and since

smooth functions are dense in Lorentz-Zygmung space LPP2(Log L)Y, 1 < py, py < +00

and (L', L™)g pyn = L™-27*(LogL)* according to Proposition 2.2, we deduce from Theorem
. o : 1

2.2 that T maps (L', L™)p,.» into (L (p=1) Lp)e,’jj;,\a with o = ST

The identification of the last space given by Corollary 2.3.1 of Proposition 2.3 proves the

results.

Let 2 < p < n and 6 = 0. First of all, as before, the mapping T is 1—H('jlderian from

LY(Q) into L™ ®=1)>2(Q)". On the other hand, in this case, by Lemma 4.3 we know that the
1 Ry
1—H('jlderian from L®)'(Q) into LP(Q)", where as usual (p*) = np/(np —

mapping 7T is —
n + p). Noticing that by Proposition 2.2, (L', L#)(Q))g,a = GT(1,p;t7 (1 — Logt)*?)
and that L(p*)'(Q) is dense therein, we can therefore apply Theorem 2.2 and get that T is
]%—Hélderian from (L*(2), L®(2))opn into (L¥PD2°(Q), LP(9))o p/ara- Then the as-
sertion follows, because the domain space has been identified in Remark 2.1 while the target

space has been identified in Proposition 2.1.The same argument holds for § =1 . &

To obtain boundedness of the solution in a more general situation, we need to assume (H3).

We have the following;:

Theorem 4.4.

Assume (H1), (H2) and (H3). Let 0 <0 <1, 1 <py < +oo, NeR, f€ Ln’niiﬂ’m(LogL))‘
n' = %, 0<0<1and feGI(1,pg;wy) with wy(t) = t‘1<1 — Logt)Ap2 if 0 =0.
Thennthe entropic-renormalized solution w of the Dirichlet equation (33) has its gradient in

A

[ (1) (Log L)ﬁ |
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Proof :

Since T is 1—H61derian from L' into L™ ®~1°(Q)" and T since from Proposition 4.2 is

bounded from L™(Q) into L*(£2), then following Theorem 2.1, T bounded from (L', L")y ,.x
into (Ln/(p_l)a Loo)e,pz(pfl);

the result. &

. With the identification of those interpolation spaces we obtain
-2

4.2. Few results on the case 1 < p < 2.
Some of the above results remain true in the case 1 < p < 2. The fundamental changes
concern the Holder properties than can exist but are not sharp as for the case p > 2, and the

Holder constant appearing depend on the data. Here is an example.

Theorem 4.5. (local Lipschitz contraction when 1 < p < 2)

Let 1 <p <2, p= ﬂ, n>2 ()= P s conjugate and fi (resp fa) in
/ n—op np+p—n

L®)(Q). Then, for the weak solution u (resp. v) of (31), say —Apyu+V (x;u) = f1, whenever

V' satisfies (H1) and (H2), one has:

(1) [[Vullr < c||f1||zzp1*>, (idem for v).
2-p
@) 1190 = 0)l|> < c(IVulles +[Vellzs) 11 = Foll o

Here the constant ¢ depends only on p and ().

Proof :
Since we have stability result, we may assume that f; and f; are bounded. Arguing as before,

one has, using Poincaré Sobolev inequality, that

g/IVUVd$+l/1ﬂWxﬂU¢U<!Uﬂh@m/<CHVUHm-HhHuww
Q Q

Dropping the non negative term / uV (z,u)dx = 0, we obtain (1).

As to the second statement, we us% the following inequality (see [30] or [13]) concerning the

p-Laplacian, namely, setting a(Vu) = |Vu|P~?>Vu we have
V(u—v)P

(1vul + |Vv|)2_

a.e. in .

(45) (a<vu) - a(w)) V(u—1v)>a

Therefore, making the differences between the two equations and dropping non negative terms

containing V', we have from relation (45)

N2
(46) L('Vm O o < ellf = ll o IV (1 — )1

[Vul + [Vu])>r
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We have used the Poincaré-Sobolev inequality.

Now we estimate / |V (u—wv)[Pdx.
0
(-2)
Adding the term <|Vu| + |Vv|> " *, the Holder inequality yields

b
1-3

[ﬂvm_kuxg([ﬂvw—quVm+¢va”ngLLva+wmQ%4 ,

and with the help of relation (46), we have

2—p
190 =)l S 1A = fol o (IIVllzs + [1V0ll0)

Corollary 4.5.1. of Theorem 4.5
Under the same assumptions as in Theorem 4.5, there exists a constant ¢ depending only on

p and €} such that

1 1

IV =)l < e(I1Aall7gk + 12l gk )1 = fel ooy

In particular, the mapping T is locally Lipschitz from L(p*)/(Q) into LP(2)"

ith L1
with —— =1— -+ —.
(p*) p n

Therefore, we can have a weaker version of Proposition 4.4 when 1 < p < 2.

Proposition 4.5.
Assume (H1), (H2) and (H3). Let 1 <p <2, (p*) <k <n,re€|l,+o].

1
Then, the non linear mapping T is bounded from L*"(Q) into L¥(Q), k = 1—6(p—1)
J— p —_
1
with 6 = p*(1 — )

Proof :

Following Corollary 4.5.1 of Theorem 4.5 and Proposition 4.2 | the hypothesis of Theorem
2.1 are valid for T' with Xy = L®)'(Q), X; = L™Y(Q), A =0, Yy = LP(Q)", i = L=(Q)",
a=1and = ]% According to Theorem 2.1, T is then a locally bounded mapping from

1 1-6 0
(X0, X1)o,r into (Y, Y1)gp—1), with 6 € [0,1] such that 5= W + -

Therefore (Xo, X1)o, = L*"(Q) and (Y5, Yl)e(p—n o= LFr(Q) with ky = &

1-0(p-1)
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Remark 4.2.

- One can make precise the bound for T locally, according to Theorem 2.1, Corollary 4.5.1 of
Theorem 4.5, and Proposition 4.2.

