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ABSTRACT. We identify a class of smooth Banach *-algebras that are differential sub-
algebras of commutative C*-algebras whose openness of multiplication is completely de-
termined by the topological stable rank of the target C*-algebra. We then show that
group algebras of Abelian groups of unbounded exponent fail to have uniformly open con-
volution. Finally, we completely characterise in the complex case (uniform) openness of
multiplication in algebras of continuous functions in terms of the covering dimension.

1. INTRODUCTION

Gelfand’s proof of Wiener’s lemma [20], which asserts that the reciprocal of a function
with absolutely convergent Fourier series that does not vanish anywhere has absolutely
convergent Fourier series too, was central to the development of Banach-algebraic ramifi-
cations of Harmonic Analysis. Wiener’s lemma may be rephrased as follows: the algebra
of absolutely convergent Fourier series is inverse-closed when embedded into the algebra of
all continuous functions on the unit circle. In the present paper we shall be concerned with
algebras that have even a stronger property, namely that the norm of an invertible element
is a function of the norm of the element and its supremum norm of its Gelfand transform
(see Lemma 1.1); a property that the algebra of absolutely convergent series actually lacks.

When A is a Banach algebra and i: A — B is a continuous injective homomorphism,
we say that A admits norm-controlled inversion in B, whenever there exists a function
h: (0,00)% — (0,00) so that for every element a € A, which is invertible in B, we have

la™ 14 < h(llalla, lli(a™)15)-

Since the embedding ¢ is injective an invertible element a in algebra A remains invertible
in B (strcitly speaking, i(a) is invertible), however in this case norm-controlled inversion
of A in B implies that the inverses are actually in A (i.e., i(A) is inverse-closed in B).
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Following Nikolskii [29], for 6 > 1, we say that a Banach algebra A is d-visible in B,
whenever

(1) Y(071) =sup{lla”'[la: a € A, Jlalla < 1, ]li(a™)||p < 6} < 0.

Then A admits norm-controlled inversion in B if and only if it is J-visible in B for all
0 > 1. Should that be the case, the norm-control function h can be arranged to be

(2) fMMMWW*W@ZWﬁ#WMMWWUM)

For a commutative (*-)semi-simple Banach (*-)algebra A we say, for short, that A admits
norm-controlled inversion, whenever it admits norm-controlled inversion in C(®4), the
space of continuous functions on the maximal (*-)ideal space ®4 of A, when embedded
by the Gelfand transform. (For a commutative (*-)semi-simple Banach (*-)algebra the
Gelfand transform is injective; see also [15, Proposition 30.2(ii)].)

The Wiener (convolution) algebra ¢,(Z) is a primary example of a commutative Banach
*-algebra without the norm-controlled inversion in C(T), the algebra of continuous func-
tions on the unit circle. Indeed, in [29] Nikolskii showed that for § > 2 we have ¢(§~1) = oo,
where 1 is given in (1). The same conclusion extends to convolution algebras ¢,(G) for
any infinite Abelian group G that lack norm-controlled inversion in C' (@), the algebra of
continuous functions on the Pontryagin-dual group to GG, but this behaviour appears rather
exceptional. On the positive side, various weighted algebras of Fourier series (see [17]) as
well as algebras of Lipschitz functions on compact subsets of Euclidean spaces enjoy the
norm-controlled inversion.

Norm-controlled inversion is a consequence of a smoothness of the embedding as observed
by Blackadar and Cuntz [9]. More specifically, let i: A — B be an injective homomorphism
of Banach algebras. Then A is a differential subalgebra of B whenever there exists D > 0
such that for all a,b € A we have

(3) lablla < D(l[allalli(0)]5 + lli(a)l[5]1b]l4)-

When A and B are Banach *-algebras, we additionally require that i is *-preserving (hence
it preserves the modulai of elements); we omit the symbol 7, when the map i is clear from the
context (for example, when it is the formal inclusion of algebras). Differential subalgebras
(especially of C*-algebras) have been extensively studied; see, e.g., [24, 21, 22, 31].

In the sequel, we shall make use of [21, Theorem 1.1(i)] that we record below:
Lemma 1.1. Differential *-subalgebras of C*-algebras have norm-controlled inversion.

Note that the condition of being a differential norm is extremely weak assumption, and
norms satisfying (3) meet the weak form of smoothness (see [21, Theorem 1.1(v)]).

In the present paper we investigate the possible connections between smoothness of
an embedding of Banach algebras and topological stable rank 1 (which for unital Banach
algebras this is equivalent to having dense invertible group) with openness of multiplication
of a given Banach algebra A, i.e., the question of for which Banach algebras the map
m: Ax A — A given by m(a,b) = ab (a,b € A) is open, that is, it maps open sets to open
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sets. The problem of which Banach algebras have open multiplication was systematically
investigated by Draga and the first-named author in [16], where it was observed that unital
Banach algebras with open multiplication have topological stable rank 1 but not wvice versa.
For example, matrix algebras M,, have topological stable rank 1 but multiplication therein
is not open unless n = 1 ([7]). On the other hand, the problem of openness of convolution
in ¢1(Z) is persistently open.

Various function algebras have been observed to have open multiplication (even uni-
formly, where a map f: X — Y is uniformly open whenever for every £ > 0 there is § > 0
such that for all x € X one has f(B(z,¢)) 2 B(f(z),0)): spaces of continuous/bounded
functions: [2, 3, 4, 6, 5, 10, 25, 30] and spaces of functions of bounded variation: [11, 26].
The first main result of the paper unifies various approaches to openness of multiplication.
(All unexplained terminology may be found in the subsequent section.)

Theorem A. Suppose that A is a unital symmetric dual Banach *-algebra that is a dense
differential subalgebra of C(X) with X zero-dimensional. If A shares with X densely many
points, then A has open multiplication.

Theorem A applies, in particular, to A = C(X), which may be interpreted as complex
counterpart of the main result of [8].

The proofs of the main results of [11, 26] centre around showing that the algebras of
functions of p-bounded variation (for p = 1 and p € (1, 00), respectively) are approximable
by jointly non-degenerate products. Our theorem appears to be the first general providing
sufficient conditions for openness in a given commutative Banach *-algebra (i.e., a self-
adjoint function algebra).

