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1 Introduction

1.1 Fluid - rigid body system

Let © C R? be a smooth bounded domain, and Sy C Q be smooth such that d(9,S;) > 0. So
represents part of the domain occupied by the rigid body at the initial state. Qp = Q\ Sy is the
fluid domain at the initial state which we will use as the reference domain. The unknowns of the
system are fluid velocity u : [0,7] x Qp(t) — R3, fluid pressure p : [0,7] x Qp(t) — R, position
of the center of mass of the rigid body q : [0,7] — R? and angular velocity of the rigid body
w : [0,T] — R3. Here we used the following abuse of notation which is standard in analysis of
moving boundary problems:

(0,7) x Qp(t) = ] {t} x Qr(t), (1.1)

te(0,T)

where Qp(t) = Q\ S(t) is the fluid domain at time ¢, and S(t) is a part of the domain occupied by
the rigid body at time t and is defined by q and w in the following way. Let P be a skew-symmetric
matrix such that P(t)x = w(t) x x, x € R3. Then rotation of the rigid body Q : [0, 7] — SO(3) is
defined by relation

Tor =P (1:2)
The domain S(t) is defined by an orientation preserving isometry
B(t,y) =a(t) + Q(t)(y —q(0)),  ye€ S, te[0,T], (1.3)
as the set
St)={xeR’: x=B(t,y), ye€S}=B(t5), t €10,7). (1.4)

The Eulerian velocity of the rigid body is given by:
ug(t,x) == 0;B(t,B7'(t,x)) = a(t) + P(t)(x — q(t)) for all x € S(t), (1.5)

where a = %q is the translation velocity of the rigid body.
The equations modelling dynamics of the fluid - rigid body system read as follows:

oy = AN P 0,7) x 2000,

0= = Jos(o T(0.p nd’r( ) )

i (Jw) — Jose (1)) x T(u, p)ndy(x) 0.7), (1.6)
u—q+w><(x—q), on (0,7) x 9S(t),
u=0 onof),

LI(O, ) = Uy n Q) q<0) = o, %q(()) = Qy, w(O) = Wo-



Here T(u, p) = —pl+2Du is the fluid Cauchy stress tensor, where Du = % (Vu + VuT) is symmetric
part of the gradient, and J is the inertial tensor defined as follows:

T= [ (k= a@P- (- qt) ® (x - q(t) dx
5(t)

Notice that for simplicity we normalized all physical constants since their concrete values do not
influence our analysis.

1.2 Statement of the results

The goal of the paper is to study the regularity of weak solution to fluid - rigid body problem (1.6).
Definition and existence of finite energy weak solutions (i.e. of Leray-Hopf type) are well-known
(see e.g. [6]). Here. for the convenience of reader, we recall the definition of weak solution: First
we define a function space

V(t)={ve Hy(Q) :divv=0, Dv=0in S(t)}, (1.7)

and a weak solution is given by the following definition

Definition 1.1 ([20]) The couple (u,B) is a weak solution to the system (1.6) if the following
conditions are satisfied:

1. The function B(t,-) : R® — R® s an orientation preserving isometry given by the formula
(1.3), which defines a time-dependent set S(t) = B(t,S). The isometry B is compatible with
u = ug on S(t) in the following sense: the rigid part of velocity u, denoted by ug, satisfy
condition (1.5), and q, Q are absolutely continuous on [0,T] and satisfy (1.2) with a = %q.

2. The function u € L*(0,T;V(t)) N L>=(0,T; L*(Y)) satisfies the integral equality

/OT /Q{u cOp+ (u®@u) : Dy —2Du : D } dxdt — /Qu(T)gp(T) dx = — /Q e (0) dx,
(1.8)

which holds for any test function ¢ € HY(0,T;V (t)).
3. The energy inequality
1 2 ' 2 1 2
Sla@®lzaq) +2 [Dul”dxd7r < Jf[uoz2q)-
0 QF(’T)
holds for almost every t € (0,T).

Now we state the main result of the paper.



Theorem 1.1 Let (u,B) be a weak solution to the system (1.6). Assume that d(S(t),0Q) > ¢, for

some constant 6 > 0. If %a, %w € L>(0,T), and u satisfies Prodi-Serrin condition

2
ue L'(0,T;L°(Q))  for some s, such that 3 +-=1,5€(3,+00) (1.9)
s T

then
ue C™((0,7] x Q).

It is a classical result in the theory of Navier-Stokes equations that any weak solution to 3D
Navier-Stokes equations satisfying condition (1.9) is smooth (see e.g. [15, Section 5]). Our result
is generalization of this classical result to the fluid - rigid body system (1.6). Notice that we have
two extra assumptions. The first assumption says that rigid body do not touch the boundary of
, i.e. the fluid domain does not degenerate. It is well known (e.g. [30]) that this condition is
necessary since the domain degeneration leads to non-smooth solutions. The second condition, i.e.
boundedness of the rigid body acceleration, is somewhat unexpected, and we will later elaborate
more on technical reasons that give rise to that condition. In absence of this condition we can show
that solutions are strong:

Theorem 1.2 Let (u,B) be a weak solution to the system (1.6). Assume that d(S(t),00Q) > ¢, for
some constant § > 0. If u satisfies Prodi-Serrin condition (1.9) then

uc LP(e, T; W?P(Q)) N WhP(e, T; LP(R)), (1.10)

for alle >0 and for all 1 < p < 0.

1.3 Literature review

The global regularity of the incompressible Navier-Stokes equations in dimension 2 is a well-known
result which was first proved by by Leray [24] and Ladyzhenskaya [23], but in dimension 3 it is a
famous open problem. However, there are regularity results for weak solutions that additionally
satisfy Prodi-Serrin condition proved by Leray [25] for 2 = R3) including the case s = oo, and
by Fabes, Lewis and Riviere [12, 11], and Sohr [29] for domains with a bounded boundary. These
regularity results were extended to the case s = 3 by von Wahl [33] on the bounded domain, and by
Giga [18] on the domain with a bounded boundary. There are also plenty of conditional regularity
results with other types of conditions, e.g. on gradient of the fluid velocity or the pressure (see e.g.
Remarks 5.6 and 5.9 in [15]).!

In the case of the fluid - rigid body system theory is much less developed. 2D case is studied in
2, 3, 19] where existence and uniqueness of global weak solution is proved provided that rigid body
does not touch the boundary. Moreover, they show that these solutions are strong away from ¢ = 0.
In the three dimensional case there are results of local-in-time strong solutions or global-in time

ILet us mention also the conditional regularity of the type that one component of the velocity field is more regular,
see [27].



solutions for small initial data [7, 8, 16, 26, 31, 10]. Moreover, global-in-time existence (or existence
up to the time of contact) of Leray - Hopf type weak solution were studied in [6, 9, 14, 21, 13]. We
also mention the existence results in the case of slip boundary conditions [17, 5, 2, 3, 34]. Uniqueness
of weak solutions is still an open problem, but results of weak-strong uniqueness type were proved in
both slip and no-slip case ([4, 20]) which state that the weak solution satisfying additional condition
on the fluid velocity is unique in the larger class of weak solutions.

Our regularity result stated in Theorem 1.1 is motivated by the classical regularity result for
the incompressible Navier-Stkoes case [15, Theorem 5.2]). To the best of our knowledge, this is the
first result on the regularity of weak solution for the fluid-rigid body interaction problem. Inspired
by works [16, 31, 32] we use fixed point theorem in combination with the maximal regularity result
for the Stokes problem. The proof strategy in more details in outline in the next Section.

2 Proof strategy

Here we follow the classical approach to linearize problem (1.6) around a solution that satisfies the
Prodi-Serrin condition, and to analyse the regularity properties of the solution to the linear system.
Since the linearized problem has a unique solution and a solution to the nonlinear problem is the
solution to the linearized problem, proving the regularity for the linearized problem is enough. This
approach has also been used to prove a conditional regularity result for the incompressible Navier-
Stokes equations (see e.g. [15, Section 5]). However, adapting this strategy to the fluid - rigid body
system is very technically challenging as outlined bellow. The main steps of the proof are:

e Linearization. Let (u,p,q,w) be a weak solution to the problem (1.6) which satisfies Prodi-
Serrin condition. We linearize around that solution and obtain a linear fluid - rigid body
problem where the movement of the rigid body is prescribed by q and w. We show that the
obtained linear problem has a unique weak solution which we denote by (u, p, a,w).

e Transformation to the fixed reference domain. Since the linear problem is posed in
the moving domain it is convenient to transform it a cylindrical domain, i.e. to the reference
domain that does not depend on time. We use a change of variable that preserves the diver-
gence free condition and is rigid near the rigid body. This change of variables was introduced
in [22] and by now is a standard tool in analysis of the fluid - rigid body system. Solution to
the linearized problem on the cylindrical domain is denoted by (U, P, A, Q).

e Strong solution. We show that if u satisfied the Prodi-Serrin condition then (U, P, A, Q) is
the strong solution, i.e. equations (1.6) are satisfied in the L? sense. The main technical tool

is the fixed point theorem and a maximal regularity result for the fluid - rigid body operator.
This finishes the proof of Theorem 1.2.

e Higher regularity. In this step the goal is to bootstrap the argument from the previous step
to get the higher regularity estimates. Therefore, first we need to prove regularity of the time
derivatives. This is achieved by analysing the system obtained by formally differentiating in



time the linearized system from the previous steps. The main issue here is to prove that the
solution to the system obtained by taking the time derivative is exactly the time derivative
of the solution. This is a nontrivial step because we do not have any a priori estimates for
time derivatives and our solution is obtained by the fixed point procedure and thus it is not
possible to directly justify the formal estlmates In this step we need an additional regularity

condition on the rigid body acceleration < dtQ q, 4w € L>(0,T).