- If p > n, then the mapping T is Lipschitz from L'(Q) into [LP(Q)]": this is a consequence
of the Poincaré Sobolev inequality that have recalled in Proposition 4.2. Therefore , in view
of the Cianchi-Mazja’s reqularity result, the application T is bounded from (L', L™")g .. into
[(LP, L>),g0]"

-The list of applications of the above applications is not exhaustive, the reader might derive

more results combining those abstract theorems and propositions.

5. Application of the interpolation for the regularity of the solution

of the anisotropic equation

5.1. Preliminary results on anisotropic equations.

We want to provide similar results as before for the solution of

—Azu+V(r;u)=f in
(47) 7 (75 u)
u=20 on 0f2.

0 ou
Xy

Here Ayu = —
ere Agu ;8 (&’xi

where p; is the conjugate of p;.

pi—2 3u - / ’
% 752 (plv"'apn)a 1<pi<+007p’:(p17---apn)>

The main differences reside in the exponent appearing in different directions of the space R™.

Moreover, the estimates concern directly the derivatives in each direction of the IR"-space.
1 11

Let us recall from the introduction, the real number p is defined as — = — —. When
p n <= pi

"1 n -

Z — > 1 (say p <n), we set p* = P We will focus first on the case p < n for having

, i n—p

=1

the Holderian property of the mapping 7. We set
WP (Q) = {gp € Wy (Q) such that dip € LP(Q) , i =1,.. n}
Sef = {v : Q0 — IR measurable s.t. tan"'(v) € Wy (Q)

and Ty(v) € WP(Q) with sup | Max kv

k>0 L1sisn

BT (0)]| s < +oo] }

The definition of an entropic-renormalized solution is similar to Definition 4.1; we replace the

operator and the spaces by the above ones:
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Definition 5.1. entropic renormalized solution for anisotropic equation
For & = (&,...,&,) € R™ we consider the vector field (&) = <|§]p1_2§1, e p’”_an)

We will say that a function u defined on ) is an entropic-renormalized solution associated to

the Dirichlet problem
(48) —Agu+V(z;u) = f e L'(Q) u =20 on 09
if
(1) u € Séyﬁ(Q)u V(,U) € LI(Q)
(2) Vi € Wh2(Q), Yo € WiP(Q) N L=(Q) and all B € W-(IR) with B(0) = 0
B'(0) =0 for all o such that |o| = 09 > 0, one has:

(49) /EiﬂVu).V(nB(u — gp))da: + / V(z;u)nB(u — ¢)dx = / fnB(u— ¢)dz.
Q Q Q
Concerning the existence and uniqueness, let p* be the number defined for the validity of the

Poincaré Sobolev inequality: Jc¢ > 0 such that

1
Yo € WP (Q) (/Q |v|p*(m)dm> ’ <c ( /Q |8iv|pidx> P
i=1

Considering the main operator
Au = —div (@z(Vu)) + V(- v)

which is strongly monotonic from W, 7(2) into its dual W*Lﬁ(Q), for f € L'(Q2) OW*LE/(Q),
the usual well-known Leray-Lions method or the Leray-Schauder fixed point can be used for
having the existence and uniqueness. Moreover, if f € L*°(Q2), the maximum principle holds
true, using for instance the rearrangement technic (see for instance [13, 21, 35]) and noticing

that the operator a; satisfies the following coercivity condition : there exists ¢; > 0 such that

for all £ € IR™,
(&) - € > &P~ — ¢ with p_ =min{p;, i € {1,...,n}}.
Once the L*>-estimate is obtained, one may apply standard technics (approximation method

and compactness results) (see [29, 13, 36]) to obtain the following proposition:

Proposition 5.1.
Let f € LY(2) N W‘LI;'(Q). Then we have a unique weak solution u € W P(Q) satisfying:

(50) /Qaﬁ(Vu) -Vdr+ /Q o V(z;u)dr = /Qfgod:r;, Vo € WP () N L2(Q).
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Moreover, one has the following energy estimates, for f € L¥)'(Q), p < n,

(51) Zz:; /Q |0;u

The constant ¢ depends only on 2 and p.

pi d:zH—/uV(x;u) dx < c||f||’£/(p*>,.
Q

If f € L>®(Q), then u € L*(R2), and there are constants ¢; independent of V and f so that:

(52) lulloo < e1 + el flloc

with p_ = min {pl-, 1=1,-, n} and p'_ its conjugate.
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Remark 5.1.

a.)

b.)

c.)

d)

(53)

The fact that the constants ¢; and co in relation (52) do not depend on V is due to
the hypothesis on V' which implies that oV (z;0) >0, Vo € IR.

Compactness results concerning anisotropic equation in general form can be found in
[17] (see also [37, 39]).

When f € L(”*)/(Q), the weak formulation is equivalent to the entropic-renormalized
formulation. The proof is the same as in [38].

The entropic-renormalized solution is specially made for f € L*(2). But the proof of
the uniqueness for the solution of (49) (see Definition 5.1) is the same as Benilan and

al. [5] or Rakotoson [38], since the operator
Au = —div (az(Vu)) + V(- u)

1s monotonic. It can be shown that, if uy and uy are two solutions in a T-space S(I)’ﬁ(Q),

then necessarily, one has for all k > 0

/ [ZL\Z;(Vul) - aﬁ(VUQ)} -V (up — ug)dx < 0.
|ur—uz|<k

As to the existence, it follows using standard approximation technique by replacing f €
LY(Q2) by the sequence f; € L™(2) such that ||f — fillr —— 0, || fills < ||f]|i. Then,
j—o0o

one can obtain uniform estimates for the unique weak solution u; € Wy () N L=()

—Apu; + V(z;uy) = fj.

The proof of the following theorem follows the same arguments as in [5] and [37, 38, 39, 41, 40].

Theorem 5.1.

Assume that (H1) and(H2). Then there is a unique entropic-renormalized solution u of (49)

given in Definition 5.1.

Moreover, for a subsequence denoted by u;, Du;(x) = Du(z) a.e. in Q.

Remark 5.2.