In [16, Corollary 4.13], Draga and the first-named author proved that ¢;(Z) does not
have uniformly open convolution (whether it is open or not remains an open problem). We
strengthen this result by showing that having bounded exponent (that is, sup,. 0(g) < oo,
where o(g) denotes the rank of an element g € G)) is a sufficient condition for not having
uniformly open convolution.

Theorem B. Let G be an Abelian group of unbounded exponent, i.e., sup,cq o(g) = 0o.
Then convolution in £1(G) is not uniformly open.

By Priifer’s first theorem (see [27, p. 173]), every Abelian group of bounded exponent
is isomorphic to a direct sum of a finite number of finite cyclic groups and a direct sum
of possibly infinitely many copies of a fixed finite cyclic group, so if one seeks examples of
group convolution algebras with uniform multiplication, the only candidates to be found
are groups that are effectively direct sums of any number of copies of a fixed cyclic group.

Finally, we establish a complex counterpart of Komisarski’s result [25] linking openness
of multiplication in the real algebra C(X) of continuous functions on a compact space X
with the covering dimension of X. In the complex case C'(X) has open multiplication if and
only if X is zero-dimensional in which case multiplication is actually uniformly open with
6(g) = €2/4 (¢ > 0). (See also [16, Proposition 4.16] for an alternative proof using direct
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limits that does not depend on the scalar field; we refer to [18] for a modern exposition of
dimension theory and standard facts thereof.)

Theorem C. Let X be a compact space. Then the following conditions are equivalent for
the algebra C(X) of continuous complezx-valued functions on X :

(i) X has open multiplication,

(ii) X has uniformly open multiplication,

(iii) the covering dimension of X is at most 1.
Moreover, C(X) have equi-uniformly open multiplications for all compact spaces of dimen-
sion at most 1.

A necessary condition for a unital Banach algebra to have open multiplication is topo-
logical stable rank 1, that is, having dense group of invertibles. For a compact space X of
dimension at least 2, this is not the case, so C'(X) does not have open multiplication ([16,
Proposition 4.4]). The proof of Theorem C is split into three cases.

« The first one uses a reduction to spaces being topological (planar) realisations of
graphs. Here we rely on certain ideas from an unpublished manuscript of Behrends
for which we have a permission to include them in the present note. We kindly
acknowledge this crucial contribution from Professor Behrends establishing the case
of X =10, 1].

e Then we proceed via an inverse limit argument to conclude the result for all compact
metric spaces of dimension at most 1.

« Finally, we apply a result of Madresi¢ [28] to conclude the general non-metrisable
case from equi-uniform openness of multiplication of C'(X) for all 1-dimensional
compact metric spaces X.

2. PRELIMINARIES

2.1. Banach algebras. Compact spaces are assumed to be Hausdorff. All Banach al-
gebras considered in this paper are over C, the field of complex scalars, unless otherwise
specified. We denote by T the unit circle in the complex plane.

A Banach algebra A has topological stable rank 1, whenever invertible elements are
dense in A if A is unital or in the unitisation of A otherwise. Algebras whose elements
have zero-dimensional spectra have topological stable rank 1 and include biduals of C'(X)
for a compact space X, the algebra of functions of bounded variation, or the algebra of
compact operators on a Banach space; we refer to [16, Section 2] for more details.

2.1.1. Arens regularity, dual Banach algebras. As observed by Arens [1], the biudal of a Ba-
nach algebra may be naturally endowed with two, rather than single one, multiplications
(the left and right Arens products, denoted O, o, respectively). Even though these multi-
plications may be explicitly defined, the following ‘computation’ rule is perhaps easier to
comprehend: for f,g € A** where A is a Banach algebra, by Goldstine’s theorem, one may
choose bounded nets (f;), (¢;) from A that are weak™ convergent to f and g, respectively.
Then
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. fl:lg = hm] hmz fjgi;
. f &g = hm, hm] fjgz

are well-defined and do not depend on the choice of the approximating nets. A Banach
algebra is Arens-regular when the two multiplications coincide. For a locally compact
space X, the algebra Cy(X) is Arens-regular, but a group G, the group algebra ¢;(G) (see
Section 2.5) is Arens-regular if and only if G is finite ([33]).

A dual Banach algebra is a Banach algebra A that is a dual space to some Banach
space E whose multiplication is separately o(A, E')-continuous. Notable examples of dual
Banach algebras include von Neumann algebras, Banach algebras that are reflexive as
Banach spaces, or biduals of Arens-regular Banach algebras; see [13, Section 5] for more
details.

Suppose that A is a dual Banach algebra and let i: A — C(X) be an injective homomor-
phism for some compact space X. We say that A shares with X densely points whenever
there exists a dense set @) C X such that i*(,) € E (z € Q), i.e., the functionals i*(d,,)
(x € Q) are 0(A, E)-continuous (here d, € C(X)* is the Dirac delta evaluation functional
at x € X). Since for an Arens-regular Banach algebra the bidual endowed with the unique
Arens product is a dual Banach algebra, we may record the following lemma.

Lemma 2.1. Let A be a unital Arens-reqular Banach algebra and let i: A — C(X) be
an injective algebra homomorphism with dense range. Then A™ shares with the mazimal
ideal space of C(X)** densely many points.

Proof. Since A is Arens-regular, A** is naturally a dual Banach algebra with the unique
Arens product. Since *** extends i*, for every z € X, we have ***(9,) = i*(,) € A*, so
that i*(d,) is o(A*™*, A*)-continuous. It remains to invoke the fact that X can be identified
with an open dense subset of the maximal ideal space of C'(X)** via x — (0;)" = .
for some point ¢(z) in the maximal ideal space of C(X)** (see the discussion after [12,

Definition 3.3]); the map ¢ is necessarily discontinuous unless X is finite). O

Let us record two permanence properties of differential embeddings; even though we
shall not utilise (ii) in the present paper, we keep it for possible future reference.

Lemma 2.2. Let A be a Banach algebra continuously embedded into another Banach al-
gebra B by a homomorphism i: A — B as a differential subalgebra.
(i) Consider both in A** and B** either left or right Arens products. Then in either
setting 1**: A*™ — B** is a differential embedding.
(ii) Let U be an ultrafilter. Then i%: AY — BY is a differential embedding between the
respective ultrapowers.