The paper is organized as follows. In Section 2.1 we introduce the linearized problem and show
that it admits a unique weak solution which is equal to the solution of (1.6). The second step,
transformation to the fixed reference domain is done in Section 2.2. There we also state Proposition
2.1 (which corresponds to third step of the proof), and Propositions 2.2 and 2.3 which correspond
to the last step of the proof. The proofs of these Propositions will be presented in Sections 3, 4 and
5, respectively. The technical core of the paper are Sections 3 and 4. The additional condition on
the boundedness of the rigid body acceleration is needed in Section 4. Here we want to point out
that even though formal estimates do not require this condition, this condition is needed in rigorous
justification of the estimates. Namely, the standard methods for construction of the solutions, such
as Galerkin method or the regularization method, do not seem to work in this context because of
the presence of the moving boundary. Finally, few technical proofs are relegated to the Appendix.
Since the proof involves a lot of notation, for the convenience of the reader we have summarized all
notations used in the paper in table at the end of Appendix.

2.1 Linear problem

Let (1, p,q,w) be a weak solution to the problem (1.6) in a sense of Deinition 1.1 which additionally
satisfies the Prodi-Serrin condition. Let the rigid body domain S(¢) be defined by (q, @) through
formulas (1.3) and (1.4). We define the following the linear problem:

find (u,p,a,w) such that

Opu+ (0 Viju=div(T(w.p))s Lo ) 5 e,

divu =0

%a_ fBS(t) ,p)l’ld’y(X ) 0.T

i1(Jw) = = Jos( (t)) x T(u, p)ndy(x) n (0.7), (2.1)
u=a+wx(x a), on(O,T)xﬁS()
u=0 onof,

u(0,.) =uy inQ, a(0)=ay, w(0)=uwy.

Note that the problem is linear since the motion of the domain is a priori given and is not computed
via (a,w).

Definition 2.1 A weak solution for (2.1) is a function u € L*(0,T;V (t)) N L>(0,T; L*(Q)) which



satisfies

t t
/ /u-@tgodxdT—i-/ / {@®u): Ve —2Du: Dy } dxdr
0 Ja 0 JQp()

¢
—/u(t)-cp(t)dx: —/uo-go(())dx—i—/ axa-g,,
Q Q 0
for all o € HY(0,T;V(t)), where

P(t, %) = a(l) + pu(t) x (x —q(t)), x€5().

(2.2)

First, we show the uniqueness result for the linearized problem (2.1).

Lemma 2.1 Let u be a weak solution to the (1.6) which additionally satisfies the Prodi-Serrin
condition, and let u be a weak solution for (2.1). Then u = u almost everywhere in (0,T) x €.

Proof. Let us denote u =u—u, a=a— a, w =w — w. By subtracting the equations
t t
//ﬁ-&ﬂ/)dxdT—i—/ {@®u): V' —2Du : Dy } dxdr
0 Q 0 QF(t)

_/Qﬁ(t)q/)(t) dx = —/Quolb(o) dx

/Ot/Qu.at%bdXdT—i—/ot/QF(t{(ﬁ@;u):V¢T_2DU:D¢}dXdT

- /Qu<t>¢<t> dx — —/Quowm dx + /Ot’é xa-ghdr,

we get

//u 8tgodxd7'+// V! —2Du: Dgo}dxdT—/ﬁ(t)go(t)dx
Qp(t) Q

:/ axa-p, dr.
0 S

=Js(r) X
We substitute ¢ = a" and let h — 0. Here u”" is a regularization of u as defined in [20, Section

2.3]. We use [20, Lemma 2.4] to pass to the limit and get:

1 t t _ t _ B
—||1’1(t)||%2(9) —|—2/ / |ID>u|2dxdT—|—/ / u-Vu-udxdr = / / (u—2a) x u-wdxdr
2 0 Jar(r) 0 JQp(r) 0 JS(r)

To estimate the third term we use the Prodi-Serrin condition as in [20], and in the end we get the
inequality of the form
(0120 / PGy dr



where f € L'(0,t), so Gronwall lemma implies that @ = 0.

Therefore, by Lemma 2.1 it follows that u is a unique weak solution to the linearized problem
(2.1). Therefore, in the rest of the paper we will consider linear problem (2.1) and prove that the
solution to the linear problem is regular.

2.2 The transformed problem

In order to transform the problem to the cylindrical domain we use a change of variables inspired
by Inoue and Wakimoto [22], i.e. we define the mapping (u, p, a,w) — (U, P, A, Q) with

)= Xt )t X))
O (alt), (23)
QT (1)),

where X(t) is a volume-preserving diffeomorphism from initial to the physical domain described in
20], Appendix A.1, and Y (¢) is its inverse. By construction, X, Y belong to W1*(0, T} COO(Q))
and depend on the domain of given solution, i.e. translation velocity a and angular velocity w. In
the followmg7 (U,P,A,Q) and (U, P, A, Q) denote the transformations of solutions (u, p, a,w) and
(u,p,a,w) to the cylindrical domain by mapping (2.3). Notice that lowercase letters refer to the
solutions defined on the physical moving domain and uppercase letters to the solutions defined on
the fixed reference domain. Therefore (U P, A Q) is the solution to the following system (which
is equivalent to (2.1)):

U(t,y
P( 7
A(t) =
Q(t) =

t

8,U— AU+ VP = F(U, P),

divU =0 in (O,T) XQF,
A =— [, T(U,P)Ndy(y) + G(A) } 0.7)
dt(jQ — fys, ¥ X T(U, P)Ndy(y) + H(R) ’ (2.4)
U=Qxy+A on(0,7) x 05,
U=0 on(0,7) x0Q,
U(O, ) = Up in Q, A(O) = Qy, Q(O) = Wy
where
F(U,P):=(L-A)U-MU-NU- (G-V)P, (2.5)
GA)=-QxA, HE)=-Qx(JN), (2.6)
T(U,P)=-PI+2DU, J(t)=Q"(1)I(1)Q(t).
The operator L is the transformed Laplace operator and it is given by
U)i= > 0(¢"aU) +2 > ¢"T%0U; + Z (0(g"'T%) + Z v ) @)

k=1 Gk l=1 3k i=1



the convection term is transformed into
N(U)): = ((T-V)U) + 3 T30, (2.8)
jk=1

the transformation of time derivative and gradient is given by

(MU), =S Y00+ Y (r;lkYk + (8kYi)(8ij)>Uj, (2.9)
j=1 k=1
and the gradient of pressure is transformed as follows:
(GP)i =Y g9, = (VYVYTVP).. (2.10)
j=1
Here we have denoted the metric covariant tensor
0X;,
9ij = Xk,iXkj, Xii = Jy; (2.11)
the metric covariant tensor 5y
=YY, Yigp = — 2.12
g *Yik E= s (2.12)
and the Christoffel symbol (of the second kind)
1 9gi
Ffj = §gkl<gil,j + Gjti — Gijl)s gil,j = 8yl~' (2.13)
J

Note that operators £, M, N and G are linear and depend on transformation X, i.e. on functions
A and Q.

The first step of the proof is to show that the linear problem (2.4) admits a unique strong
solution, which by Lemma 2.1 means that the solution to the original nonlinear problem is also a
strong solution. Therefore Theorem 1.2 follows from the following result:

Proposition 2.1 Let (U, A, Q) € (L*(0,T;V(0)) N L(0,T; L2())) x L>=(0,T) x L>(0,T) be
a weak solution to the problem 1.6 that satisfies the Prodi-Serrin condition. Then there exist a
unique solution (U, P, A,€2) of (2.4) in the sense of Definition 2.1 satisfying the following reqularity
properties

U € LP(e, T; WP(Qp)) N WH(e, T LP(Qr)),
P e LP(e, T; W' (Qp)),
A Qe Wh(eT),

for alle >0 and for all 1 < p < co. Moreover, by Lemma 2.1, (ijJ, P.A, ﬁ) = (ﬁ,g,ﬁ) and thus
satisfies the same reqularity properties. In particular, (U, P, A, Q) is a strong solution to problem
(1.6).