In the next paragraph, we will give new and precise spaces where the gradient should be, under

various conditions. In the case

/

Miinpi:p_EmaX{%;l}, n = p = ﬁ
p

1 conjugate of p,

we have u € W' ().
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/

5.2. The definition of the mappings 7, from L'(Q) into L s Q).

Theorem 5.2.
Let u be the entropic-renormalized solution of equation (47). Then, there exists a constant
¢ > 0 independent of uw and f such that :

5
P

(1) meas {|u| > k} < c||f||g(mk_7, Vk>0.

Proof :

1=1,...,n.

LP

For the statement (1), we follow the arguments of Benilan et al [5].

If k£ > 0, then the equation satisfied by u implies
(54) Z/ 0T ()P < K| fll e
— J

If e < k ,then we have

meas {|u| > 5} = meas {|Tk( )| > 6

Using Poincaré-Sobolev inequality, we have

(55) meas{|Tk(u)| >e} < Cs* (Z/&Tk(uﬂpidx)
i=1 /@
56) o allfllnkY

ep”
As € — k in relation (56), we get (1).
While for the second statement (2), we apply the fundamental lemma of Benilan’s type (see

pi
and g = |ul, to deduce that for

Lemma 3.1, in the third paragraph) choosing h =

A > 0 and for all k£ > 0:
ou |” 1
(57) meas { Ll S )\} < —/
A Sk

8@

P

Ou dx 4+ meas {|u| > k}

8ui

Z;

k pL
(58) < Xllf|!u+cs\|f\|£’1k

meas {

This implies
ou
a.ﬁlﬁi

2 1 p* »*
< i - P LT
>A}Nrg;g{AllfllleHIfllle }
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Computing the infimum, one has

. ou
meas s

This last inequality implies the result. &

pi o X ,
oAb <A witha = (L)
p p

In order to derive an Holderian mapping, we recall the following elementary inequalities (see

(13, 30]): ift; € IR, t, € R, 1 < ¢ < 400 then

(59) (111172 = t2]7725) (01 — 1) > alts = al", if g >2,
and
_ ty — 1t _ .
(60) <|t1|q—2t1 — |to] 2752) (t; —ta) = a(‘h" i |t2]2|‘)2‘1’ if q<2,if |ti] + |t2] # 0.

Here a > 0 is a universal constant depending only on ¢q. We will deal with different situations,

let us start with the case p; > 2 for all 7.

Theorem 5.3.
P : .
Assume (H1), (H2) and p_ > maX{W;Q}. Leti € {1,...,n} . Then, the mapping

_LNQ) — LV(Q)
T; - ~

;oo Tp=

axi

where u 1s the unique entropic-renormalized solution is:

1 % -Hélderian if p' < p;,

(3

(1)
(2) globally Lipchitz if p' = p;,
(3) locally Lipchitz if p’ > p;.
(4)

4) More precisely, we have a constant My > 0 such that for all f; and fy in L*(2)

/
b

", ie{l,...,n}.

T fr — Tifol] w < Mil[fi = fo
L e’

Proof :
Let fi and f; be in L'(Q2). Due to the stability property, we may assume that f; and f, are
in L>(Q). Let u; (resp. uz) be the weak solution of (47) associated to f; (resp. fz). Then,

for all & > 0, using relation (48) one has:

(61) @Y [ 10Tt~ w)Prde < i = Al
m=1 Q
Arguing as in Theorem 5.2, one deduces that Vk > 0

(62) meas {[uy — ua| > k} < col|fs — fol| 1 b7
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From relation (62), by the same argument as before, which uses the fundamental lemma of
Benilan’s type (see Lemma 3.1, in the second paragraph) with adequate choices of h and g,

we deduve we deduce

’
p

|10i (w1 — uz)| LT, < coflfi = fo Zl
L p

This gives the result. &

We have another Hélderian mapping when the data is in L®")'(Q)

Theorem 5.4.
1 11 =1

Assume (H1) and (H2). Let — = — Z — with Z — > 1, and let fi and fy be two functions
p

n <= pi — Di
i=1 =1
L(p*)'(Q) with p* = L Furthermore, we assume that p_ > 2. Then, for two weak solutions
n—p
uy and us associated to fi and fo, one has
W) 3 [ 1ot = w)ldo < clfy = £ll e
i=1

/

(2) [10s(ur = us)||ee < €l fr = fol ey fori=1,....n.

Proof :

The proof is straightforward using u; — us as a test function in the weak formulation for
equation (48). &
Now, we apply the abstract results concerning interpolations, at first for usual Lorentz spaces

as we did before.

Theorem 5.5.
Assume (H1), (H2), and p— > max{2;p'}, 1 < k < (p*), r € [1,400]. Then for each

D

~ k*p; TP;
i € {1,...,n}, the application T; is an Holderian mapping from L () into L» 7+ (Q),

with k* = " _nk . More precisely, for all fy, fo in L*" (), ﬁfj = %, i=1,...,n,7=12,
we have , Z
ITfs = Tofall sy oy < ML — ol
L r P
Proof :
We argue as in Proposition 4.4, following Theorem 2.2. We have
- - bl
6 =Tl o S IR Bl i,

P
1
whenever 0 = p* (1 — E)’ and the identification process (Proposition 4.3) shows that

*
k™p; Tp;

n/pi
LP/7OOLpi :LP”P’.
) eTpl'L
)
P




QUASILINEAR P.D.ES, INTERPOLATION SPACES AND HOLDERIAN MAPPINGS 37

This gives the results. &

We may also use the interpolation with a function (1 — Logt)*. Here is an example.