Proof. Case 1. Let {a,},{bs} C A be bounded nets o(A**, A*)-convergent to a,b € A**
respectively, satisfying for any «, 8 conditions |laq|la < ||alla= and ||bs|lp < [|b]| g (it is
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possible by the Krein-Smulyan theorem). Then
|abd]

< D-Timinf (ol allis)lla + llitaa) 2l155]14)

< D(llalla= i ()| g=+ + i (a) | 5=+ [1B]
Case 2. Let a = [(ay)yer], b = [(by),er] € AY. Then

B** A**)'

|ab|| 4w = 171%1 HavvaA
< Ef{gD(H%HAHZ’(bﬁHB + Jlita) 1)
< Dt - i)+ i i), - T ],

= Dl 17 )+ 15 (@) 18-
U

2.2. Banach *-algebras. Let A be a unital Banach *-algebra. In this setting, for a € A
we interpret |a|?> as a*a. We say that elements a,b in A are jointly non-degenerate, when
la|? + |b]? is invertible. When X is a compact space and a,b € C'(X), we sometimes say
that elements with |a|> + |b*> > n (for some n > 0) are jointly n-non-degenerate. Let us
introduce the following definition.

Definition 2.3. A unital Banach *-algebra A is approximable by jointly non-degenerate
products whenever for all a,b € A and € > 0 there exist jointly non-degenerate elements
a',b € A with ||a —d'[],||b— V|| < e such that ab = a'V'.

Remark 1. It is readily seen that C'(X) for a zero-dimensional compact space X has this
property. Indeed, let f,g € C(X) and € > 0. Consider the sets

« Dy ={r e X: |f(z)| >¢/3}

e Dy = {w € X: |g(a)] > =/3}

e Dy={z e X:[f(z)] |g(z) <e/2}.
Certainly, the sets Dy, Dy, D3 are closed and cover the space X. As X is zero-dimensional,
there exist pairwise clopen sets D} C Dy, D5 C Dy, and D} C Dy that still cover X, i.e.,
X =DiUDyUD;. Let f'=f -1pup, + 5lp, and ¢ = g - Lpup, + gfg]lpé. Then f’,
g' are the sought jointly non-degenerate approximants. On the other hand, as C'(X) for
X = [0,1] and compact spaces alike readily not approximable by jointly non-degenerate
issues due to connectedness.

Kowalczyk and Turowska [26] showed that the algebra BV[0, 1] of functions of bounded
variation on the unit interval is approximable by jointly non-degenerate products and
Canarias, Karlovich, and Shargorodsky [11] extended this result to alebras of bounded
p-variation on the interval as well as certain further function algebras.
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2.3. Ultraproducts. Ultraproducts of mathematical structures usually come in two main
guises: the algebraic one (first-order) and the analytic one (second-order). Let us briefly
summarise the link between these in the context of groups and their group algebras. This
has been essentially developed by Daws in [14, Section 5.4] and further explained in [16,
Section 2.3.2].

Let (S5),er be an infinite collection of semigroups and let U be an ultrafilter on I'. The
(algebraic) ultraproduct ngp S, with respect to U (denoted S* when S, = S for all y € I
and then termed the ultrapower of S with respect to U) is the quotient of the direct product
[, er Sy by the congruence

(gy)ver ~ (hy)yer ifand onlyif {yeT:g,=h,}ecll.
Then the just-defined ultraproduct is naturally a semigroup/group/Abelian group if S, are
semigroups/groups/Abelian groups for v € I.

Let (A,),er be an infinite collection of Banach spaces. Then the (o (I")-direct sum
A = (D,cr 4y )eee(r), that is, the space of all tuples (z,),er with z, € A, (y € I') and
SUp,er ||74]| < oo is a Banach space under the supremum norm. Moreover, the subspace
J = c{(A,)er comprising all tuples (z.),er such that lim, y||z,|| = 0 is closed. The
(Banach-space) wultraproduct ngr A, of (A,) er with respect to U is the quotient space
A/J. 1t A, (v € I') are Banach algebras, then naturally so is A and J is then a closed
ideal therein. Consequently, the ultraproduct is a Banach algebra. Let us record formally
a link between these two constructions.

Lemma 2.4. Let (S,) er be an infinite collection of semigroups and let U be a countably
incomplete ultrafilter on I'. Then there exists a unique contractive homomorphism

(4) c T as) —a(I]'s)

~vel ~yel
that satisfies

L([(69w>vef]> = €[(gy)rer] ( €g,) ver H 0 (S >

yel

2.4. Abelian groups. Let G be a group. For g € G we denote by o(g) the order of the
element g. For a (locally compact) Abelian group G we denote by G the Pontryagin dual
group of G; for details and basic properties concerning this duality we refer to [23, Chapter
6].

If G is an (Abelian) divisible group, that is, for any ¢ € G and n € N there is h € G
such that ¢ = nh, then G is an injective object in the category Abelian groups, which
means that for any Abelian groups H; C Hs, every homomorphism ¢: H; — G extends
to a homomorphism @: Hy — G. Direct sums of arbitrary many copies of Q, the additive
group of rationals, are divisible.

Let us record for the future reference the following observation, likely well known to
algebraically-oriented model theorists.
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Lemma 2.5. Suppose that G is an Abelian group with sup,cq o(g) = oo. Then Z®) embeds
into some ultrapower of G with respect to an ultrafilter on N.

Proof. Let U be a non-principal ultrafilter on N and let (g,)2, be a sequence in G such
that sup,, 0(g,) = oo. Then g = [(g,)°>,] has infinite order in H = G*. Let A be an almost
disjoint family of infinite subsets of N that has cardinality continuum. Then all but at most
one elements A are not in U (as U is non-principal and closed under finite intersections),
so let us assume that A C W. For each A € A we set

gA(i)z{ g’ ij (i € N).