We relegate the proof to Section 3. Next, we state two Propositions which provide higher
regularity of the solution and thus finish the proof of Theorem 1.1. The proofs of these Propositions
are given in Sections 4 and 5.

a0 ¢

Proposition 2.2 Let U be a weak solution satisfying the assumption of Lemma 2.1 and & A7 yr

L>(0,T). Then

U, 0lU € LP(e, T; WP (Qp)) N WH(e, T; LP (),
OLP,OLP e LP(e, T; WP (Qp)),

& d_d -~ d -~
CAL0l A LaewaT
g R ewrET),

foralle > 0,1 >0 and for all 1 < p < oco.
Proposition 2.3 Let U be a weak solution satisfying the assumption of Proposition 2.2. Then

U € L2(e,T; H*(Qp)), 8'P € L* (e, T; H* 1 (Qp)), VI >0,k >2

3 Strong Solution

This Section is dedicated to the proof of Proposition 2.1. Since X,Y € Wh>(0,T;C>(Q)), the
transformation (2.3) preserves integrability of functions, so we have

(U, A, Q) € (L*0,T;V(0)) N L>®(0,T; L2(Q))) x L=(0,T) x L=(0,T)

and U satisfies Prodi-Serrin condition. Since we are interested in the regularity excluding t = 0 we
multiply (2.4) by ¢t and define

(U*, P*, A", Q%) = (tU,tP,tA, ),
which satisfy the following problem on a cylindrical domain with vanishing initial conditions

8, U* — AU* + VP* = F*,

leU*_O n(OaT)XQFa
4A* =~ [, T(U*, P)Ndy(y) + G* i (0.T)
dt(jﬂ* = fas y x T(U*, PN dy(y) + H* ) (3.1)

U'=A"+ Q" xy on (0,7) x 0Sy,
U =0 on(0,7) x 09,
U*0,.)=0 inQ, A*0)=0, Q0)=0.

where

F*=F(U" P)+U, G =GA")+A, H =HQ)+J (3.2)

10



It is sufficient to show that there is a unique strong solution to the problem (3.1)-(3.2), with
(U,A,Q) € (L*(0,T;V(0)) N L=(0,T; L*(Qr))) x L*(0,T) x L*(0,T) (3.3)

are given functions. Then the problem (2.4) also has a unique strong solution on the interval (¢, T"),
for all ¢ > 0. Finally, by change of variables, i.e. returning to the physical domain, follows that
(u,a,w) is the strong solution of (1.6).

First we prove the following result.
Proposition 3.1 Let
F*=FU" P )+R, G =GA")4+Ray, H =H(Q)+ R,
where operators F', G and H are defined by (2.5)-(2.6).

a) Let
(U,A, Q) € (L*0,T;V(0)) N L®(0,T; L*(Q))) x L=(0,T) x L=(0,T)

satisfy Prodi-Serrin condition (1.9) and

R € L*(0,T; L*(Qr)), Ra,Re € L*(0,7). (3.4)
Then there is a unique solution (U*, P*, A* ) for (3.1) satisfying

U* € H'(0,T; L*(Qp)) N L*(0,T; H*(Qr)),

P* e L*(0,T; H'(Qp)),
A" Q"€ H(0,T).
b) If in addition
(U,A, Q) € (L™(0,T; W™ (€)) N W20, T; L™ (Q))) x W™(0,T) x W(0,T)
and
R € L*™(0,T; L*™(Qr)), Ra,Rw € L*™(0,T), (3.5)
for m € N. Then
U* € Whm(0,T; L*™ () N L*™(0,T; W»*™(Qr)),
P* e L*(0,T; H'(Qp)),
A* Q€ H(0,T).
Especially, for
R=U, Ro=A, R.=JN,
we obtain the right hand side (3.2) which satisfies (3.5).

We will prove Proposition 3.1 by using the fixed point theorem and the following maximal
regularity result

11



Theorem 3.1 ([16], Theorem 4.1) Let Q be a domain with boundary of class C*' and p,q €
(1,00). Let F* € L*(0,T; L)), and G*,H* € L?(0,T). Then for every T > 0, problem (3.1)

admits a unique solution

U* e X =W"(0,T; LQp)) N LP(0, T; W?9(Qp))
P* e Y, = LP(0, T; W (Qp)),
A* Q¢ WH(0,T)

which satisfies the estimate
U | xz, P yvr, A w0 IR (fwrr oy < C (1F* |oo,r:0a(@py) + 1G [erom) + 1H | 2r01))

where the constant C' depends only on the geometry of the rigid body and on T.

Remark 3.1 From the proof of the above Theorem it can be seen that constant C' is non-decreasing
with respect to T'.

For fixed R > 0, which we will choose later, we define a set
(AT D AO T T 1 1 .
Kr:= { (U,P,A,Q) e X, xY, xH(0,T)xH(0,T) :
IUllxz, + 1Py, + [ Allwisor + [@wiror < R Y,

and a function

S: (U,P,A, Q) (U, P*,A*, Q)
where (U*, P*, A*, %) is solution to the problem (3.1) with the right hand side which depends on
(U, P, A, ), i.e. we consider problem (3.1) with

F*=FUP)+R=(L-2AU-MU-NU-(G-V)P+R, (3.6)

-~

G'=GA)+Ra=-QxA+Ra, H'=HQ)+Ry=-Qx (TN + Re. (3.7)

We will prove that S is a contraction and will use the Banach’s fixed point theorem. More precisely,
we will show that:

e S is well defined on Ky and S(Kr) C Kk,

e S is a contraction,

which yields a unique fixed point of S, i.e. a unique solution (U*, P*, A* Q*) € Kx to problem
(3.1)-(3.2).

12



3.1 Estimates on the right hand side

In order to use Theorem 3.1 we have to estimate the right hand side (3.6)-(3.7).

First, we state an auxiliary Lemma which directly follows form the basic properties of the
transformations X and Y. Since these estimates follow by direct calcuations in the standard way
(see e.g. [31, Section 6.2]) we omit the proof.

Lemma 3.1 IfA Q¢ W (0,T), forl >0 and 1 < p < oo, then
IIaéX(t)”Lm(ﬂ) + HaiY(t)”LOO(Q) <C (T? + 1) ,

IVO;X (1)l lw2o (@) + VY (8) lwzee i) < CTV
z

d
101 X 0wty + 101 Olweioy < € (| gaAl0)] +

d ~
— Q)| ).
)
.. 2
19735 (8) w00 () + 10:97 (#) lwr.o0 ) + 10,75 ()| e () < CTH
. 1 2
Halfg]k — (sjk‘HLOO(O’T;LOO(Q) + H@igﬂk — jk“Loo((LT;Loo(Q) S C (TP' + Tp’)

for all t € [0,T], where ]lj + & =1 and constant C' depends on K, = H_TAHWz,p(O’T) + Hﬁ”wl,p(oa’*)

P
nondecreasingly.
For the convective term we have the following result.

Lemma 3.2 Assume that U € X3, and U e L(0,T; L*(QF)), such that $12=1, 5¢€(3,0).
Then

1(U - V)Ull 20752205 < CIULr 020200 U]l 7,
Proof. By using the following embeddings
L2(0,T5 HAQ)NH' (0,75 L()) = H7 (0,73 H*U9)(Q)) = H? (0,15 HY ¥ (Q)) = L7(0, T3 W (9)

for % + 7% = %, % + 1= %, we conclude that VU € L” L and therefore we have

]

To@mlIVU dr

T T
@ 9)0 i = [ [ 1@ 9)0Fdyar < [ 18 2 o
0 F 0

T 2 T
s(/ |o zsmﬂdf) (/ v

= HUH%T(O,T;LS(QF))HVUHZT’(

-
28/ (QF) dT)

0,7;Ls" (F))"

Now, we can show the following Lemma to estimate the right-hand side given by (3.6).
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Lemma 3.3 Assume that A, Q € = LP(0,T), for all1 < p < oo and U e L7(0,T; L*(Q)), such that
2 + 2=1,s€(3,00). Then for Uc X22, Pe Y 5.0 the following estimates hold:

INT 2010200 < ClIUN 0,200 [ Ol xz,
I(£ = 20l 2012220 < CT Ul g,

| MUl 202200 < CT[Ullx,
(G — V)ﬁHLQ(O,T;LQ(QF)) < CT%HﬁHY{y

where constant C' > 0 depends on T nondecreasingly.

Proof. Lemma 3.1 and 3.2 implies the estimate for convective term.

T n
F

1,5,k=1

< ”(ﬁ : V)ﬁH%?(O,T;LQ(QF)) + (SUP HF el ) Z / / |U Uk| dydr

i,7,k=1

<C(1+ T)||U||ir<o,T;Ls<QF)>||U||§<;2-

The second estimate comes from Lemma 3.1
16 = 2)0l0izzon < C (5107 = 51| smy 1AVl 020y

+ (HajgijLoo(&T;Loo(Q)) + ||gkiHL°°(O,T;L°° HF k”Loo 0,T;L°° (92 ))) HVGHLQ(QT;LQ(QF))
+ <Hakgkl||L°°(0,T-L°° Q) HFilHLw o.1;z°() T HgleLw 0,7, (02 HakFZZHLoo (0,T5L°°(%2))

+ HgleLw(QT;Lw(Q HF HL°° 0,T3L°° (%)) HF?‘?m”Po 0TL°°(Q))> HUHL2 0TL2(QF))>
<C (T% + T3) 1012071 @26,

ZY 9,0, + Z (rgkYk + (0 Y0, Xk)>U

J=1 7,k=1

l . A~
< Ts(Y sz 0) IV U L1072 (05)

HMUHLQ(OTLQ(QF)

L2(0,T;L2(QF))

+ (sup [|T Sell o7z @ 1Y a0, 2320 (0)) + IV Y || zos 0,12 @) | VX 240,320 00)) U 0,722 00)
Z7‘77
< OT¥||Ullxg,,
since L2(0, T; H2(Q)) N HY0, T; L*(2)) < H2(0,T; HY(Q)) < L*(0, T; H'(Q)).
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Finally, for the pressure term we get
G = V)Pllzori2@m) < C sup 197" = St oo, 2w ey IV Plle0 2200

< C <T§ —+ T> HV?”LZ(O,T;LQ(QF».