Theorem 5.6.
Assume (H1), (H2), and p' < p; for eachi € {1,...,n}, m=(p*), Ae R1< ¢ < +o0,

~ . [ ) . p* A Pg;a1 A
T; is o; = —-Holderian mapping from Lvr 1% <Log L) into L i (Log L)
pi
1 1—-0 0 "Ds !
with — = +_7Ti:2706i:£.
Poi T pi p pi

Proof :
We apply the abstract result stated in Theorem 2.2, with

Xo=L' X;=L") Y,=L">® Yi=LP, r=

/
the Holder exponent being «; = P

Since 7} is a;-Holderiam mapping from L' into L™ and from L®")" into L?* we deduce that

T, (Ll, L<p*>’) — (L’“im, Lpi>

0,q1;A 9,%;)\041-
is a;-Holderian mapping and the identification space gives the right result. &
We can have similar results for variable exponent but computations are more complicated

and are not optimal. So we restrict ourselves to some estimates.

1

5.3. The Local Holderian mappings for the case E — < 1. The purpose of this para-
— Di
=1

n

1
graph is to show the followings result, which deals with the case Z — =

o
Y2 p

j=1
Theorem 5.7.

Assume (H1) and (H2). Let f € LYQ), p > n. Then the unique solution u € Wy (Q) of the
equation (47) satisfies:

1
L): e < [ fII77"

=1

. / 1 1
b IfIT E‘FZ—?:L

iii.): In particular if uy (resp. ug) is the solution associated to fi (resp. fz), we have

fori e {1,...,n}
(1) If p; = 2, then:

[0 (u1 — us)

p S 1= ol llr = uslle.
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(2) If p; <2, then :

62- Uy —u 2
/sz (Ia-‘ulh1 ia.ujgzm dr < ||fi = foll [Jur — vzl

Proof :
Note that when p > n, L'(Q) is a subspace of the dual of W& 7 (2), therefore the existence and
uniqueness follows from standard theorem concerning monotone operator (see Lions [29]) or

using fixed point theorem. So we have for the solution u € W, ?(£2), noticing that uV (z, u) >
0, that

(63)

p </fudx< A1 el oo
Q

This implies

3 =

(64) [H II&UHp,-] < (111 Mullos)
i=1
Using the Poincaré-Sobolev inequality given in Corollary 1.1.1 of Theorem 1.1, we derive

_1
(65) [lulloo ST

Combining relations (63) and (65), we get the statement i.).

Let u; (resp. ug) be the solution associated to fi (resp. fa).

Since (V(a:; uy) — V(x; u2)> (ug —ug) = 0, the equation (47) implies using elementary inequal-
ities (see relations (59) and (60)), that

wlt
— pz < _ —
>l —wlly+ 3 [ Ot <1 fll s = wal

{izpi>2} {izpi<2}

from which we derive the result. &

Corollary 5.7.1. of Theorem 5.7

_ L) — LM(Q)
Letp>mn, i€ {1, e ,n}. Then the mapping T; : Ou  Where u is the unique
—

5):16/

solution of (47), verifies

1% case:

~ 1
If p; = 2, then T is locally —-Holderian mapping and for f1 € LY(Q), fo € L*(Q)

)

P

T fr = T follp, S |IIANPT + Ll [ = folli
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2l case:

~ 1
If 1 < p; <2, then T; is locally §—Hé'lde'rz'an mapping and

I Tif1 — Tifs

e S Go (AL L2011 = fel

[~

'3
D=

i

with Go(t; o) = (tp/ + Up/> <tp%1 + ap%l> * for (t,0) € [0, 4+00[x][0, 4+00].

Proof :
If 7 is such that p; > 2, then following Theorem 5.7,

105 (w1 — u2)

1 1
p S 161 = ll [l + el < (AT 1] 13 = ol

This gives the first statement.

Let ¢ be such that 1 < p; < 2. From Holder’s inequality, using iii.)2), we have

Py _ Py

2 . 113
66) 10t — w2l < [l = felli s = walloc | * [ [19sn | + 12”7

Using i.) and ii.) of Theorem 5.7,

1

1
L 1|2 ’ /Pil 1
HMm—mmms@ﬁml+wmw}ﬁmm+wﬁm] I = B

This gives the results. &

As we observed, if p; > 2 Vi, we may have a global-Hélderian or Lipschitzian mapping.

Corollary 5.7.2. (of Theorem 5.7)
If p- = Min p; > 2, then for all i € {1,...,71}

\Tofs — Tifollpe SA — FllFF Y fiand ¥ fy in LY(Q).

6. Few estimates for the solution of —A,u+ V(z;u) = f € L'(Q)

6.1. Existence and uniqueness for —A,yu+ V(z;u) = f € L*(Q).
For the p(-)-Laplacian associated to variable exponent, we shall consider the same framework
that we introduced in the first paragraph, in particular p : Q@ —]0, +oc[, will be a bounded

log-Holder continuous function
_ pu 1 g = M * pum
L <p-=Min p(z) < py = Max p(z) <n, p*(z)
whose conjugate is denoted by [p*(-)]" = (p*)'(-). Moreover, we set

p(z) , x € Q, p* = Min p*(z), p-. = Max p*(z), idem for p’ conjugate of p.

/ p—
P (ZL’) a p(ZL‘) —1 € €N
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For convenience, we shall add the following assumption for V:
(H4) : 3e >0, fo € R,, such that sign(t)V(x;t) > |t|° — fo, for a.e. z € Q, all t € R.

Such assumption is true if for instance V(x;t) = [t[P®)=2¢ with ¢ = p_ — 1. We need (H4)

only to ensure boundedness of solution when the right hand side is bounded. We first have:

Proposition 6.1.
Assume (H1), (H2), and (H4), and let f be in L>*(S2). Then we have a unique element
w e WiP(Q) N L2 (Q) such that:

(67) /|Vu|p(x)_2Vu-Vgadx—l—/@V(x;u)dx:/fgodx Ve WirY(q).
Q Q Q

Moreover, we have

(69) | 19ur@de+ [ a@sade < €[l + 1G]

1

(69) lulloe < M+ 1, with (fo+ |1fll) =M.

Idea of the proof
Let k = M + 1, and define the operator A from W = Wy *"(Q) into W' = W-1P'0)(Q) by

Av = —Ap(,)v +V(;Ti(v)), veW.