Then hy = [(ga(i))2,] € HY and o(hs) = oo (A € A). Moreover, {hs: A € A} is a Z-
linearly independent set of cardinality continuum. As such, the subgroup it generates is
isomorphic to Z®. It remains to notice that canonically (G =~ GUSU | a5 required. O

2.5. Semigroup algebras. Let S be a semigroup written multiplicatively. In the Banach
space ¢1(S5) one can define a convolution product by

T*Y = Z ( Z xrys>€t (m = ($s>s€S> Yy = (yS)SES € €1<S))7
teS res=t
where (es)ses is the canonical unit vector basis of £1(S), together with ¢;(S5) becomes
a Banach algebra. For the additive semigroup of natural numbers, the convolution in
¢1(N) renders the familiar Cauchy product.

Suppose that 7" C S is a subsemigroup. Then ¢;(7T) is naturally a closed subspace of
¢1(S), which is moreover a closed subalgebra. Every surjective semigroup homomorphism
v: T — S implements a surjective homomorphism ¢y: ¢1(T") — ¢1(S) on the Banach-
algebra level by the action

(5) ey = egwy (LeT).

When G is an Abelian (discrete) group, then the (compact) dual group G is the maximal
ideal space of the convolution algebra ¢1(G). More information on semigroup algebras may
be found in [12, Chapter 4].

3. PROOFS OF THEOREMS A AND B

The crux of Theorem A lies at the subsequent lemma whose proof shares with the proofs
of the main results of [26] and [11] the idea for the construction of the approximation scheme
for sought elements; the result itself is however more general and so are the techniques
applied along the way.

Lemma 3.1. Suppose that A is a unital symmetric Banach *-algebra such that there exists
an injective *-homomorphisim i: A — C(X) for some compact space X such that A has
norm-controlled inversion in C(X). Let us consider either case:

« A=C(X),

o A= FE* is a dual Banach algebra that shares with X densely many points.
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Then multiplication in A is open at all pairs of jointly non-degenerate elements.
Furthermore, suppose that i has dense range in C(X). If A has open multiplication, then
the maximal ideal space of A is of dimension at most 1.

Proof. Suppose that A has norm-controlled inversion implemented by a *-homomorphism
i: A— C(X). We have

(6) 1) loe = sup [GA)) < Cliflla (f € A),

where C' = ||i]| > 1. Suppose that F,G € A are jointly non-degenerate (in particular,
|F| + |G| is invertible in C'(X) being nowhere zero). Fix € € (0,1) and let

) vimwin {13 nt (4070 + GG ) |
Set
® K =2 max { [l |G, 1)
~ 2C 4K
(9) T::?'w<7)>0,

where the function ¢ satisfies (1). Moreover, let T := max{T, 1}. Pick an arbitrary element
H € A so that

€7
1 H —_—
(10) 1Hlla < ol
and consider
(11) FO = F, GO = G, HQ =H
We then define recursively the sequences (F},),, (G)5,, and (H,), by
H,G, H,F, H?F,G
12) Fpy = Fpp ——n00 G e G —— g e TninTn
12) Fota [Ful2 (G2 [Fu? ]G (5?4 [Gal?)?

We claim that

1

W F.G,+H,=FG+H (n=0,1,2,...),

(i)

|Fullas Galla < 3K +1-27" < K,
(iii)
inf (|(i(F))(@)] + [(G(Ga)@)]) 2 7 +7-27" >0,
(iv) 1
|Hlla < 5 - s

Note that (iii) implies that sequences (12) are well defined. We will prove these claims by
induction.
It follows from (11) that FyGy + Hy = FG + H. We obtain from (7)—(11) that
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1 Folla = [Flla < K72
* [Golla = 1IGlla < K72,
o [[Holla = Hl4 < z757=,
o infoex ([Fo(2)] +1Go(2)]) = infaex (|F(2)| + |G(2)]) = 27y > 0.
That is, (i)—(iv) are satisfied for n = 0.

Now we assume that (i)—(iv) are fulfilled for some n = 0,1, 2, ... Consequently, sequences
(12) are well defined. Then, taking into account (8), we see that K/2 > 1 and
(13) F,Gn+ H, = FG + H,

K
(14) 1Pl < S 1-2m i
K
(15) [Galla <5 +1-27" <K,
(16) inf (JG(FE)) @)+ [@(Ga))(@)]) Z v +7-27" >,
- 8
1 Hy|a<e- 27" ——+.
(17) Bl <22

Let us show that (i)—(iv) are fulfilled for n + 1.
For (i), it follows from (12)—(13) that

Hn-G_n H, F H2-FnGn
F H = F [ — _ n
w1 Gt + Ho ("+|Fn|2+|Gn|2) (G AR |2) AEAARE
F.F,+ G,G, £.G, FE.G
= F,G, + H,-ron T onn gy N nn
EPIGE T IEEIGEE T EE F1GPR

=FG,+H,=FG+ H.

Hence, (i) is satisfied for n + 1.
As for (ii), using (14)—(15) we conclude that

I1Fa? +1Gal’lla < Fn - Fulla+11Gn - Galla
< EllallFalla + 1Gallal|Glla
= [IFllh + 1Gall%

2K

(18)

N\

It follows from (16) that

2

7 < infrex ([(6(F)@)] + |(6(Ga))(@)])°
= infoex (|(i(Fn)) (@) [* + 2[(i(Fn)) ()] - [({(Gn)) ()] + [ (i(Gn)) () ])
< 2infeex ([(i(F)) (@) + |(((Gn)) (@)7),
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hence

(19) sup (JG(EN) @) + [((C)@F) > ik (GEE)P + |GG @)P) > 5 >0

zeX

By (6) and (19) we obtain

1 . 72
c 2
It then follows from (12), (14)—(15) and (19) that
1
[Fnl? +1Gnl?
K 1
< (5 o) i
Since A admits norm-controlled inversion in C(X), we follows from (18), (19), (20) that

1 —
< ”|F |2+|G |2||A x0 |||Fn‘2+|Gn|2||A H<|Fn|2+|Gn’2> 1”00)
A n n

2 2
<-§-¢<2K?-3):
Y gl

Combining (21)—(22) with (17) and taking into account that ¢ € (0,1), v € (0,1], K > 2,
C >1,and T > 1, we obtain

[Eirlla < [[Enlla + [[HallallGnlla

(21) .

1
e
29y TP+ 1C0

=)

Ki1-27"4KT-e-27"
E+1-2m42.

K —n—1
L

[ Epallas (1G]l 4 ORST?