Corollary 3.1 Assume that A, Q € LP(0,T), for all1 < p < 0o and U € X7

Then for Ue X1 Pe Y:{mﬂ) 2(m+1) the following estimates hold:

m.2m» Jor some m € N.

(m+1),2(m+1)°

IOl 2o zzoomin oy < ClUlxg, . 100z

2m,2m

(£ — A)UHLQ(mH) (O,T:L20m ) () < CT= HUHX

2(m+1),2(m+1)

2(m+1),2(m+1)

HMU||L2<m+1>(0TL2<m+1>(QF < CT T ||U||X
1(G — V)PHL2<m+1> (0,T;L20m+1) (Qp)) = CTQHPHY

2(m+41), 2(m+1)
2(m+1), 2(m+1)

where constant C' > 0 depends on T nondecreasingly.

Proof. Let m € N. By using the interpolation result in [1, Theorem 5.2] for s = 1,s1 = 0,
po = p1 = 2m we conclude that

Xoom = LP™(0, T; W™ (Qp)) N W0, T; L™ (Qp)) < W™(0,T; W™ (QF)),
for all # € (0,1) and s < 8 — 1. Now for 0 = —_’_I),WQC&HChOOSQﬁ<S<1—981HC€
2 _
L=0- % - 4TmZLﬂ’L2T1)5 = 4771(77’1L+1) >0,
and get
U € XJ, o < W20, T; W22 Q) < L=(0, T; LA™ (Qp)),

U € X7 i1y 2man) = L2000, T W20 (Qp)) 0 Wm0 (0, T; L2 ()
— LA D0, T, W2 (Qp)),

Therefore, we have
. L2(m+1)(07T;L2(m+1)(QF)) >~ LOO(O,T;LQ(W+1)(QF)) LQ(m«I»l)(O’T;Loo(QF))-
I(U-V)U| < U] VU]
and by Lemma 3.1 we get

INT| 20 072002y < ClU | xr

2m,2m

ITllxz

2(m+1), 2(m+1)

15



Next, we have

S 0,00+ S (T Y+ (0070 (0,%0)) T,

j=1 jk=1

HMUHL2<m+1>(0,T;L2<m+1>(QF)) =

[2(m+1) (O,T;L2<m+l)(QF))

1 - ~
<TI0 | Y | paimsn (0.1, 100 () | VU] oo (0,1 £20m+0 (01))

+ (SUE TSl oo e 1Y | sy oo + HVYHL‘X’LO"||VX||L2(m+1>L°°) 101 Lo 0,7, 220m40 2,))
l’]’
1

< T[Tl s

2(m+1),2(m+1)

The last inequality follows by embedding
Xmety20mery = W20, T; WD Q) < L2(0, T WHD ().

The other terms can be estimated in a similar way as before. In the same way, we can get estimates
for arbitrary m € N.

3.2 Proof of Proposition 3.1

Now, we can finish the proof of Proposition 3.1. First we are going to show that S(Kg) C Kg for
suitably chosen R and T'. For (U, P, A, Q) € Kg, Lemma 3.3 implies that

HF*HL2(0,T;L2(QF)) = H([, - A)[AJ ~MU-NU-— (G — V)ﬁ + R‘

L2(0,T;L2(2F))

~

< (L = )Tl 22 + MU 20 10200 + INUll21:02000) + G = V) Pllizorii2e)
+ Rl 20,7:02(01))
< C(TF + Ol oszem) (100xg, + 1Pllvg, ) + IRllzzorc200),
and since
1G] 220y < 1€ X All 207y + | Rall 20
<12l 201 1Al o) + 1Rall 20y < 19202201 | Al 07 + I Rallz20)
| H*|[z20,1) < 12 x (JQ)HL?(O,T) + | Rullz20m) < C <||§||L2(0,T)||§||H1(0,T) + ||Rw||L2(0,T))
we obtain
I E* || 20,7522 ) + 1G™ | 2200y + I1H | 20,7
< O(T% + Ul prorize ey + 1Al 20y + 19 2200,1)
(I101xg, + 1Pllyz, + 1ALl + 1@ mem)
+ R z20,1:22(02)) + [ Rall20,m) + Rl 200,7)

L < ~ 1
< O(T= + | Ulwroriz ey + I1Alzon + 1@z B+ 55 R
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for R > 0 large enough, where Cy > 0 is the constant form Theorem 3.1. Also, we can choose
T =Ty > 0 small enough, i.e. such that

- _ 1
roriro @) + Al 20 + 12 L201)) < 54

C(Ts + ||U
(Ts + || 2

and, therefore we get
Co (HF*HL?(O,T;L?(QF)) + |G| 20,1y + ||H*||L2(O,T)) <R.

By Theorem 3.1 we conclude that S is well defined on Kg, and S(Kgr) C Kg. It remains to show
that S is a contraction.

For ([AJ', ﬁ,;&,ﬁ) € Kr and
U e LX0,T; V() N L¥(0,T; L*(Qp)) N L™(0, T; L*(Qp)), e L*0,7),
we have

|F* (01, P) = F* (U2, B)lzorziary < CTF + [0l miasoen) (10 = Callxg, + 1P = Pallyy, )

IG*(A1) — G*(A2)l 12 < (D] 2| Ay — Aslg
1 (€0) — H*(92)] 22 < ¢l 211 — sl
Hence,
IS(Uy, P, Ay, ) — S(Us, Py, As, Q)|
< COC(Té + Hﬁ L™(0,T;Ls () T H;&HLQ(O,T) + HﬁHLQ(O,T))
(101 = allsg, + 1P = Pallvg, + 1A = Aol + 19 = Rellirom))

and, again, for T'= Ty > 0 small enough, we get
||S(ﬁl7 ﬁh ;&17 ﬁl) - S<.[/-\J-27 ﬁ27 -KQ? ﬁQ)H
< pll(Ur, Py AL Q) — (Uz, P, Ag, ()|

for some 0 < 4 < 1, so § i contraction. Banach fixed point theorem implies that S has a unique
fixed point (U*, P*, A*, Q*) € Kg, which is a unique solution to the problem (3.1)-(3.2). Therefore,
we have shown part a) of Proposition 3.1.

Remark 3.2 The choice of the time Ty does not depend on the solution itself, but only on the
norms HUHU (0,To; L5 () HAHLz (0,1) and ”QHL2(0T0 Since the norms HUHU 0.T:L5(25) HA”L2 (0.7)
and ||Q||Lz o,y are gien, we can split the interval [0,T] into smaller ones [T;_1,T;], such that

NUr (1,1 1252 + 12| 2200,0) + 1€2]] 2200,70) < €

repeat the procedure at each interval.
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For part b) of Proposition 3.1 we can proceed as in part a) by using Corollary 3.1 instead of
Lemma 3.3.

Notice that Theorem 1.2 follows directly from our construction and Proposition 3.1. Namely,
Proposition 3.1 a), change of coordinates and Lemma 2.1 implies
U, U e L, T: H*(Qp)) N H'(,T: L*(QF)),
P,P e L*,T; H(Qp)),
A QA Qe H (T),

for all € > 0. By induction and using Proposition 3.1 b) we get property (1.10).

4 Higher time derivatives estimates

To summarize, in the previous Section we proved that:

U, U e W'(e,T; LP(Qp)) N L2 (e, T; W??(Qp)),
P,P e LP(e, T; W' (Qp)) (4.1)
AAQQecW(ET),
for all e > 0 and all 1 < p < co. Now, we want to show inductively that all time derivatives of the
solution has the following regularity properties:
U, 00U € WP (e, T LP(Qp)) N L (e, T; W*P(Qp)),
O\P,0\P € LP(e, T; W"(Qp)), (4.2)
dl . dl dl . dl
— A —A —Q,—QeW(T
g gt gt e e ),

dt
foralll > 1 and all € > 0.

In this Section, for simplicity of presentation, we prove (4.2) for [ = 1 and p = 2, while the
general case is done in Appendix, see Section 6.1. We consider the problem (3.1) with right hand
side

F* = Fr = F(U*, P*) + tF,(U, P) + 6,U,

* * * d
G* =Gt = G(AY) +tG1(A) + EA’ (4.3)

H* = Hf = HQ) + tH,(Q) + J (%Q) ,

where

Fi(U,P) = L,(U) — M;(U) = M (U) — G4(P). (4.4)

18



d ~ d ~

and £y, M1, N; and G; denote operators obtained by taking time derivative of the coefficients in
operators £, M, N and G

(M(U)); = ((atfi VIU) - 30 AU, (4.6)
7,k=1
Z )OU; + 0, (F’kYk + (0L )(ajxk)>Uj (4.7)

Za (8,97%0,U;) + 2 Z 0 ("™ T)0, U

J:k=1 j,km=1
+ 3 a (3k(gkmF’ )+ Z T T ) (4.8)
j,k;m=1
P) = zn: 919" 0, P. (4.9)
=1

Remark 4.1 This problem is obtained by formal differentiation of (2.4) w.r.t. time variable, mul-
tiplication by t (to cut-off initial condition), and setting

d d
U =Uj]=to,U, P =P =toP, A"=A]= td A, Q=0 = tEQ.
To have vanishing initial data, the time derivative 0;U should not explode too fast att = 0. Since

Uc L, T; H*(Qp)) N H' (e, T; L*(Qr)), Ve >0,

it is better to multiply by t — €' and look at the solution for t > ¢’. Here, for e > 0 arbitrary small,
we can chose € < &' < 2e such that O'U(') € L*(p). After the translation t — t + &', we obtain
(3.1) with right hand side (4.3).