Due to the assumption (H1) and (H2) on W, one can check that A is hemi-continuous,
monotonic and coercitive (see Lions’s book for the definition [29]).
Therefore, V f € W', we have an element u € W : Au = f. Since the p(-)-Laplacian is strictly

monotonic and L>*(Q2) C W', we deduce that u is unique and solves
(70) /Q |VuP =2V - Vo do + /Q V(2 Ti(u))dz = /chpdsn, for all ¢ € WyP(Q).
Let us show the L*-estimates. For this purpose, we consider
o= (1w - M) sign(u) € W3 ().
Then, dropping the first term, we have:

@) [ (1Bl =) sent) V(e Tw)de < 171l [ (Tt = 0) e

+

Taking into account the hypothesis (H4), we derive from relation (71) that

(72) [ (1mtwl = 31) [1T00F = (o + 1) <0
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The set {|Tk(u)| > M} is equal to {|Tk(u)|6 > <f0 + ||f||oo> } So we deduce from (72) that
{|Tk(u)| > M} is of measure zero, i.e. |Tip(u)] < M a.e. in Q. But & > M and this implies
that |u(z)| < k almost everywhere in Q. This relation and equation (70) imply that u is a

solution of (67). The uniqueness follows from the fact that

@0 ~ G (©)][E = €1 >0 IHEA£E, Gy(€) = |72, o

Remarks

We may have ||ul|lec < M = (fo + ||f]|oc)z if fo > 0 or ||f]|oc > 0, using the same argument
but choosing k = M, ¢ = []Tk(u)\ - M+ 77] sign(u) with 1 small enough so that M > n.
The energy inequality is obtained by choosing+g0 = u and applying Poincaré-Sobolev inequality

to derive

/Q Fu < ellflle oy IVl .

= oF
2[[Vullp) < (/ IVu(a:)]p(“"f)da:> + (/ yvu(aj)‘p(x)dx)
L Q

/ V@ dy + / uV (3 u)de < Um
Q Q

Knowing that

we derive

P 2
oy TS (p*),} :

o

The Proposition 6.1 is the basis of the existence results when we change the definition of weak
solution in (67) by entropic solution or renormalized solution, or simply taking the data f in

the space L'(Q) N W~17()(Q). Here is an example of such a result:

Corollary 6.1.1. of Proposition 6.1
For f € LW O there exists a unique weak solution w of (67) with the test functions
€ Wol’p(')(Q) N L>(R2), which means that

(73) /\vu|P<l‘>—2w-wdx+/goV(m;u)dx:/fgpdx.
Q Q Q

Sketch of the proof
Let f; =T;(f) € L>*(£2). Then VA >0

, (p*(x)) (p* (x))’
/ fiz) e < / flz) .
ol A ol A
Therefore,
il < 1oy
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Following Proposition 4.2, we have u; € W,” (')(Q) such that (67) and (68) hold. We derive

(74) /Q |Vuj\p(x)d$ + /QujV@:;uj)dx <c|llf] fp:(.)y + Hf“l[;t(.)]/] .

Since W,” (')(Q) is a reflexive space, we have u € W” (')(Q) and a subsequence still denoted
by u; such that the sequence(u;); converges weakly to a function u in W™ “(Q), almost
everywhere in € and strongly (by compactness) in LP~(€2).
Moreover, the fact that 0 < / u;V(x;uj)dr < Cp < +oo implies that

Q

(75) sup/ V(23 uy)|dr < C} < 4-00.
i Ja

Hence we have / |V (z;u)|dr < C using Fatou’s lemma. Moreover, choosing
Q

© = <|u]| — t) sign(u;), t > 0, we derive from (67)
+

(76) [ W< [ gl

|u]' | >t
Therefore we get

(77) lim /Q |V (z;u;) — V(x;u)|de = 0.

j—+oo
¢

For the strong convergence of the gradient, we recall the following lemma, which is based on

the monotonicity of the mapping a,()(&) = |£[P®~2¢ in our case (see [37, 39]).

Lemma 6.1.
Let (u;); be a sequence of Wol’p(')(Q) having the following properties :
(1) There exists q(-), 1< q- < q(-) <p(-), such that (u;); remains in a bounded set of
Wol’q(')(Q) and (u;); converges weakly and a.e. to a function u.
(2) 2§ = Ti(u;) remains in a bounded set of Wol’p(')(Q) for all k > 0.
(3) Yk >0, we have a real function ¢, such that

V0 < e < e, limsup/ Gy (Vuy) - V(u; — Ti(u))dz < c(e) and limcg(e) = 0.
j ‘Ujka(u) ‘<€

j e—0

Then, for a subsequence still denoted by w,;:

(a) Vu,(x) — = Vu(z) a.e in Q.
j—+o0
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1

(b) If furthermore the conjugate s of s'(.) = at) 7 satisfies lim [/sm(x)dx}mzo,
Q

p(,) — m—o0

then
lim/ ‘|Vuj]q(x)_2Vuj dx —/ |Vu\q(x)_2Vu‘ dx = 0.
J QO Q
(¢) In particular, for all ¢ € Wol’q/(')(Q)
lim / |V, |92V, - Vi do = / |Vu|!® 2Ty - Vo da.
J 0 Q

Proof :

The proof of the first statement is similar to Lemma 2 of [39] (see also [37]) or Lemma A.5
([40]) for a more general case, so we drop it. But for the second statement, we need to use
Theorem 2.1 of [23] and the Vitali’s convergence lemma.

Indeed, let us set
hy = ||Vu; |92V, dx—/ |Vu|*®)=2Vq|.
Q

Then, the preceding statement shows that hj(z) — 0 almost everywhere in Q. Besides
applying Hélder’s inequality, we have the following uniform integrability, for all measurable

set B C Q:
/E hy(@)ldz < ellxsllv,

for some constant ¢ independent of j and E. Following Theorem 2.1 of [23], the condition
on s implies that ||xpg||s) tends to zero as meas (£) tends to zero. Thus the conditions of

Vitali’s convergence lemma are fulfilled, so that lim / \h;(z)|de =0 . &
7 Ja

Since Ty(u) € Wol’p(')(Q), for all & > 0, then for any ¢ > 0 the function T.(u; — Tj(u)) is
a suitable test function in relation (67). We then derive the third statement of Lemma 6.1.
Therefore we have the necessary convergences for the gradient to pass to the limit in the

following equation,

(78) /|Vuj|p(z)_2Vung0dx+/ch(x;uj)dx:/fjgo cpEWOI’p(')(Q)ﬁLOO(Q).
0 Q 0

so that u solves the equation (73).