VAS/AN
NI=

(23)

Thus, (ii) is fulfilled for n + 1.
In order to verify (iii), since € € (0,1), v € (0,1], K > 2, C > 1, and T > 1, it follows
from (12), (6), (15), (17) and (22) that for x € X we have

GED) @) < G Fre) @)+ G(H) ()] GG )(@)

|(E(En)) (@) 4 [(@(Gn)) ()]

1
< (i |F, 12+ G, |2
<NGEw )@+ CUHalCoalla | e
. -n ’Y T
< @B @) +C e 27— KT
<P @) +27 2L
<P @) +27 -

Consequently,
(24) |(((For)(@)] > [(i((Fa) (@) = 27"y (2 € X).
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In the same way we observe that
(25) |(i(Grs))(@)] > |(((Gn)) (@) = 27"y (z € X).
We conclude from (16) and (24)—(25) that
inf (|((Fne) (@) + (G @) > nf (G(F))@)] + |G @) —2- 272
>y+y- 27—y 2
=y+y- 277

so (iii) is fulfilled for n + 1.
Finally, for (iv), by (14)—(15), (17) and (22), fore € (0,1),y € (0,1], K > 2,and C > 1
we then have

|Hoila < WEAIFNAIGA A || i
= H 3N FullAllG HAHm )
< (627 @) KT
S 27 o oRT K217
-n 1
S 27" Rk
< 5'2_n_1 C’K’}:;T2’
which verifies (iv) for n + 1.
It follows from (6) and (iv) that
(26) lim [(i(H,))(x)| < C lim ||H,|la <€ L lim 2 =0 (r € X).
n—oo n—oo K3T2 n—00
Suppose that m,n € N, m > n. Fore € (0,1), vy € (0,1], K >2,C > 1,and T > 1, by

(12), (15), (17), (22), we observe that

oo oo 1
Foi1 — Fylla < HollallGalla || 775772

S~ Falla < S W llGulls | e

\Zgn' K3T2'KT
(27)
< 6'@227"
n=0
1 «— 1
<e-= — <
e 5 ;2n E.
Case 1. From (27) for any €1 > 0 there exist N such that for m,n € Nym >n > N

holds

m—1
(28) 1Fm = Fulloo < D I1Fj1 = Fjlloo < &1,
j=n
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which means that the sequence (F,)2; is uniformly Cauchy, so it converges uni-
formly to some continuous function f. Similarly, there exists a continuous function

g that is the limit of the uniformly convergent sequence (G,)52 ;.

In particular we obtain

(29) nh_)IIOlO F.(z) = f(x) and lim G,(z) = g(z).

n—o0

Using (29), (i) and (26), we see that

f(@)-g(x) = limye (Fn(x) : Gn(x))
(30) = limyoo (Fu(2) - Gu(z) + Hy(2))
= F(z) -G(x)+ H(z).

Moreover, from (27) we have

(31) 1f = Flle <3 [ Fst = Flloe < <.

n=0

We show that ||g — G| < € in the same way.
Case 2. A is a dual Banach algebra with A = E* that shares with X densely many
points as witnessed by some dense set () C X.

In view of (ii), the sequences (F,)>?, and (G,)>2, are uniformly bounded by
constant K. Let U be a non-principal ultrafilter on N. By the Banach—Alaoglu
theorem, (F,)2%, and (G,)5, converge to some elements f,g € A, || f|,|lgll < K
with respect to o(A, E) along U. Using (i) and (26), we see that for z € Q

() () - (i(9))(x) = (dx,(f9))

= (i"(02), f9)
= lim (i*(8,), F,Gy)

n—U

(32) = lim (3, i(FG))
= lim ((F)(x) - (1(G,) ()
= lim (((F) (&) - (1(G) () + (i(H,) ()
nonetheless; it follows from (i) that
1i(FuGy + Hy — (FG 4 H))||oo < C - ||FGr + Hy — (FG + H)||4a =0,
hence for any x € () we have
(33) i(f(@)9(x)) = i(F@)G(x) + H(z)).

Since () is dense subset of X, by continuity of ¢ and elements belonging to C'(X),
there are equal everywhere. This means that

(34) fg=FG+H,
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because ¢ is injective. Similarly, for x € )
(1(f))(x) = (i(F))(2) = (0a, i(f = F))

— ("(0), f — F)
= lim (i*(3,). Fy — F)

= Jim (((B)(@) — ((F))(2))
= 1im 3 ((i(F))(@) — ((Fy(x)
=0
but from (27) we know that
ZH n+1 )Hoogc'Z”Fn-s-l_FnHAv
n=0
so for any = € Q)
(i(f)(x) = = ((((Fosn)) (@) = (i(F)(2)),
n=0
hence, again by density of @) in X, continuity of ¢ and elements belonging to C'(X),
we have this equality everywhere. Moreover, since ¢ is injective, we obtain
f—F= (Foi1 — F),
n=0
so from (27) we have
(36) 1f = Flla <D 1For = Falla <e.
n=0

We show that ||g — G||4 < € in the same way.

In each of the above cases, we have obtained the appropriate functions f and g, which,
to simplify the notation, have been marked with the same symbols. So, for every H € A
satisfying (10), there exist f and g in A such that

| f—Flla<e, [lg—Glla<e

(see respectively (31) or (36)) and FG + H = fg (see respectively (30) or (34)). This
means that

Ba(F - G,0) C Ba(F,¢e) - Ba(G,e)
with § := ¢ - 5772 Hence, the multiplication in A is locally open at the pair (F,G) € A2,

Suppose now that ¢ has dense range in C'(X). By inverse-closedness of A, A has topolog-
ical stable rank 1 if and only if C'(X) has topological stable rank 1. Consequently, if C'(X)
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fails to have dense invertibles (which happens exactly when dim X > 1), then A does not
have open multiplication. U

Applying Lemma 1.1 we obtain the following conclusion that proves Theorem A.

Lemma 3.2. Suppose that A is a unital symmetric Banach *-algebra such that there exists
an ingjective *-homomorphisim i: A — C(X) for some compact space X such that A is
a differential subalgebra of C'(X). Let us consider either case:

« A=C(X),
o A= FE* is a dual Banach algebra that shares with X densely many points.

Then multiplication in A is open at all pairs of jointly non-degenerate elements.