In what follows we show that described problem has a unique solution (U*, P*, A* Q*) such that

U* € H'(0,T; L*(Qr)) N L(0,T; H*(Qr)),
P* e L*(0,T; H(Qp)),
A* Qe H(0,T),

and that it equals (t@tU, to, P, t th, t;tﬂ) Then it follows that

0, U € H'(e,T; L*(r)) N L*(, T; H*(Qr)),
OP € L*(e,T; H'()),
d . d

ALoe e
ah e )
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for all € > 0. We use Proposition 3.1 with

d d
R=tF(U.P)+ U, Ra=tGi(A)+2A, Ro=tH(Q)+ Q.

Therefore, it is sufficient to show that
R € L*(0,T; L*(Qr)) Ra € L*0,T), R, <€ L*0,T).
The critical term is (4.6) which comes from the convective term. By Theorem 1.2 we have
U, U e LY, T: W>*(Qp)) N WY (e, T; LY(Qp)).
Therefore
T ~
00 )0 = [ [ 1ODPT QU Payir s [ 10000 VUL,
Qr L4L4 6L4W1’4 0

<0004 IV Ul a0.050m) < CIUR a0 Ol a0 rmweaianm)
All other terms can be estimated as in Section 3, so by Proposition 3.1 we conclude that there exists
a unique strong solution (U7, Pf, A}, €27) satisfying
U; € LA(0, T3 HA(Qp)) 1 H(0,T; L*(S2)),
Py e L*(0,T; H(Qp)), (4.10)
A3 Q7€ HY(0,T).

It remains to prove that the obtained solution equals (t@tU, to,P,t th, tjtﬂ) which will imply the
statement of Proposition 2.2 for [ =1 and p = 2.

4.1 (U3, Pf, AL ) = (10,U,t0,P, t4 A, t4Q)

So far we have shown that there is a unique strong solution (U, P, A, €2) of problem (2.4) satisfying
(4.1) , and a unique strong solution (U7, Py, A}, ©}) of (3.1) with right hand side (4.3) satisfying
(4.10). In order to complete the proof of Proposition 2.2, it is necessary to show that

dt’dt

Notice that while the above equality formally holds, it is delicate to prove it because we do not
have any information on 0;P. We consider problem (2.4) in the form

0,U = F(U) - G(P),

d d

divU =0 in (O,T) XQF,
4A =~ [, T(U.P)Ndy(y) + G(A) } 0.1)
dt(jQ fas y x T(U, P)Ndy(y) + H(Q) 4 (4.11)

U=Qxy+A on (0,7) x 08y,
U=0 on(0,7) x0Q,
U(0,.) =uy inQ, A(0)=ay, 0(0)=uwmp
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where
F(U)=LU- MU - NTU,

~ ~ (4.12)
GA)=-QxA, HE)=-Qx (TN,

and the problem (3.1) with the right hand side (4.3)

ot g DT ST O i 0,7 x

AT = — [, T(U;, PONdy(y) + G(A}) +1G1(A) + LA }m@T>

(TR = — [oe, ¥ x T(UL, PN dy(y) + H(Q) + tH (Q) + T (49) " (413)
Ui=A7+Q xy on(0,7) x 05,

Ui=0 on(0,7) x 09,

Ui0,)=0 inQ, A*0)=0, Qi(0)=0

Operators £, M, N and G are defined by formulas (2.7)-(2.10), and operators F;, Gy and H; by
(4.4)-(4.5).

In order to compare solutions of (4.11) and (4.13) we would like to differentiate (4.11) with
respect to time, but the right-hand side is not regular enough, since ;U € L*(e,T; L*(2r)) and
the pressure P is not regular enough in time variable. This means that we have to use some regular
approximations of the solution for (4.11). The idea is to use Galerkin’s method. First we will
multiply the equation (4.11), by

G = () = VXTVX

and obtain pressure term VP on the right-hand side in the equation
Go,U =GF(U)+ VP,

since GG(P) = VP. Then we can get rid of the pressure by using a divergence-free test function,
write down an approximative problem and to show that it has a unique solution which is a good
approximation for U. That allows us to differentiate the approximative problem with respect to
time and get estimates for 0;U. Finally, we will show that U} = t9;U by using the equation for
approximative problem and the equation for Uj. The point is that in this way we will avoid the
term with 0, P.

We are going to use following function spaces
o H(Qr) ={(v,a,w) € L*(Q) xR*xR3 : divv=0,v-n|gg =0, v|s,(y) =a+w X y}
e V(Qr) ={(v,a,w) € H}(OQ) xR3 x R3 : divv =0, v|s,(y) =a+w X y}

Let { (¥;, ¥2,¥¥) i € N} be an orthonormal basis for H({2r) with scalar product

(@, Pas Pw); (0, VY0, %)) = [ Y- @dy + @a-Pa+ TPw - Yo (4.14)

QF
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We define finite-dimensional space
Vi = span { (¥, O3, 0Y) .. (P, T2 )}

For m € N we observe the following approximate problem

d d
Go U™ -¥,dy + —A™ - ¥+ —(JQ™)- ¥
/QF t Y T (4.15)
+(GF(U™),¥;) + G(A™) - 92+ HQ™) - ¥ =0
for i = 1,...,m, where
(GF(U™),w,;) = (GLU™, ¥;) +/ GMU™ + NU™) - ¥, dy, (4.16)
Qp
(GLU,p) = (QID)U D + (ging” — 00,105 U 00y
Qp
+ (T gimg™ +17,) 0; Uy + (T gimgﬂ +Td51) Uiy, (4.17)
+ (TUTY gpg” + T4 T,) Um)dy
and .
(U™ (t,y), A™(8), Q™(6)) = D cm(t) (U5(y), O3, 9%),  cj € H'(O,T).
j=1
Together with the initial conditions
(U™(0,y), A™(0), 2™ Z%m (), ®5,97) . G = (0,80, w0), (T5(y), T5,T7)).

there exists a unique solution (U™, A™ Q™) for (4.15) on some interval [0,7,,], T, < T (¢jm €
HY(0,Ty)).

To show that (U™, A™ Q™) converges to the solution (U, A,€2), we have to derive the energy
estimates. We multiply (4.15) by ¢;m,, and sum over j from 1 to m, and if we go back to physical
domain Qp(t) with

u”(t,x) = VX(t,Y(t,x))U™(t,Y(t,x)), a™(t)=Qt)A™(t), w™(t)=Q(t)Q™(t)
we will obtain

d ~
/ ou™ -u"dx + — (Jw ) w™ 4+ —a™ am+/ 2|]Dum|2dx+/ u-Vu” - -u"dx =0.
Qr(t) Qr(t) Qr(t)

dt
Since
m m m d m m m|2 d m
ou™ - umdx + — (Jw ) wm+ —a™-a" = —éHu |“dx + — (Jw ) W™+ —a™-a
Qr (1) dt Qr(t) 2 dt

_1d 1 ~
IOl ——/ G- V] dx
T 24t PO 2 Jarm
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it follows that
Qp(t)

Here we extended u™ to €2 by putting u™ = a™ +w™ x (x —q) on S(t). By integrating the equality
n (0,t) we obtain the estimate

5““ )20y + 2/0 IDu™ (| 720, ryy A7 = 5“‘1 ()20 < 5\\“0“%2(9)7 vt € [0,7T,,]
from which we conclude that |c;jn,(t)| < [[uol/z2(@), so the inequality holds for all ¢ € [0,T]. Hence,

u™ is bounded in L>*°L? N L*H* which implies that u™ — @ weakly in L?H! and weakly-* in L>L2.

Let us show that u is a weak solution for (1.6). We take test function

(Y(t,y) Ya(t), o) = h(t) (T;(y), ©5, %) heCX([0,1)),

multiply (4.15) by h(t) and write the equation in the physical domain Qg ()
d ~
/ Jiu cpdx—l— (J]w ) +—am~cpa—|—/ 2]D>um~]D)cpdx—|—/ u-Vu" - pdx =
(1) dt (1) Qr(t)

with

p(t,x) = VX(t, Y(t,x))p(t, Y(tx)), () = Q(1)*(1), #“(t) = Q1) (1).

By integrating on (0,7") and using the integration by parts we obtain

T T
/ / u” - Oyp dxdt + / (Jw™ -l +a™ - L) dt
Qp(t

/ / u” ]D)cpdxdt—l—/ / (U ®u™) - Ve dxdt
Qrp(t) Qp(t

== [ u"0) 9(0)ax =T (0) - 9.(0) ~ a"(0) - a(0)

Now, we let m — oo

T T
/ / ﬁ-@tgodxdt—l—/ (Jo - +a-¢,) dt
Qp t)

/ / 2Du - ]D)cpdxdt—i-/ / (U®a)- Ve dxdt
QF QF

= [ 80)- ¢(0) dx = 36(0) - 2.(0) ~ a(0) - a(0)
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and go to the cylindrical domain
T B v,y o
/ U-0:(Gy) dydt +/ (A Sl R VAL E —d)“’) dt
0 JQr 0 dt dt
T T
Y S ST
0 0

- ‘/Q g - (0) dy — a - °(0) — Jwy - °(0)

with

a(t,x) = VX(t, Y(t,x)U(t, Y (t,x)), a(t)=Qt)A(t), @(t)=Q()(t).

