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Let us consider a differential operator in Hilbert space L*(R)

Loo: y(-) = =" (x) +q(x)y(x),

where real-valued function g € L? (R), with a domain

Dom (Lyy) = Co

comp(R)'
It is densely defined and symmetric in L?(R).

The operator is important in quantum mechanics and mathematical
physics problems.
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At the same time, only those operators Ly that are essentially
self-adjoint have a physical meaning. For this purpose, the function ¢
must satisfy certain conditions. The simplest of them is given by

Theorem (H. Weyl, 1910)

q(x) > const, x€R,

then the operator L is semibounded below and essentially self-adjoint.
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Carleman showed that this Theorem can be generalized to
multidimensional Schrédinger operators

Lo = — A +g(x), xeRY

in Hilbert space L?(R").
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Povzner (1953) and later independently Wienholtz (1958) showed that if
the function ¢ is real-valued and continuous, and the operator Ly is
semibounded, then it is essentially self-adjoint in space L?(R").

Later, the conditions for the regularity of the potential ¢ were
significantly weakened.
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Schrédinger operators with a singular potential ¢ naturally arise in
mathematical models of physical processes in strongly inhomogeneous
media. In these models the potential is not a locally summable function,
it is a Radon measure or a distribution.

In this connection, a question arises.

How to define the Schrddinger operator in this case?
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Since the middle of 20th century, the study of this topic has been
devoted to a large number of papers, mainly of a physical character,
where various approaches are used.

In the one-dimensional case, the most natural and general approach is
the interpretation of an ordinary differential expression with singular
coefficients as quasi-differential in the Shin-Zettl sense.
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Applied to the one-dimensional Schrédinger operator, it consists of the
following.

Let a formal differential expression be given

ly=—y (x)+ 0 (x)y(x), xeR, (1)

where the function Q is real-valued and belongs to the class L2 (R), and
the derivative is in the sense of the theory of distributions.

In particular, if the function Q has a locally bounded variation, then Q' is
a Radon measure on R.
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We determine the quasi-derivatives of the function y by putting

Dlly:=»y,
Dllly:=y' — 0y,
D[z]y =— (D[l]y)/ — QD[I]y — sz =: —ly.

If the function Q is smooth, then this definition is equivalent to the
standard one. In general case

Dom(L) = {y € L*(R) NACj(R): DPly € L2(R)}.

We define the operator Ly, as a restriction L to a set of functions with a
compact support.
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We can show that
o The set Dom(Lg) is dense in Hilbert space L*(R).
o The operator Ly is symmetric in L>(R).

We denote by L the closure of the operator Ly in space L*(R).
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We can show that
o The set Dom(Lg) is dense in Hilbert space L*(R).
o The operator Ly is symmetric in L>(R).

We denote by L the closure of the operator Ly in space L*(R).

If the symmetric operator L is bounded below in space L?(R), then it is
self-adjoint.
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@ Necessary and sufficient conditions for the lower boundedness of the
operator Ly were obtained in paper [1].
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@ Necessary and sufficient conditions for the lower boundedness of the
operator Ly were obtained in paper [1].

@ Constructive sufficient conditions for the lower boundedness of the
operator Ly are obtained in the paper [2].

@ Theorem 1 allows a generalization to matrix-valued potentials [3].
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Let’s consider the operators that are generated by the differential

expression )
l[u] :=—(pu') + qu+i((ru) +ru'),

with real-valued coefficients {p,q,r} given on R.
If these coefficients are sufficiently regular, then the mapping
LOO: u— l[”]? ue C:)mp(R)

defines a densely defined preminimal symmetric operator Ly in the
Hilbert space L*(R).
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Naturally, the question arises about the self-adjointness conditions of the
closure of this operator L.

Hartman (1948) and Rellich (1951) showed that if the operator Ly is
bounded below and the conditions are satisfied

r=0, 0<pecC*R),

q is piecewise continuous on R and function p satisfies the condition

/0 112 /p—l/z 1)dr = oo, )

then the minimal operator L is self-adjoint.
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As Stetkaer—-Hansen (1966) showed, the conditions for the regularity of
the coefficients can be weakened by replacing them with the following
ones

r=0, 0<p islocally Lipshitz, ¢eL?_(R).

loc

Clark and Gesztesy (2003) obtained another sufficient condition for the
self-adjointness of the operator L.
It has the form

1Pll=(—p—p2):  IPllz=(p/2.p) = O(P?), P —>co. (3)
At the same time, it is assumed that
r=0, 0<pe W, (R).

The examples show that the conditions (2) and (3) are independent.
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As Wienholtz (1958) showed, similar results are valid for
multidimensional elliptic operators of the second order in space L?(R").

The more general result on the self-adjointness of such operators with
smooth complex-valued coefficients was obtained by Berezansky (1968).

He showed that such operator Lo given on Ct,,,,

(R) is essentially
self-adjoint in space L?(IR") under the condition of globally finite rate of
propagation.

That is, if every solution of a hyperbolic differential equation
Uy + Lu = O,

which has a compact support for r = 0 has compact support for any ¢ > 0.
These results were further developed.
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We introduce and investigate symmetric operators L associated in the
complex Hilbert space L?(R) with a formal differential expression

u] :==— (pu')/ +qu+i((ru) +ru')

under minimal conditions on the regularity of the coefficients.

They are assumed to satisfy conditions

-0 Q r 2
1O o e e S @

seLl.(R), 1/p#0, a.e,

where the derivative of function Q is understood in the sense of a theory
of distributions, and all functions {p, Q, r, s} are real-valued.

In particular, the coefficients g and 7' can be Radon measures on R, while
function p can be discontinuous.
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These operators are defined using Shin—Zettl quasi-derivatives.

Wl =, V= pu — (Q+ir)u, (5)
. 2, 2
ul?l = (um>/—|—Q Ty <Q +r —s)u——l[u]
p p

Dom(l) :={u: R—C| u,ul'! € ACpe(R)}.
This definition is motivated by the fact that

oo

<_u[2] , u> = <—(pu’)/ =+ qu—l— I ((I’M)/ + VM/) 7”> ue Ccomp(R)

in the sense of a theory of distributions.
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We define for the quasi-differential expression [ the operators L and L
as:

Lu:=1[u), Dom(L):={ucL*R)| uull€AC,.(R), I[u]eL*R)},

Loou := Lu, Dom(Ly) :={u € Dom(L)| suppu CC R}.

Their definitions coincide with the classical ones if the coefficients [ are
sufficiently smooth.

One can prove that the operator Ly is densely defined in L?(R) and is
symmetric.
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Let the coefficients of the formal differential expression [ satisfy the
assumptions (4) and also

I) pE WZI,ZOC(R)v P> 0:

i) [0 p  2(e)dt = [ p /2 ()dt = oo,
Then, if operator Ly is bounder below, then it is essentially self-adjoint
and

Lao = L* .
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In the next theorem, additional conditions on coefficient p are imposed

not on the entire axis, but only on a sequence of finite interval. However,
outside of these intervals the function p can vanish and be discontinuous.

Suppose the assumptions (4) satisfy and the operator Ly is bounded
below. Suppose the sequence of intervals A, := [a,, by] exist such that

—o < a, <b, <oo, b, —+—c0, n——o00, @, —+o, n—oo

where the coefficients p satisfy the additional conditions
I) Pn Z=p|AnEW21(An), Pn>0,
i) 3c>0: pu(x) <c|An?, neZ,

where | A, | is the length of interval A,.
Then semibounded operator Ly is essentially self-adjoint and

LE;O = L* .
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