Corollary 3.3. Let A be a (complez) reflexive Banach space with a K -unconditional basis
(€y)yer (K > 1). Then A is naturally a Banach *- algebra when endowed with multiplica-

tion
a-b= z:otvbve7 (a = Zavev,b = Z:bve7 € A).

yel’ vyel vyerl
and coordinate-wise complex conjugation. Let A¥ denote the unitisation of A. Then A%

has open multiplication.

Proof. 1t is clear any pair of elements of A% is jointly non-degenerate. Since the basis
(€4)yer is K-unconditional, we have

Z abe,

vyel

Z ay - |6l ry - €4

yel

= Kl|a||al|b] ¢ (r)
< K(llallallollewry + llallew oy l10]]4)-

lablla =
A

<K

A

This means that A% is a differential subalgebra of ¢(I'), the unitisation of the algebra of
functions that vanish at infinity on I'. Since the formal inclusion from A# to ¢(T') has
dense range, the conclusion follows. O

Since the bidual of C'(X) is isometric to C'(Z) for some compact, zero-dimensional space
(in particular, C'(X)*™ has uniformly open multiplication), using Lemmas 2.1 and 2.2 we
may record the following corollary.

Corollary 3.4. Suppose that A is an Arens-reqular Banach *-algebra that is densely em-
bedded as a differential subalgebra of C(X) for some compact space X. Then A** has open
multiplication at all pairs of jointly non-degenerate elements.

We now turn our attention to Theorem B.
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Proof of Theorem B. By Lemma 2.5, there exists an ultrafilter U such that Z® embeds
into GY. As Z(R) is a free Abelian group, it admits a surjective homomorphism ¢ onto
QM. Since QM is divisible, it is an injective object in the category of Abelian groups,
SO ¢ extends to a homomorphism @: G — Q (MN) | In particular, the infinite-dimensional
space @(N T~ embeds topologically into G

Consequently, dim G = oo > 1. By [16, Corollary 4.10], multiplication in ¢;(GY) is
not open. However, £1(GY) is a quotient of the Banach-algebra ultrapower (¢1(G))" ([16,
Section 2.3.2]), so by [16, Corollary 3.3], convolution in ¢;(G) is not uniformly open. [

4. PROOF OF THEOREM C

The present section is devoted to the proof of Theorem C. We start by proving a special
case of X = [0, 1]; the argument is a slightly improved version of a proof due to Behrends.
We are indebted for his permission to include it here.

Theorem 4.1. The (complex) algebra C|0, 1] has uniformly open multiplication.

In order to prove Theorem 4.1 we require a number of auxiliary results.

Anywhere below A will denote a set of all (a,3,7) € C? such that |y| = 1 and the
polynomial vz? + Bz + « has two roots of different absolute value. In particular, in this
situation, there is a uniquely determined root, so we can introduce the following definition

Definition 4.2. We denote by Z: A — C the map that assigns to («, 3,7) the root of the
quadratic polynomial v2% 4+ 8z 4+ o with the smaller absolute value.

Remark 2. The root function is locally analytic, so the function Z is continuous.
Let us now fix a non-degenerate interval [ag, bo].

Lemma 4.3. Let f,g € Clag,bo]. If |f| = n for some n > 0 and |g| = 1 then for every
e > 0 there is 6 > 0 such that if d € Clag,by] and ||d|| < 0 there is ¢ € Clag, by] with

ol < e and
F&)o(t) +g(t)¢*(t) = d(t)  (t € [ao, bo))-

Proof. Fix (a, 8,7) € C3 satisfying |8] = 0, |7| = 1 and arbitrary, strictly positive 7, e
It is enough to find 6 > 0 such that if |a| < 6 then (o, 8,7) € A and |Z(«, 5,7)] < e.
Indeed, by Remark 2, this allows us to define function ¢ as ¢(t) := Z(—d(t), f(t), g(t)) for
t e [ao, bo]

Denote by 21, z; the roots of the polynomial vz2 + Bz + «. By Vieta’s formulas

v (21 + 22) = =5,

hence either |z1| = n/2 or |z > n/2. Without loss of generality we may assume that
21| = n/2.

Again, by Vieta’s formulae,

YR122 =

so that zo = a/(yz1), hence |z| < 2|a|/n. Thus, it suffices to choose |a| < § where § > 0

satisfies 20/n < € and 20/n < /2. Then |z < ]z1| and |z3| < &, so conclusion follows by
the definition of Z. g
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Lemma 4.4. For nonzero complex numbers z and w define ¢ := iwz/|wz|. Then |c| =1
and |z + cw|* = |2]* + Jw]?.

Proof. The proof is trivial. O
We denote by I (respectively I°) the closure (respectively, the interior) of an, interval.

Lemma 4.5. Suppose that Iy, ..., I}, are open subintervals of [ag, bo] with pairwise disjoint
clousers. Then for any continous function ¢: |ao,bo] \U; I; — T there exists a continuous
extension 1 |ag, bo] — T.

Proof. Since we know the values of ¢ at the endpoints of the intervals I_] forj=1,2,...,k,
we may connect them with any path in T to define . Il

We observe that is has been crucial to worth with complex numbers in the proof of
Lemma 4.5 as there is no analogue of this lemma in the real case.

Lemma 4.6. For any function h € Clag,bo] and arbitrary ny > my > 0 there are pairwise
disjoint closed subintervals Jy, ..., Jy of [ag, bo| such that

k
{t € [a0,bo]: [h(t)| <m} C (T3 € {t € [ao, bo]: [h(t)] < 12}
j=1
Proof. Define set K := {t: |h(t)| < m} and open set O := {t: [h(t)| <na}. Since K C O
we may find for any ¢ € K an open subinterval [; in such a way that t € I, C I, C O.
Moreover, since K is compact, it is possible to cover K with finitely many of them. Hence

their closures are desired intervals J; (it might be necessary to pass to unions if they are
not disjoint). O

Lemma 4.7. Let hy, hy € C'[ag, by]. Suppose that hy and hy are jointly n*-non-degenerate
for some n > 0. Then there are continuous By, Ba: |ag,bo] — T such that

21 () B1(t) + ha(t)B2(t)] =1 (L € [ao, bo]).