By taking ¥ = h;(t)¥; and summing up over ¢ from 1 to m the equality holds for all test functions
in V,,, which is dense in Y(Q r). Therefore, U is a weak solution for (4.11). Finally, the uniqueness
of weak solution implies U = U € L?(0,T; H*(Q)) N H'(0,T; L*(2)).

4.1.1 Estimates for time derivatives
In this step we would like to show that
8,U,0,U € L™®(, T; L*(Q)) N L*(, T; H'(Y)).
By (4.15) solution (U™ A™ Q™) satisfies
/QGatUm U, dy + (GF(U™),¥,) + G(A™) - ¥2 + HQ™) - ¥ =0,
for i = 1,...m. We differentiate the equation in time

/ 0(Go,U™) - W, dy + (GF(0,U™), ¥,;) + (0,(GF)(U™), ¥,)
Q

_G&%VﬁNW_H(%WO'WfﬁGmNﬂﬂﬁ+mGW%Tﬁ=Q (4.18)

multiply by %cjm and sum over j form 1 to m to obtain

/@@mmymm®+@Hmwuwm+@@ﬂw%@m§
Q

(4.19)

Then we integrate the equation on [t1, 3] C (0,7] and estimate each term. For the first term we
have
1d

1
/ at(GatUm) . atUm dy = —— GatUm . atUm dy + = / 8tG 8,5Um . @Um dy
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to
/ / &G 8tUm : 8tUm dydT
t1 Q

<0G e o,rsnee@n 10U ™ 221y 10102
By the definition of (GF(U), ) and Lemma 3.1 we get

(GL(9U™),5,U™) — QHD(@U”‘)H%%Q)‘ < (g™ = dudi) | ooy + 1) VU™ |10 + CllOU™ |70

/ GM(9,U™) - 5,U™ dy’ < VAU oy + ClOU™ e
Qp

Qp

1 ~
[ ShrPandy)
aS(t) 2

)

for arbitrary p > 0 and uy* = VX0, U™. Hence, for the second term in (4.19) we obtain

/ ﬁ~Vu}”-u§”dy':
Qr(t)

1 ~
SO/ Lo ump o Nay(y)
dSo 2

2
| Lan

SO d .
S%M+M%EA ?

< CJ[U[ 2 10,0 1220

t

to 2
/ (GF(0,U™),0,U™) dr — / 2||D8§Um||iQ(QF)dT

t1 t1

t2

to
< (I(gikg” = Giri) | oo (11 oo (2)) + 210) / IVO,U™ 220 dT + O/ 10.U™ |22 d-

t1 t1

where constant C' > 0 depends on 7" non-decreasingly.

Now, for the third term we compute

[{O(GL)(U™), aU™)| < pllVOU™ L2 + ClAU™[20) + ClIU™ [0

d ~ d~= °
AEMU™) - 0™ dy | < U™ e + (| 5A0] + | 530 ) 10

Qp

G(ON)(U™) - §,U™ dy‘ < |G|~ <‘/ 0,0 . VU™ . g,U™ dy‘ +
Qp

)

QF

/ > T,0U0,Upo, Uy dy
Q

Fq4,k=1
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8,U - VU™ . 9,U™ dy| < 10,0l 122 | VU™ | 220 10:U™ || o 21

Qp
< C||atﬁ”%4(gp)||atUm||2L4(QF) + ||VUmH%2(QF)
< ClOT @00 N0, IVOU g,y + IV U™ [
< ClOTU 1o 100 17200y + HIVOTU™ 7200y + VU™ 22(0p)-
Hence,

t2

to
< M/ HV@tUmH%Z(Q) dr + C/ HatUmH%%Q) dr + CHUmH%Q(tl,tQ;Hl(Q)y

t1 t1

/ * O(GF)I(U™), 5,U™ dr

t1

for arbitrary p > 0, where constant C' > 0 depends on 7" non-decreasingly, since o,U € L8(e, T; LY (), Ve >
0 by (4.1) and since LA, 40 € L>°(0,T) by the assumption of Proposition 2.2. Here we emhasize
that this assumption was necessary for bounding term involving 9;(GM)(U™).

Note that ]

VY[ 0.1;2(0)

VX 20) > )Ilwlle(Q),

since VY VX =1, so all together, we get
100|220y (t2) + 4IDOU™ [ Z2(4, ;12 (020

to
< 0 U™ 2oy (1) + C / 10U 25, 7

t1

[2)
+ C (I(ging” = 0indjo) | oo 0,750 () + 1) / VO U™ 122y AT + ClU™ (T2, 400 0

t1

where ||(girg” — 0ik0;1) || Loo(0,1;o0 () 1s small for small 7', by Lemma 3.1.

Now, we take sufficiently small T, integrate the inequality on t; € (g,t3) and by Gronwall’s
Lemma we find

t
00" O30y + € [ IDOU™ [ dr < M,

for all t € (e,t), where constant M > 0 depends on the norms ||atfj-HL8(€’T;L4(Q)), ||ﬁ||L2(E7T;H1(Q)),
HUm||L2(O,T;H1(Q))7 ”A||W1,oo(07T) and ||Q”W1,oo(07T). Finally, SiHCG ”UmHLz(O,T;Hl(Q)) iS bounded, on

the limit we get that 9,U € L?(e,T; H'(Q)) N L>=(e, T; L*(Q)).
4.1.2 Uniqueness for time-derivative system

Now we are able to show that Uj = t9,U. (U, P) satisfies the following weak formulation

2GOU -phdy — | 9GF(U)-pdy+ / DG G(P)-dy =0 (4.20)
Qp

Qp Qp
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for all ¥ € V(0), and (U*, P*, A*, 2*) satisfies

/Q GatU’{-v,bdqu(G}"(U}‘),@b)th((G]—“l(U),w>+ /Q Ggl(P)-¢dy)

F

— G(A}) o — H(Q) - tp — t (G1 (A) - tpa + H1 () - 1hs,) (4.21)
d d
—AFGﬁtU-wdy—EA-wa—J(aﬂ) Yy, = 0.

where F; = L1 — M; — Nj and operators L1, My, Ni, G; are defined by (4.6)-(4.9). For j € N
and (9, %a, ¥,) = h(t)(¥;, T3, ¥¥) we have

Q

Qp
+(GF(OU™), ) + (GF(U™), ) + (0,G F(U™), ) (4.22)
d d
-G (%Am) cp, — H (%Qm) W, — (G (A™) by + H (Q7) - 1,) =0

We multiply the above equation by ¢ and subtract from the previous one with

Tm Am Om * m * d m * d m
(Ul,Al,Ql):(Ul—tE)tU At AT Q) 120 )

Then, by using (4.20), we obtain

/Gatﬁgﬂ pdy+t [ 8,G8(U—-U™)-pdy
Q

Qp
—(GF(OY), %) -t (CF(U — U"),4) + (4G F(U —U"), 9))
—t/ GGi(P) - pdy —t| OGG(P) pdy
Qp

~ G(A™) - pa = HQ") - tp0
— (G (A = A™) - P + Hy (2= Q7) - 1y,
- [ Gaqu-um pay - (Ga-am) v (GFEO-2m) w =0

Since

GGi(P) + 0,GG(P) = Go,G 'VP + §,GG 'VP = 0,(GG")VP =0,
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terms with the pressure cancels, and after integrating above equation on (0,t), we get
¢ ¢
/ G)UT(t) - ¥(t)dy — / / GUY" - Opp dydr — / o,GUY" - Opp dydr
Q 0 Q 0 Qp
t
0o Jag
t t
- [{6F@. ) ar—t [ (GAU-U".)+ @CFU-U".9) dr
0 0
t
~ [ (GAp) o 1) ) e
0

—t/t(Gl(A—Am)-¢a+Hl(Q—Qm)-z/)w) dr

—/Ot/QFGﬁt(U—Um)-ipdydr—/ot (%(A—Am)) -IbadT—/Ot (%(Q—Qm))wpwdT—O.

We let m — oo and obtain the equation

/Q G(t)UL(t) - p(t) dy — /0 t /Q U, - 0,(Gep) dydr

_ /Ot <G.F(ﬁ)1,’¢> dr —/0 (G(Kl) . ¢a+H(§1> . ¢w> dr =0

where

PO d d
Ui,A,Q) = | U] —toU,A] — —A, Q] —t—Q
( 1 1, 1) ( 1 a ) 1 dt s &1 dt )

By linearity and density, the above equality holds for all (1, %,, %) € V. Then we substitute

(3, %a, o) = (U1, Ay, Q)
and get the equality

t

sI7x0i0,, - [ (E700.8) ar - [(6R) &+ a@y-2) ar=o

Now, as before, we can get the estimate

2 t . t
-+ Cl / / ’DU1‘2 dydeT S / 02
L2(Q) 0o JOp 0

for all u > 0 and for sufficiently small 1 we get
t
< [clow
0

Finally, Gronwall’s Lemma implies U = 0 which means that U* = to,U.

2 t ~
dr + ,u/ / DU, |* dydr
L2(Q) 0o Jar

HIAJl(t) (1)

HG(t) dr.

2
LX) L2(Q)
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5 Spatial derivatives estimates

Let (fJ', P, :&, w) be a weak solution satisfying the assumption of Lemma 2.1. We want to show that
AU € L*(e,T; H*(Qr)),
AP € L*(e, T; H* (),

for all [ > 0,k > 2. The case k = 2 is exactly the statement of Proposition 2.2.

