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Navier—Stokes—Fourier system, primitive system

Mass conservation:
Oro + divi(ou) =0

Momentum balance:

. 1 .
O¢(ou) + dive(ou @ u) + ?VXp(g, 9) | = diviS(9, Viu) +| =0V« G

Internal energy balance (heat equation):
0:(0e(o, 7)) + divx(oe(o, 9)u) + divxq(¥, ViV)
= ’ £’S(9, Viu) : Viu ‘ — p(o,¥)divxu

Newton’s law
S(¥, Vxu) = p(9) (qu + Viu— %divxuﬂ) + n(¥)diveul

Fourier’s law
q(¥, Vi) = —k(9) V¥




Oberbeck—Boussinesq system, target system

Incompressibility:
div,U =0

Momentum balance:
@(atu +uU- vxu) £Vl = u(@)AxU + 1V, G
Heat equation:
3¢,(3,9) (ate +U- vxe) — 5 9a(3,9)U - V<G = k(9)AxO
Boussinesq relation:

op(o,9)
0o

Vxr + 8p((£9, 9) V0 =0oV,G.




Spatial domain

Periodic strip

Q=T"x%x10,1]
T = (L )

Conservative boundary conditions

u-njgo =0, S-nxnlgg =0, Vi -nlogg =0

Dirichlet boundary conditions

uloa =0, Voo = Vs




Singular limit in the conservative case

From Navier-Stokes—Fourier to Oberbeck—Boussinesq

u- > U
0 — 0
e

—r

Ve — 0
€

— ©

Convergence for the conservative boundary conditions, EF, A. Novotny
2009
If the initial data are ill prepared:

Us(07 ')7 QE(O’;) — Ey 195(078) il bounded,

then U, r, and © solve the Oberberck—Boussinesq system with the conser-
vative boundary conditions

u- n|aQ = 07 S(E, VXU) ‘n X n|aQ = 0, VX@ . n‘ag =0




Singular limit for the Dirichlet boundary conditions

Scaled boundary conditions for the temperature:

Veloa =0+ €Op

Initial data:

u-(0,-) — Up in L*(Q; RY), Uolaq =0, div,Uo =0

e(0) =0 — ro in L*(R) and weakly-(*) in L®(RQ)
5

9:(0,-) — 9
€
Boussinesq relation

dp(e,9)
do

— Fo in L'(Q) and weakly-(*) in L>(Q)

op(v,9)

erO + 99

V% = @VX G.




Convergence for the Dirichlet boundary conditions

Convergence, P. Bella, EF, F. Oschmann 2022:

o p— — 1 9. — 0
< —)\@19*/ < dx|— 9,
@y, =

3

where (U, r, ©) solves the Oberbeck—Boussinesq system with
nonlocal boundary conditions

Mo, 9) /
Oloa = Op — ed
lon = 1-A(2,9) 12| X




Weak solutions to the primitive system

Mass conservation:
Oro + divx(ou) =0

Momentum balance:
9:(ou) + divx(ou @ u) + évxp(g, 9) = diveS(9, Vu) + égvxc
Gibbs’ relation
¥Ds = De + pD (é)

Entropy balance (inequality):

. . 9, V0
9¢(0s(0,)) + dive(os(o, ¥)u) + divy <%>
Z % (528(197 vxu) . qu _ w)




Energy conservation, conservative boundary conditions

Total energy: ,
E(0.9,u) = 5 oluf* + ce(0. )
Energy balance (inequality):
OrE- (0,9, u) + divi(E:(g, ¥, u)u) + divi(p(o, #)u) + div.q(?, V#)
=1 (<) E°divx (S(¥, Vxu) - u) + £0V4G - u

Energy conservation (balance), conservative boundary conditions:

d

— [ E-(0,%,u) dx = (g)e/ oV«G - u dx




Basic properties of weak solutions

m Global existence. Under certain physically grounded restrictions
imposed on the constitutive relations, the weak solutions exist
globally in time for any finite energy initial data

m Compatibility. Any sufficiently smooth weak solution is a classical
solution of the Navier—Stokes—Fourier system

m Weak-strong uniqueness. If [g,9,u] is a classical solution and
[0, 7, u] a weak solution starting from the same initial data, then

o=0 Y9=9, u=u.