The uniqueness is a consequence of strong monotonicity of the @,.). &

Corollary 6.1.2. (of Proposition 6.1, Local Hélderian mapping)
Assume that p_ > 2.
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LO O (Q) — [Lp(-)(Q)r "
15 vy = —-local Holderian mapping.
fr—T"f=VYu P+

Here u is the solution of (73) associated to f.
More precisely, we have: ¥ f1, fo in LIP"OV(Q)

The mapping T :

HT*fl - T*f2Hp(-) 5 (I)2<fl§f2)”fl - f2H§;1*(.)]/

B - . P
Proof :

If uy (resp uy) is the solution of (67) with f = f, (resp f» € LIP"OV(Q)), then

/ Vuy — Vu [P dz < ¢ [||f1 — f2
0

p- Pt
oy L= Lol [p*(-)]/] :

Since we have
2||V(u1 — u2)||p(.) < {/ |V(u1 — UQ)p(fC)daj:| P 4 {/ |V(u1 — UQ)P(w)d$:| Py ’
Q Q

we get the result, noticing that 1 > ay = — > — = ;. &

6.2. A priori estimates for variable exponents with data in L'(Q).

We only give priori estimates starting with the equation (67).

Proposition 6.2.

For a solution u of (67), one has:
(1) / VT (w)[PPdx < k|| f|l;, Yk > 0.
Q ) N
(2) 1195wy < Maxc { (KI1F112)773 (KILFIL) P -
(3) 11Tkl ) S Max { (kI 110)77 5 (kI 11)7- -

Proof :

Taking as a test function ¢ = Ty (u), we get (1). In order to get (2), we use the estimate

1 1
p(z) Py p(x) P
2||VT(u)||p(+) < (/ ‘VTk(u) dx) Ty (/ ‘VTk(u) da:)
Q Q
and statement (1).
Finally, the last statement is a consequence of the Poincaré-Sobolev inequality. &

Next we want to study the decay of meas {|Vu|p(') > /\}, for A > 0.

To make our computation easier, we will take the new variable k = k||f||;, k > 0. We have:
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Proposition 6.3.
For all A > 0, all k > 0, we have

meas {|Vu|p(') > /\} < ;—I— meas {|u| > E}

Proof :
We use first the fundamental lemma of Benilan’s type, see Lemma 3.1 with h = |Vu[P(),
g = |u| and then we apply the statement (1) of the preceding Proposition 6.2 to conclude. {

Next, we need to estimate the decay of meas {|u| > E}. One has:

Proposition 6.4.

*

Let ay = Py _ p*, y(t) = Max {tpi;tp*—} fort > 0. Assume that a; < 0, that is
j
n—op_ _
n—p+ P+

meas {|u| > E} < 1/J1<||f||1>k‘|“1| with k = &||f]]1.

Then,

Proof :
We know that for ¢ < k, one has {|u| > 5} = {]Tg(u)\ > 5}.

Then the same argument as before leads to

jon pr
RN

from which we get, using statement (3),
meas {|u| > E} S ¢ (|1f]h) Max {k‘pi; kP~ } max {Ml(k)pi; Ml(k)pi}

where M, (k) = max {ki, kp%}

If £ > 1, then the above estimate is reduced to

7. —la1 _p* *
meas {Jul > K} < (lfIIE, =5 —pt

If k£ <1, then it is reduced to

*

meas {|u| > E} < (||f]])k*,  with ap = i—; —pi.

But we have

>0:a; 2 ag,

_ n(py —p-) ll 1 n-1
a1 — Ay =

— 4+ —+
(n—p)(n—p-) lpy p-
and therefore for k < 1, k% < k1ol

So for all £ > 0, one has
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meas { u] > T} < (|| S]]}k

Theorem 6.1. (main estimate for the L'-data)
Under the same assumptions as for Proposition 6.4, there exists a constant ¢ > 0 depending

only on p, n, Q such that

1 lag|
meas {\vu|p<-> > )\} < (|| f|[) TS WA > 0.

Proof :

From Proposition 6.3 and Proposition 6.4, we have, for all k£ > 0,
p(*) k —l|a1|
meas{]Vu| > )\} < X+Cl¢1(||f||1)k

where c; depends only the Sobolev constant that is on €2, n, p. Taking the infimum of the
right hand side, we derive the result. &

Corollary 6.1.1. (of Theorem 6.1)
|4 |
1+ |CL1‘

p_ > 1. Then for all q € [&, o

p_ 1+ a4

Assume that pJ{ we have

/Q [Vl 2" da < gy (|| £]]) 7

where ¢ depends only on €2, p, n.

Proof :

From Theorem 6.1, we deduce

1+laj| g

12
/\vu\p‘ip(”dx<c¢1(uf|y)p+qan/ £ g < foo.
Q 0

¢

Remark

We recover all the condition that we obtained in the preceding paragraph when p(z) = p is
[

1+|CL1|

constant. In particular, the condition

(p—1).

1
p_ > 11is equivalent to p > 2 — — since we have
n

|4 __n
p1+|a1| n—1
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6.3. Appendix : An existence and uniqueness result of an entropic-renormalized
solution for variable exponents.

Although it is not the purpose of our paper, we will show now how to prove the existence of
an entropic-renormalized solution. The principe is the same as we did in our previous papers,

by for convenience, here we give the main steps.

Theorem 6.2.

Let q be as in Corollary 6.1.1 of Theorem 6.1. Assume (H1), (H2), and (H}), that
q> i—Jr(p+ — 1), and let f € L' ().