As in previous sections, we consider a linear problem on cylindrical domain (2.4) and follow the
proof for the Navier-Stokes case (see eg. [15, Section 5]). Let k > 2 and let us assume that solution
(U, P,A, Q) to the system (2.4) satisfies

d - d
olU € L*(e,T; H*(Qr)), 0P € L*(e,T; H*(Qr)),), A e L*(e,T), V>0, Ve>0,
and by uniqueness
~ ~ d ~ d ~
olU € L*(e,T; H*(Qr)), 0P € L*(e,T; H*(Qr)),), A Qe L*(e,T), VI >0,Ve>0,

which by Sobolev embeddings means that
U,U € C=((0,T); H*(Qr)), P,PecC®((0,T]; H (%)), A,Q,A, Qe C>0,T],
We want to show that
olU(t) € H"™(Qp), OlP(t) € H*(Qp), VI >0,Vte (0,T].
The solution for (2.4) satisfies the following system

AOU = 0'U — F(0IU,0!P) — [,(U, P) + VO'P, \ .
divolU = 0 in (0, 7] x G,
QU=LA+LQxy  on(0,T] xS,

U=0 on(0,T] x 09,

(5.1)

for all [ > 0, where operators F' and F; are defined by (2.5) and (4.6)-(4.9) respectively, and if we
define Fy(U, P) = 0.

The idea is to use the following well known result for the steady Stokes system (see [15, Lemma
5.2]).

Lemma 5.1 Let Q be a bounded domain of R, of class C**2. For any F € Wk4(Q), there exists
one and only one solution (U, P) to the following Stokes problem

—AU=F+ VP, .
divU =0 !
U=0 on 052,

n s, (5.2)

29



such that
U € Wkt2e(Q), P e Wkt (Q)

/de:O.
Q

U wr+2a0) + | Pllwerra) < Ol F||wra (5.3)

and

This solution satisfies the estimate:

Therefore, first for [ = 0 by Lemma 5.1 and fixed point argument we will obtain that
(U, P)(t) € H*"''(Qp) x H*(QF),  Vte (0,7,

and by uniqueness o
(U, P)(t) € H*(Qp) x H*(Qp), vt e (0,T].

Then for [ > 1 if we assume that
(0,U,0,P)(t) € H"™™(Qp) x H*(Qp),  ¥Vt€ (0,T],¥r <I1—1
we will conclude that
(OU,0,P)(t) € H*"''(Qp) x H*(Qp),  Vte (0,T].
First we define a smooth divergence-free extension of the rigid velocity
baa(t,y) = Ext(A(t) + Q(1) xy).

Operator Ext(-) extends a function from solid domain Sy to the domain €2 such that it preserves
regularity of function and the divergence-free property. The construction of the operator can be
found in [20, Appendix A.1]. Since divba o = 0, functions U; = /U — 9ba o and P, = O P satisfy

AU = —F(U, B) = (U, P) + 8,"'U — F(9{bag) + VP, | .
divU; =0 in (0,7} x Qr (5.4)
U =0 on (0,T] x 0Qp.

for all [ > 0, where
F(U) =L(U) - M(U) - N(U), (5.5)

and £, M, N are defined by (2.7), (2.9), (2.8) respectively. Now, for [ > 0, we use fixed point
argument, and consider the following problem

AU, = —F(U,P) — (U, P) + 0*'U — F(8'ba.0) + VP,

7diV Ul =0
U, =0 on (0,T] X 8QF,

} in (O,T] X QF7 (56)
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with
(U, P)(t) € H*Y(Qp) x H*(Qp), VYt e (0,T).

By Lemma 5.1, it is enough to show that
—F(U,P)(t) - F(U, P)(t) € H* 1 (Qp) V¥t e (0,T].

since dlba.q € C®((0,T) x ), and 97U € C>((0, T]; H*(Qr)) by assumption. The only critical
terms are derivatives of the convective term. For k£ = 2,/ = 1 we have
10 Vo Ul 20 < U0 V00 200) < [0l 100
100 - VUl 20p) < 10:U1|n0) [VO U 1(2p) < 0200 100120
1T - V00,0 12(0p) < U220 I V00Ul 2000 < U 1202 1010 |22,
100 - VU120, < 100130, VUl s(p) < 1001|120 Ul 20
10:0,0 - VU | 12(04) < 100U |10, VUl sy < 100 120000 Ul 12002
10,0 - VO,U| r2(,) < 10,0 1220 VO Ul 220y < 1100112000 10| 1221

and in the general case the estimates can be obtained in the same way.

6 Appendix

6.1 Time derivatives - general case

In Section 4 we have presented the proof of Proposition 2.2 for case | = 1. Here we are going to
present the induction step for general [ € N. The proof in general case is conceptually the same,
but with more complicated expressions in the equations.

Let [ > 1 and let us assume that

71U, 07U € WhP(e, T; LP(Qp)) N LP (e, T: WP (Qp)),
O'P, 07 P € LP(e, T; W'P(Q)),
dlfl - dlfl dlfl - dlfl

1,
dtl—lA’ dtl—lA’ dtl—lg’ dtHQ €W 1),

for all e > 0 and 1 < p < co. We consider the problem (3.1) with right hand side

F* = F = F(U*, P*) +tF,(U, P) + 0'U,

dl
H* = H = HQY") + tH,(Q) + jﬁﬂ,
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where

(6.2)

-1
- dr AN d

x A, H(Q)=-Y ()0 — Q). .
X ()i g (i (ipa). oo

Subscript [ — p in operators £;_,, M;_,, N;_, and G,_, denotes (I — p)'" order time derivative of
the coefficients in operators £, M, N and G. As for [ = 1, to show that described problem has a
unique solution (U7, P, A}, Q}) such that

~5 N
,_.

U; € H(0,T; L*(Qr)) N L*(0,T; H*(Qr)),
Pr e L*0,T; H(QF)), (6.4)
A, Q€ HY(0,T)

it is sufficient to show that

d' d'
R =tR(U,P)+ U, Ra=tGi(A)+ A, Ry=tH(Q)+ Q.

satisfy
R € L*(0,T; L*(Qr)) Rac€ L*0,T), R, <€ L*0,T).

All the terms can be estimated as in Section 4, so by Proposition 3.1 there exists a unique strong
solution (U, P, A, Q) of (3.1) with the right hand side (6.1) satisfying (6.4). Again, we have to

prove that the obtained solution equals <t87fU, toLP ,tj:lA, tjtll Q>

Lemma 6.1 Let (U, P,A,Q) be a unique strong solution for (2.4), and (Uj, P", A7, Q) be a
unique strong solution for (3.1) with the right hand side (6.1) satisfying (6.4). Suppose that
U, U e W2 (e, T; W2P(Qp)) N W (e, T; LP(Qp)),
P,P e W'l (e, T; WP (Qp)), (6.5)
A QA QWP T)NWh(e,T)
hold for some |l € N and for alle >0 and all 1 < p < oo. Then
1

d d!
(U*, P*, A", Q") = (ta,fU tol P, td A td Q) (6.6)
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6.2 Proof of Lemma 6.1
Let (U, P, A, Q) be a unique strong solution for (2.4) satisfying (6.5) and let (U*, P*, A*,2*) be a

unique strong solution for (3.1) with the right hand side (6.1). We want to show (6.6). Since we
have already shown that the statement is valid for [/ = 1 in Section 4.1, we can suppose that [ > 2.

We use Galerkin approximations (U™, A™, €2™), as in Section 4.1, and assume that

U™ w102 + 10" -1 mm )y < M,

for some constant M > 0. This assumption comes from the previous step of the induction.
We want to show that

10;U™ | L= e 20y + 107U (| p2 (e sy < M.
for some constant M > 0, which implies that
U, 0lU € L™(e, T, L*(Q)) N L*(e, T; H()).

By (4.15) approximation (U™, A™ Q™) satisfies
/ GO,U™ - W, dy + (GFU™, ;) + G(A™) - T2 + H(Q™) - ¥¥ =0
Q

for + = 1,...m. We differentiate the equation in time [ times

/Q O(GOU™) Wi dy — (GF(U™), ¥:) = > | (,i) (OF(GF)(0FU™), @)

l
k=1

dl dl ! l dl—k dl—kz
—G(@A )\IJ —H(@Q )\1: —Z(k) (Gk (dtl—kA ) W2 4 H, (dtl_kn ) q:)

k=1
=0,

multiply by j—:,cjm and sum over j form 1 to m to obtain

!
/ 0/(Go,U™) - 0{U™ dy — (GF(8,U™), {U™) = ) | (é) (OF(GF) (8 um), oum)
Q

k=1
d! d! d! d!
—G(=Am) A g =am) . am
(rn) v = (o) o

!
l dlfk dl dlfk dl

— A™). —A"+ H Q- —=Qm | =0.