Problems with the Dirichlet boundary conditions

Lack of control of the boundary heat flux:

d

— [ Ec(o,9,u) dx + / q(9, Vi9) -n dox | = (S)s/ oVxG -u dx
dt Jo o Q

Ballistic energy:

E-(0,9,u) — Jos(o, V)
Joq = s

Ballistic energy flux:

q(¢9, Vi) -n— gq(ﬁ, Vi) -n=0on 9Q




Weak solutions revisited

s N
Ballistic energy balance
d ~
I ) © *Q|u| + oe(o,9) — Yos(o, V) dx
+/ ? (SQS(ﬁ,VXU) . VXU _ M) dx
Q¥ 0
< / <€QVXG -u — os(p, ﬂ)@tﬁ— os(0,?)u - Vi — W) dx
Q
for any U > 0, 9]aq = U8
4 Y,

m Compatibility [Chaudhuri—-EF 2021]. Smooth weak solutions are classical
solutions

m Weak-strong uniqueness [Chaudhuri—-EF 2021]. A weak solution
coincides with the strong solution as long as the latter exists



Relative energy as Bregman distance

Thermodynamic stability:

Op(o,9)
do

de(o,9)
9

>0, > 0 for all o, >0

Relative energy:
o 1 ~
E. (97791 U‘Qa 197 U) = EQ‘U - U|2

5 |ee = 3(es - 35@.9)) - (e(@9) - 5@9) + A=) (0~ 2) - et 5)]

s N
Bregmann distance:

E. (Q,S7m‘§, s, ﬁ]) — E.(0,S,m)
- <69,s,mEE(§, S,m)i(0—3,5—S,m— m)> — E(3,5,m)

(0,S,m) — E-(0,S, m) (strictly) convex




Relative energy inequality

E- (o.9,ulg, 0,0 dx}
L= ).,
T _ 1 k(0)| V9
+/0 /919 (S(ﬁ,vxu) :Vyeu+ = 3 dxdt

/ /<Q(S—S(Q719))3t19+9(5—5(9719)) ,vxg_n(ﬂz,ﬂ
AL

t=T1

1
S—3

vﬁ) dxdt

(u—1u)® (u—1u)+ 5p(o,9)I - S(, qu)] : Viu dxdt

/ / { V«G —0u—(u 'Vx)ﬁ]~(U—ﬁ)dxdt
;2/0 /nKl*%’) a*p(@g)*%“'vxp(@ﬁ)} dxdt

any trio of continuously differentiable functions (g, 5, u)

>0, 7>0, 9sg =1, Uijag = 0.



Constitutive theory, |

Gibbs’ law
¥Ds = De + pD <§)

Thermodynamic stability

dp(0,9)
do

Oe(p,?)
09

>0, >0

Pressure EOS
p(o,9) = pm(0,9) + praa(¥)

2 a
pm(0,9) = S eem(e, ), praa(¥) = 5194, a>0

Internal energy

e(0,9) = en(0,9) + €aa(0,9), €raa(0,0) = gﬁ“.




Constitutive theory, Il

[ |
Gibbs' law = pm(0,9) = 93P (ﬁ%)
2
- P(Z
Thermodynamic stability =- Z(i) N\ Poo >0 as Z — oo
m Entropy.

0 43 9%
W) =8| =5 | +—5—, 85 <0
s(e, V) (19%) 3 o

m Third law of thermodynamics.

S(Z)N0Oas Z — o0




Constitutive theory, 111

Viscosity.

0< (1 +9) < u(®), W) <7
0<n(W) <7(1+9)

Thermal conductivity.