Proof. By compactness, we may find 79 > 0 such that that h; and hy are jointly (7% + n?)-
non-degenerate; we also will assume that 22 < n?. Next we choose, with a 7 € [0, 1] that
will be fixed later, pairwise disjoint closed intervals Ji, ..., J; and pairwise disjoint closed
intervals Jiy1,...,J; such that

{t: ha ()] < 7 - %} c U7y {t: ()] < 7m0}

Jj=1

and

{t: Iha(t)] < T%} c U 7y {t: ha(t)] < 7 o)

j=k+1
(see Lemma 4.6). As a consequence of 23 < n* no J; with j < k intersects J; with j/ > k:
the family (Jj)§:1 comprises disjoint intervals.
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We now define 31 and ;. The function f; is the function constantly equal one, and [
is constructed as follows. On [ay, by \U;:1 J? we put

; T (ha(t)
I (0ha()]
The values are in T so that, by Lemma 4.5, we may find a T-valued continuous extension

to all of [ag, by] that will be also denoted by [s.

We claim that $; and (s have the desired properties. By construction both functions
are continuous and they satisfy |51(t)] = |f2(t)] = 1 for all ¢. For ¢t € [ayg, b \U§:1 J
Lemma 4.4 implies that

[P ()81 (1) + ha(1)Ba(8)]” = [ha(6)]* + [ha (D > 7.
Now let a ¢ in one of the J; with j < k be given Then |h(t)]* < 72m2 so that
lho () = n? + (1 = 72)n3, and it follows that |hy(t)| = /2 + (1 — 72)n2. We choose 7

so small so that \/n2+ (1 —72)n2 — 9 = 1. We rnay then continue our estimation as
follows:

52(t) =

[ (£) B1.() + ha(8) Ba(8)] = [Ra(8)] — [P ()]

2\/77 + (1 —=72)n3 — 1o
= .

The argument for Ué:k 41 Jj is analogous. O

Lemma 4.8. Let hy, hy € C'lag, bo]. Suppose that hy, he are jointly non-degenerate. Then
for every e > 0 there is a positive § such that for every d € C'[ag, bo| satisfying ||d|| < ¢
there are zy,zy € C'ag, bo] such that

0], |2(0)] < = and

o ha(t)z1(t) + ha(t)za(t) + 21(t)22(t) = d(t) (¢ € [ao, bo]).

Proof. Choose 1, B2 as in the preceding lemma and put f := h18; + hof2 and g := hqhs.
Choose 0 > 0 according to Lemma 4.3 for £ and fy: for every d € Clag, bo] with ||d|| <
we may find ¢ with [|¢]| < € and f¢ + g¢* = d. Thus it suffices to set z; := B¢ and

23 1= Paop. ]

Lemma 4.9. Let ¢ > 0 and ¢ € Cla,b] with ||| < 2. Suppose there are ZoWa,Z € C
such, that Z,W, = (a), | Za| , [Wa| < € and Z2 = 4(b). Then may construct Zy, Z, € Cla, b]
with the following properties:

o Z1(a) = Zy, Zo(a) = W,

o |Z1()|,|Z2(t)] < e and Z1(t) Za(t) = (t) for allt,

« Z,(b) = Zu(b) = Z.

A similar statement holds if Z,, Wy, are prescribed at b and Z at a.
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Proof. Without loss of generality we may suppose that |Z,| > |W,| so that |Z,| > /|¥(a)].
Choose Z; € [a,b] with Zy(a) = Za, Z1(b) = Z and € > |Z(t)| = /]2 (t)] for all t; note
that 2] > /[0

We define

o if Z,(t) =0,
Z(1) = {w(t)/Zl(t) otherwise.

Then Z; and Z, will have the claimed properties. Indeed, the continuity of Z, at points %
with Z; (tg) = 0 is proved as follows. If Z; (tg) = 0 then v (to) = 0. Thus, by continuity of
W, if t,, — to, then \/|¢ ()| — 0. Hence |Zs (t,)| = ¢ (tn) /Z1 (tn)| < /]9 (t,)] will tend

to zero as well. O

Lemma 4.10. Let ¢ > 0 and ¢ € Cla,b]. Suppose that infepap) [V(t)] < 2. If there are
Zoy,Wa, Zp, Wy € C such that Z,W, = (a), ZyW, = (b)) and |Z,|, |[Wal, |Zs], [Ws| < &,
then there are Z1, Zs € Cla, b] with the following properties:

o Zi(a) = Zo, Zo(a) = Wa, Z1(b) = Zy, Z3(b) = W,

o |Z1(t)], ] Z2(t)] < € and Z1(t)Za(t) = 1(t) for all t.

Proof. Choose any V' between a and b and a Z with Z2 = 1 (t/). It remains to apply the
preceding lemma to the intervals [a, b'] and [b/,b] (with Z; (V') = Z5 (') = Z in either case)
and to glue the 7, Z5 that are defined on these subintervals together. U

Proof of Theorem 4.1. Let €9 > 0. We have to find 6y > 0 with the following property:
whenever d: [0,1] — C is a prescribed continuous function with ||d|| < do it is possi-
ble to find dy,ds € CI0,1] with ||di]|,||ds]] < €0 and (f +dy) (g +d2) = fg+d (ie.,
fds + gdi 4+ dids = d) for any f,g € C[0,1]. Fix f, g € C[0,1].

The idea is to determine such dy, dy by using Lemma 4.8 (Lemma 4.10, respectively) on
the subintervals where the functions f and g are are jointly non-degenerate (respectively,
jointly degenerate) and to glue the pieces together.

With an &; > 0 that will be fixed later we apply Lemma 4.6 with h := |f|*> + |g|? and
m = &2, mp := 4e?. Write the intervals J; (j = 1,...,k) as J; = [a;, b;], where, without
loss of generality, 0 < a; < by < ag < by < -++ < a; < bg. Note that h(t) < 45% on each
laj,b;] and h(t) > £% on the intervals [b;, a;ji1].