kz(k> <G’“ (dtl—k ) at T k(dtl—k > a7 ) 0

1
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Then we integrate the equation on [t1, t3] C (0,7 and, in the same way as in Section 4.1.1, estimate

l
/ (GO, U™) - 9lU™ dy = / GoyFUm - gUmdy + > (;ﬂ) / NG oFum . gum dy
Q Q —1 Q

_1d
C2dt

l
l — m m
+Z<k)/gaf<@a§ g™ . glu™ dy
k=1

/ GolU™ - 9glu™dy — / 9,G oluU™ . 9'u™ dy
Q Q

to l l to
'—/ / 0,GoU™ - 9'U™ dydr + Z <k:) / / oFG o U™ . U™ dydr| < C’|]Um||§ﬂ(tht2;Lz(Q))
t1 Q k=1 t1 Q

to to
/ (GF (8/U™),0,U™)dr — / / 2|DOIU™|? dydr
t1 Qp

t1

. to to
< (llgig™ — Siwball o= 0,51 () + 1) / /Q IVo,U™* dydr + C/ 107U™ 1220y dT
t1 F

t1
The only difference form Section 4.1.1 is in the following estimate
l

'S

1 k=1

~ ~ 2
< 108U sy + € (1A wrn e + 1@t ) 0™ B sy ey

~ ~ 2
+C (HAHWLO"(M,I‘Q) + HQ“WI’O"(h,tz)) ||Um||%{l—1(t1,t2;H1(QF))
< (|07 U™ (172 + C”Um‘ﬁ{l*l(tl,tg;Hl(QF))'

( ]i) IF(GM)(U™), 0U™ dydr
QF

The last inequality follows from the fact that AQ € Whi(e, T) N W1*°(g,T) and embedding
W24ty ty; HY(Qp)) < HY(ty, ty; HY(Qp)) for [ > 2. Therefore, we get

to
/ (0f(GF)(9,*u™),0,U™) dydr
t1

to to
< ,LL/ / [VorU™|? dydr + C/ 1870|726y AT + CIU™[Fr-1 121 000y
t1 Qp t1
All together, we get
107U 20y (t2) + IDAU™ (1224, 4200

t2
< CAU™ () + € [ 100" it

t1

. t2
+ C (lgieg™ — durball Lo, () + ) / IVOTU™ (720, AT + CIU™ 17014, g (20)):

t1
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for arbitrary u > 0, where || g9 — di.0u || Loe(0,;°0()) 1s small for small T'. Now, we take sufficiently
small T, integrate the inequality on ¢; € (e,t3) and by Gronwall’s Lemma we find

t
U™ (O + | IDOU™ [ dr < M.

Where constant M > 0 depends on the norms ||-[IV_J-HHZ71(€,T;H1(Q)), U™ -1 0,710 (02)) ||A||W1,M(E’T),
HA/HWM(&T), 19wre 1), ||l weagery and T. Finally, in the limit we get that 9,U € L2H*NL>L?.

6.2.1 Uniqueness

In previous section we showed that 9'U € L?H* N L> L% Now we are able to show that U* = t9!U.
We know that (U, P) satisfies

OGO U -pdy — | OFGO*F(U)-pdy+ [ GO (GP)-ypdy =0, 1<k<I
Qp Qp Qp
(6.7)

for all ¢ € V(0), and (U*, P*, A*, 2*) satisfies

| €U pay ATk GTR) w

+ (GF(U"),v) +t§ (i) (<G.7:k(8£_kU),’¢> + /QF GG,(07*P) - ¢dy)
GUAY) e H(Q) s - t; (1) (6 (Gmen) - i (50) )

d! d
_/Q GolU - ¢ — (@A> S tpy — (@ﬂ) Y, =0,

where

(6.8)

(GF(0,7"U), ) = (L(8:"*U),Gy) + / G (M(0I7U) + N(9I7FU)) - 4 dy.

Qp
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For (v, a, %) = h(t)(P;, ¥, ¥¥) we have
e
lytm
GO0 U™ - dy + Z (k>
l l
+(GF@OU™), ) + > < ) (GF(OFU™) )+ ( ) (OFG O FF(U™), )

k=1 k=1

' gm &' oy (1 e ™ o
_G(dtlA )-¢3—H(@Q ).v,bw—;(k) (Gk(dtl_kA )-i,ba—FHk(mQ ).%)

=0

dl+1

_ m d m
OFG o+ U .¢dy+dtl.7< ) Yo, + ﬂHA 1P

QF QF

(6.9)

We multiply the above equation by ¢ and subtract from the previous one with

~ —~ ~ dl dl
m m m * lTTm * m * m
(U™ A™ Q™) = (U —to,u™, A —th Q —th )

Then, by using (6.7), we obtain

!
N I d ~ N
/ Gatum-¢dy+t§j(k) OGO (U~ U™) apdy + S A” g+ (707) 4,
Qp

Qp d

— (GF(U™),p) - tz < ) (GFu(0; (U =U™)), ¢) + (9fG O *F(U —U™),4))

l [
[=k k I—k
‘tzk_l (k) /QFG@(@ P)‘lbdy—t;(k)/QF@Gat (GP) -4 dy

— G(A™) 4y — H(Q™) -,
) (6 () e (S )

m d m d' m _
- QFG(XU_U >'¢dy_(dtl(A A )>'wa_(dtl<ﬂ Q ))'w‘”_o

It can be shown that the terms with the pressure cancels, i.e. it holds

l

!
Z()Gg, 8+ P) +;<) GoGP) =0, (6.10)

=1
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and after integrating above equation on (0,t), we get

t t
/ G(H)O™(¢) - () dy — / / GO™ - Oy dydr — / 8,GO™ . dap dydr
Qp 0 Qp 0 Qp

l

ANE _ .
+tz<k)/o /QFafGa; LU - U™) - dydr

k=1

~

R0 0+ 7070l - [ (B S+ g0 L) ar
—/t<G]-"(Um >dr—t2( >/ ((GFu(0™(U —U™)),9) + (9GO F(U —U™),4)) dr

- [ (GE s H@) ) a0
_t§</l€)/ot( (5; C(A- Am)) Wa + Hy (%(Q Qm)> %)

t . t/ . t sl N -
_/0 /QFG&%(U—U )-wdydf—/o (@(A—A )>.r¢yad7—/0 <dtl(ﬂ Q )).%dT_O'

We let m — oo and obtain the equation

G000 () dy - [ t [0 0(w)dyar

QF

~ ~ Lo d ~ d
+ A(t) - Pa(t) + TLUL) - Yo (t) — /0 (A : Ewa +JN- Ew“’) dr

_/Ot<GJ-"(IAJ),¢>dT—/O< (A) - ba + H(Q) - ¢w> dr =0

where

~ o~ o~ dl dl
A Q)= U A — —AQ —t—Q ).
(U,A,Q) (U to'U, A t i )

By the linearity and the density, the above equality holds for all (2,1, ,,) € V. Then we can
substitute

(%, Ya, ) = (U, A, Q)
and get the equality

> [ow ;(Q)—/Ot (6F(0).0) dT—/O (GA)- A+ HE@) Q) dr=0,

Now, as before, we can get the estimate

2 ¢ ~ ¢ ~ 2 t ~
+01// |]D>U|2dyd7§/ CHVXU(t)H dr+u// IDUJ? dydr
L2() 0o Jor 0 L2(Q) 0 Jor
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for all > 0 and for sufficiently small y we get

2

dr.

t o~
< /0 OHVXU(t) o

L2(Q)

Finally, Gronwall’s Lemma implies U = 0 which means that U* = tolU.

7 Notation

Label Description definition/1st
appearance
(u,p,w,a) solution for the original nonlinear problem (1.6) | Section 2.1
on physical domain
(u,p,w,a) solution for the linear problem (2.1) on the phys- | Section 2.1
ical domain
(ﬁ,ﬁ, Q,A) solution for the nonlinear problem on the cylin- | Section 2.2, equa-
drical domain tion (2.3)
(U,P,QA) solution for the linear problem (2.4) on the cylin- | Section 2.2, equa-
drical domain tion (2.3)
(@, Puw, Pa) test function on the physical domain Definition 1.1
(Y, 1, Va) test function on the cylindrical domain Section 4.1
X(t,y) changes of variables Section 2.2
Y (t,x) changes of variables Section 2.2

right-hand side of the linear problem (2.4) on the
cylindrical domain,

F(U,P)= (£ - AU - MU-NU— (G- V)P

equations (2.5) and
(2.6)

LU the transformed Laplace operator equation (2.7)

MU the transformation of time derivative and gradient | equation (2.9)

NU the transformation of the convection term equation (2.8)

GP GP = VYVYTVP, the transformation of the | equation (2.10)
gradient of the pressure

FU FU=LU-MU-NU-GP equation (4.12)
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(U*, P*, Q" A¥) the fixed point, the solution for the transformed | Section 3
problem

(IAJ, ]3, ﬁ, K) the fixed point, functions on the right-hand side | Section 3

F* G*, H* the right-hand side for the Stokes problem Section 3

F(U, P) "F(U,P) = 0,(F(U, P)) — F({U,0;P)" (4.6)-(4.9)

Ci(A) "Gi(A) = $(G(A) - G (HA) (45) (1= 1) & (63)

(general case)

Hi(9) H(Q) = S(H(Q) - H (40) (45) (L = 1) (6.3)

(general case)

Gi(P) the operator obtained by taking I order time | Section 4.1 (l=1),
derivative of the coefficients in operators G, i.e. | Appendix 6.1 (gen-
G(P)=0(VYVYT)VP eral case)

Fi(U) F(U) = L£(U) — M(U) — N(U) — Gi(P), | Section 4.1 (1=1),
Ly, My, N; are operators obtained by taking I*! or- | Appendix 6.1 (gen-
der time derivative of the coefficients in operators | eral case)

L, MN
G G = VXTVX Section 4.1
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