0<r(1+9°)<k(®) <r1+9°), 3>6

Global existence [Chaudhuri, EF, 2021].

Under the above constitutive restrictions, the problem admits global—-in—
time weak solutions for any finite energy initial data and any sufficiently
smooth boundary data




Target problem — smooth solutions

Incompressibility:
div,U =0

Momentum balance:
dau+UVA0+vm:M@mAH4wc
Heat equation:
@%@ﬁmae+uvxﬂf@%@ﬁw-mczdmA@

Boussinesq relation:

9p(.9) @0 g o _ -
90 Vir + 99 V«© =70V,G.
Nonlocal boundary conditions

Oloa = O — /edx,0<)\(§,ﬁ)<1
Q

1-,9) 12|




Strong solutions of the target problem

A. Abbatiello, EF , 2022:
Suppose that N
G e Wh™(Q), 05 € C(Q),

Qo € W*P(Q), Uy € W»P(Q; RY), div Uy =0, for any 1 < p < oo,
together with the compatibility conditions

Uo=0, O+ —— /@odX—@BOnaQ

1—)\|Q\

Then there exists Tmax > 0, Tmax = 0o if d = 2, such that the target OB
system with the initial data

U(0,-) = Uo, ©(0,-) = Oy,
admits a (unique) strong solution U, © in the regularity class

U e LP(0, T; W>P(Q; RY)), 8:U € LP(0, T; LP(S; RY)), N € LP(0, T; WP(Q)),
© € LP(0, T; W?P(Q)), 8:0 € LP(0, T; LP(S; RY))

forany 1 < p<ooandany 0 < T < Tmax




Convergence to the target problem, |

Well prepared initial data

0:(0,-) =0+ £00,e, © > 0 constant, / 00,e dx =0
Q
195(07 ) = 54— 8190)5, US(O7 ) = Uo,c
ll0o.cllioe(@) ~ 1, 00,c — ro in L'(S),

[190,e oo (@) SE Yo,e = To in Ll(Q)7

| oo (i) <1, upe — Ug in L RY),

[luo,

To € WHP(Q), Up € WHP(Q; RY), for any 1 < p < oo, div,Up =0,
Uo =0, T =O5s on 99,

dp(2, V) dp(2, V) _
90 Vxr + o0 V%o =0VxG




Energy estimates

1-st ansatz in the relative energy inequality

/QEE (ge(o,-),ﬂs(o,.),ug(o,-))@,E+eeg,o) dx

Boundedness of initial values:

/ E. (ge(O, ), 9¢(0, -), ue (0, ~)‘§75+565,0) dx <1
Q

independently of ¢ — 0




Convergence to the target problem, II

Convergence as a consequence of energy estimates

% — 9% weakly-(*) in L(0, T; L°(Q)), p > 1

@ — Tweakly in L*(0, T; WH?(Q)) and weakly-(*) in L(0, T; L*(2))
u. — u weakly in L2(0, T; W, %(Q2; RY))
where
div,u =0
%loa = Os
and o .
9p(2,9) 9p(e,9) -
- a_ Xm  aa X == XG
90 ViR + 90 V% =0V




Target problem revisited

New variables:

T, T—A(@,E)Té‘/Qde:@.

Transformed system:
div,U =0
@(&U TU- vxu) + VM = divyS(9, ViU) + rV, G
26:(2,9) (0:T +U - V,T) — 2 9a(p,9)U - VG

dp(e, V)

= 5(9) AT + Ja (g, 9) 59 8tﬁ/g7'dx

Boussinesq relation:

op(a,9) p(g, )
20 VT T an

VT = 0oV«G, /r dx =0
Q

Boundary conditions:

Uloe =0, Tlon = Os,




Convergence to the target problem, Il

2-nd ansatz in the relative energy inequality

E. (957 7957 U:

o+er,9+¢€T, U)

Convergence of the initial values:

/QEE (9577957115

E—}—sr,ﬁ—«—eT,U) (0, )dx > 0ase—0