Then there exists a unique solution u € Wol’q(')(Q) with q(x) = p%rp(:c) such that
Ve Wh=(Q), VB € Wh=(RR) with B(0) =0, B'(c) =0 for |o] > 09 > 0,

Vo e WaPt(Q) n Le(Q)

/Qapm(Vu) : V(nB(u - @))dx + /QnB(u =) Vizu)de = /QWB(“ —p)fd.

Proof :

We only give the main steps for the existence. Consider f; = T;(f) € L>*(Q2). Following
Proposition 6.1, we have a unique function u; € Wol’p(')(Q) N L>() satisfying relation (67).
Moreover the above Corollary 6.1.1 of Theorem 6.1 shows that u; remains in a bounded set

of W (), and we have

(80) SUp/ [V | 9D dx < ey (|| f]]1) 7
J Ja

Taking as a test function 7} (u;) = ¢ in relation (67), we deduce

(81) / VT ()P dz < KIS
Q

Since 1 < ¢(+) < p1 < 400, the space Wol’q(')(Q) is reflexive, and we may subtract a sequence

still denoted u;, and have an element v € W, ’q(')(Q) such that

e u; converges weakly to u in W, ().
o u;(r) —— u(x) a.ein Q.
J—+00
e T.(u;) converges weakly to Tj(u) in Wy (Q) for all k > 0.
Taking as a test function ¢ = <|u]| — t) sign(u;), t > 0, and dropping non negative term,
+
we have

(82) /|_>t|V(x;uj)|dx</ \flda.

|uj|>t
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This relation with the pointwise convergence and assumptions (H1) and (H2), implies
(83) lim/ |V (z;uj) — V(z;u)|dr = 0.
i Ja

Next, we choose as a test function ¢ =T, (uj — Tk(u)> with € > 0, so we have

(84) / Gp(y (V) - V(uj — Tk(u))d:c <e {||f||1 +/ |V(x;uj]dx1 .
|u; =Ty (u)|<e Q

Therefore, we have

(85) limsup/ Gy (Vuy) - V(uj - Tk(u)>dx <e [||f||1 +/ |V(x;u)|da:} .
j luj—Ty(uw)|<e Q

J

We may invoke Lemma 6.1 to derive for a sequence still denoted (u;)

o Vuj(x) —— Vu(z) a.e. in (.

Jj——+oo
The condition that ¢ > ]ﬁ(p+ — 1) implies, for all z,
j
q(z) = ip(ac) > ip_ >py —12p(x)—1>p_ —1>0. Therefore
D+ +
(86) lim / [ [V, (@)Y (@) — [ V() P>V )| = 0.
7 Ja

Indeed, let us set g;(z) = ’ |V, [PO2Vu,; — |Vu\p(')_2Vu‘(3:)‘
g(r) _ _ ap-

p(z) =1 7 py(py — 1)
derive that for all measurable set E C €2,

Since r(x)= > 1, r € C(Q), we may apply Theorem 2.1 ([23]) to

(87) Ulﬂigo lIxEllr¢)y=0 with r'(z) = r(x)—zl’ X is the characteristic function of E.

But the boundedness of the sequence (u;); in W, ’q(')(Q) and Holder inequality imply, for all

measurable set F, that

(88) Sup/ l9;(2)ldw < ellxsllro)-
7 E

Thus, we may apply Vitali’s convergence theorem to derive

lim /]gj(:v)]dx:O,
Q

j—+oo
since g;(z) — 0 a.e., so that we have the uniform integrability given by (88).
j*} oo
The convergences given by relation (83) and relation (86) are enough to prove the existence
of a weak solution when f € L'(Q).

To obtain an entropic-renormalized solution, we need further estimates:

Lemma 6.2. (Gradient behavior)

One has for all m >0, all 7 > 0:
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w | V@) P < [ 11| Toa() = Tl o

{z:m<|uj|<m+1} Q

(2) \Vu(z)[P@de < lim sup/ V() [P dx
{r:m<|uj|<m+1} J {x:m<|uj|<m+1}

< / @) |Towia ()~ To(w)] e —— 0.

m—-+00

Proof :
We can take as test function ¢,,,; = T5,41(u;) — T (u;). Since
/ Y V(z;uj)de > 0,
Q
and

/ap(.)(Vuj) Vi, dx :/ !Vuj(x)]p(')dx,
Q

m<|uj|<m+1
we get statement (1). On the other hand, statement (2) follows from (1) using Fatou’s lemma
and pointwise convergences of the gradient for the lower bound and the pointwise convergence
of u; for the upper bound, combined with the Lebesgue dominated convergence. &
For convenience for the next results, for v € L'(Q), we shall denote v™ = T},(v) and we define
hy, € WE(IR) :
1 if o] <m,
hin(0) = 40 if |o| >m+1,

m+1—|o| otherwise.

Lemma 6.3.
Letn e WY (Q), r>mn, be Wh(R) with B(0) =0, B'(c)=0 for|o| > gy >0,
€ Wy (Q) N L=(Q) and set opm; = nB (Trs1(w) — @) hun(u;). Then

(1) @m; € W™ (Q)NLX(Q), Ym >0, Vj>0.

(2)

/ |Vu;n+1‘p(x)f2vu;n+1v(nB(umﬂ _ @))hm(uj) 4 / Oy [V(:c; u;) — fj} dx
N Q

SN Vo [P
m<|uj|<m+1

Proof :
Since hy,(u;) € WHPO(Q), we can take ¢,,; as a test function, and

V()] < |V, if m < Juj| <m+1,
muj X

0 elsewhere |,
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so that we derive statement (2).

Let us note that nB(u™*! — ¢) is in Wy (), a,(0) = 0. %

Lemma 6.4.

For fixed m,

o) (VU™ converges weakly to Gy, (Vumt) in LFOQ)",  p/(z) =

Proof :

The pointwise convergence of the gradient implies

Uy (VU™ — @, (V™) ace in Q.

Furthermore, we know that
|[@p) (V)| o) < m < +o0.