Let us consider the intervals [b;,a;4+1] and apply Lemma 4.8 with [ag, b] := [bj, aj41],
7 :=¢€1, and € := g1. Choose ¢ as in the lemma; without loss of generality we may assume
that § < €. We consider any d € C[0,1] with ||d|| < . Lemma 4.8 provides continuous
21,220 [bj,aj41] = C with f(t)z1(t) + g(t)22(t) + 2122 = d(t) and |z (¢)],|22(t)| < e; for
t € [bj,a;41]). We define d; (d, respectively ) on [b;, a;+1] by 22 (21, respectively). Then
(f+di)(g+da) = fg + d on these subintervals. (It should be noted here that the § in
Lemma 4.8 does only depend on 7 and € but not on ag, by.)

'Here again it is important that we work in C and not in R.
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Now dy, d are suitably defined on the union of the [b;, a;+1]. The gaps will be filled with
the help of Lemma 4.10. Consider any [a;, b;]. For a ¢ in such an interval
we know that | f(t)], |g(t)| < 21 so that |f(t)g(t)| < 4.

It follows that v: [a;,b;] — C,t — f(t)g(t) + d(t) satisfies |[¢(t)| < 5e? < (5ey)?. We
apply Lemma 4.10 with this function v and

Zo = ([ +di)(a;),Wo = (g +dz) (a) , Zp := (f +dy) (bj) , Wy := (g + da) (b))

and € := bey. It remains to use the functions 7, Z, found by the lemma to define dy, d
on [a;,b;]. Here Z; (respectively Z,) plays the role of f + dy (g + d2) so that we may
set di(t) := Zi(t) — f(t) and da(t) := Za(t) — g(t) for t € [a;,b;]. At the endpoints this
assignment is compatible with the previous one: at a;, e.g., d; was already defined, but as
a consequence of Zy(a) = Z, = f (a;) + d (a;) the new definition of d; (a;) as (Z1 — f) (a;)
leads to the same value.

We observe that |d;(t)| < (24 5)e; = Tey for j = 1,2 so that we may summarise the
above calculations as follows: if one starts with €1 := £, /7, then dy := § with the § that we
have just found has the desired properties.

It should be noted that our proof is not yet complete since, when considering the [a;, b;],
our argument used the fact that the functions d;, dy were already defined at a; and b;, so
we are to consider the cases a; = 0 or b, = 1. If, e.g., a; = 0 we choose any Z,, W, with
| Za| , IW,| < € and Z,W, = 1(a); we proceed similarly for by = 1. O

4.1. Uniform openness of multiplication in C'(X). The next result is crucial for es-
tablishing the only non-trivial implication in Theorem C.

Theorem 4.11. Let X be a compact space of covering dimension at most 1. Then multi-
plication in C(X) is uniformly open.

Proof. Case 1: X is a topological realisation of a graph in the complex plane.

We claim that C(X) has uniformly open multiplication and §(¢) does not depend on X
in the class of such graphs, that is, multiplications in C'(X) are equi-uniformly open for all
graphs X.

define a finer partition of this graph into intervals as follows. If the intervals [a;, b;] and
la;, b;] intersect at ¢ for some j,i € {1,...k}, then ¢ must be the endpoint of the intervals,
i.e., we replace the interval [a;, b;] by sub-intervals [a;,c] and [c, b;| whenever ¢ € (a;,b;)
(analogously for the interval [a;, b;]). For each interval in the new partition P = Uj{zl la;, bj]
we apply analogous procedure as in the proof of Theorem 4.1.

For this, let us consider a partition of X into finitely many intervals, Uf la;,b;]. We

More precisely, denote for any function F': P — C its restriction to the interval [a;, b;]
by F7. Then for gy > 0 find a positive §y with the following property: whenever d € C(P),
|d|| < & for every restriction & € Cla;,b;] (j € {1,...,K}) we may d},d} € Cla;,b;] with
Hd{ d%” < gp and (fj —l—d{) (gj +d§) = fig + d for any f,g: P — C. We glue the
functions @) for all j € {1,..., K} to obtain function d; : P — C (analogously for function
dy). Note that due to the choice of partition P, these functions are uniquely defined at

Y
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the endpoints of the intervals, because at the intersection points of the intervals we always
take the same value of the function. It should be noted also (again) that the § in Lemma
4.8 does only depend on 7 and € and not on ag, by.

Case 2: X is a compact metric space of covering dimension at most 1.

It is known that for a zero-dimensional (not necessarily metrisable) compact space X,
C(X) has uniformly open multiplication with () = €2/4 ([16, Proposition 4.6]). In the
light of Case 1, by taking minimum if necessary, we may suppose that d(e) is the same
for all zero-dimensional spaces as well as all graphs in the plane. However, every one-
dimensional compact metric space X is the projective limit of an inverse sequence (K, 77 )
of at most one-dimensional ‘polyhedra’ (this is a theorem of Freudenthal [19]; see [18,
Theorem 1.13.2] for modern exposition), i.e., finite sets and graphs in the plane. Such an
inverse sequence gives rise to a direct system (C'(K;),h_;), where h_; is a *-homomorphic

embedding of C(K;) into C(Kj;) (i < j) given by i
hf =foml (f€C(K).

As C(X) is naturally *-isomorphic to the completion of the chain (C(K;),h_j) (i.e., the

C*-direct limit; see [32, Section 1] for more details) in which multiplications are equi-
uniformly open, by [16, Corollary 3.6], C'(X) has uniformly open multiplication and d(¢)
depends only on € but not the compact metric space X considered.

Case 3: X is an arbitrary compact space of covering dimension at most 1.

By [28, Theorem 1] every compact space X is an inverse limit of a well-ordered system
of metrisable compacta X, with dim X, < dim X. As proved in Claim 2, C'(X,) have equi-
uniformly open multiplications, meaning that §(¢) is the same for all items of the inverse
system considered, so multiplication in C'(X) is uniformly open ([16, Corollary 3.6]).

O

5. OPEN PROBLEMS

In the light of Theorem A let us pose the following question.

Question 1. What are further examples of (dual) Banach algebras that are approximable
by jointly non-degenerate elements? What about algebras of Lipschitz functions on zero-
dimensional compact spaces?

As the case of convolution algebras on discrete groups having at most one-dimensional
dual groups, we ask the following question.

Question 2. Can the group algebra of a group with bounded exponent have (uniformly)
open convolution?

More generally:

Question 3. Is there an infinite group G for which ¢;(G) has open convolution?
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