By the reflexivity of LP'()(Q)", we derive the result. &

Corollary 6.2.1. (of Lemma 6.2, 6.3, 6.4)
The function u satisfies, for all m = 0

‘ /Slap(‘)(Vuerl) V(B (a1 = ) )hyn () +/

i P (W)n B (u™ ™+t — o) [V(x; u) — f} da:‘

< illal Bl [ 1@ [Tosa ) = T(w)]d,

Proof :
Since V(nB (umtt — gp))hm(uj) converges strongly to V(nB(u™ — ¢))hy,(u) in LPO(Q)",
combining with the weak convergence of Lemma 6.4, we obtain
(89)
lim 5p<->(VuT-”“)V(nB (wmtt — w))hm(uj)dx = / ap(Vu™ )V (B (u™ = @) hun () da.

: J
J—4o00 Q Q

Since V'(+;u;) (resp. f;) converge strongly to V(-u) (vesp f) in L'(£2), we have

(90) lim | o [V(x;uj) _ fj]dg;: /

j—+o0 Q

By (w)n B (u™ ! — ) [V(:v; u) — f} dx.

Combining with Lemma 6.2, the two last relations and Lemma 6.3 give the result. O

We then have:

Lemma 6.5.
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(1) lim Eip(.)(Vu””‘J“l)V(nB(umJrl — @))hm(u)da: = /QZL\p(.)(Vu) : V(n B(u — @))dx.

m——+00 Q

(2) lim R (w)n B (u™ — ) [V(az; u) — f] dr = /QnB(u — ) [V(x; u) — f] d.

m—-+00 Q

Proof :

As we have already observed before,

(91) Gy (Vu™) -V (nB (umtt — gp)) B (1) = Gy (V) - V(T]B (u— go)) ho(w),

this is due to the definition of h,,, @y (0) = 0.

Moreover, when expanding the gradient, we have:
Gy (Vi) -V (1B (u = 9) ) =Gy (V) - V0B (u = 9) + Gy (Var) - VuBB (u — o).
Since B'(u — ) = 0 if |u — ¢| > 0y, then, setting ko = || f||oc + 00, we have:
Gy (V) - VuB'(t = o) = iy (V) - Vi B (u — ).

Hence we deduce, from the preceding decomposition, the following estimate:

ap(.)wu)v(nB (u— go)) ] < c[yvu(x)v’@*l + |Vu’“0\p(‘”)] ~R(z).

Here ¢ > 0 is independent of u, ¢ .
One has R € L'(Q)). Therefore by the Lebesgue dominated theorem, we have:

(92) lim [ @y (Vu) - (VUB (u— @)) hun (u) = /Q ap(»(VU)V(??B (u— @))-

m——+00 Q

Both relations (91) and (92) infer the first statement (1) of Lemma 6.5 while the second one

comes from the Lebesgue dominated theorem.

End of the proof of the main theorem

Letting m — +o0 in Corollary 6.2.1 of Lemmas 6.2 to 6.4 with the help of Lemma 6.5, we

get that u is an entropic -renormalized solution.

o

For the uniqueness, we may use the method of Benilan et al [5] since any entropic-renormalized

solution is also an entropic solution in their sense. Note that here, in our case, the solution

is always in W, (). The second method consists in noticing that since f; (resp f2) are two

elements of L'(Q) and u; (resp uy), we have:

Lemma 6.6.

A[Ul
(98) [ <D 1= plie
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whenever Aluy; us] = [y (Vur) — Gy (VuQ)] - Vu(uy —ug) > 0.

The proof of this lemma needs the following result, which can be carried out even for more

general situation:

Lemma 6.7.

Let w be in WEN(Q) such that for all k > 0, Tp(w) = w* € Wy (Q) and let B € W (IR)
with B(0) = 0, B'(¢) = 0 for all o such |o| > 0o > 0, ¢ € WoPV(Q)NL=(Q). Then Bw— )
is in W PO(Q) N L=(Q).

Proof of Lemma 6.7
If we choose k = g + |||¢]]se, then B(w* — ) is in Wy () N L=(Q). Moreover, almost

everywhere in (2,
VB(w* — ) = B'(w - ¢)V(w - ¢) = VB(w - ¢).

Since VB(w — @) € W21 (Q), then the above equality holds in the sense of distribution and

loc

implies the result. %

Proof of Lemma 6.6

The main theorem shows that if f;; = T'(f1), then necessarily any weak solution (vy;); as-
sociated to fi; = T;(f1) € L*(€2) remains in a bounded set of Wol’q(')(Q), and there exists a
subsequence (vlg(j))j associated to fi; € L*®(Q2) and a function v € Wol’q(')(Q) which satisfy
Vis(j) — Vv and visj) — v a.e in Q and vy .

Let us show that we have necessarily Vu; = Vo.

Indeed, for k¥ > 0, B = tan"(T}) is in WH*(IR), B’(0) = 0 if |o| > k. Then, accord-
ing to Lemma 6.7, ¢ = vi,(;) and B(u — ¢) are suitable test functions for both equations
(weak formulation and entropic-renormalized formulation ), hence we then have after letting

k — +oo:

/Q[ap(J(VUl)_ap(')<vla(j))] Vit = () /|f1 Ty Ful-

1+ |ug — le(J

Letting 7 — +o00

/ _Almi) gy

A T

from which A(uy;v) = 0 a.e., so that Vu; = Vo.

This result shows that all the sequence (v;); must satisfy 'liin / |Vuy — Vu;ldx = 0.
J=too Jo
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This remark shows us if f; and f> are in L'(2), then we have a subsequence T,(;)(f1), To(j)(f2)

whose weak solutions <U1a(j)) L, (va(j)); satisty

lim Vi) (z) = Vu(z) a.ein Q.

j—+oo

As before, we easily have

A o g
/ [V10(); V20 ()] A< T
ol+ |Ula 6)) UQU(J)l 2

A[ul,u2

from which we get the uniqueness. &

Toiy 1 = Tsy f2|-

Letting 7 — 400, we get
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