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ABSTRACT. We consider the unsteady compressible Navier-Stokes equations in a perforated
three-dimensional domain, and show that the limit system for the diameter of the holes going to
zero is the same as in the perforated domain provided the perforations are small enough. The
novelty of this result is the lower adiabatic exponent v > 3 instead of the known value vy > 6.
The proof is based on the use of two different restriction operators which lead to two different
types of pressure estimates. We also discuss the extension of this result for the unsteady
Navier-Stokes-Fourier system as well as the optimality of the known results in arbitrary space
dimension for both steady and unsteady problems.

1. INTRODUCTION

The homogenization in mathematical fluid mechanics and thermodynamics is usually con-
nected with the sequence of problems studied in perforated domains containing many holes
with a small radius € > 0 approaching zero. Based on the relation of the size of the holes and
their number, the question is which problem is satisfied in the limit on the domain without
holes.

The first studies of this type were indeed performed for the steady incompressible Stokes
and Navier-Stokes equations, where the problem in a fixed bounded domain is well under-
stood. Based on the original work of L. Tartar [Tar80], G. Allaire achieved the full picture for
this problem in [AlI89], [All90a], and [All90b]. Assuming the number of holes is of order =3
and their diameter of order €, if 1 < o < 3 which corresponds to the case of large holes, the
limit problem is the classical Darcy’s law; for > 3 corresponding to tiny holes, the limit prob-
lem remains the same as the original one (Stokes or Navier-Stokes equations depending on the
sequence of problems). Finally, for the critical case = 3, the limit problem is the Brinkman
equations, that is, the original problem with an extra damping term. The same problems in
the evolutionary case were studied by A. Mikeli¢ [Mik91], E. Feireisl, Y. Namlyeyeva, and S.
Necasova [FNN16], and the picture was completed by Y. Lu and P. Yang in [LY23].

The case of compressible fluid flow is more complex and the complete picture has not been
achieved yet. Assuming an adiabatic pressure law of the form p(p) ~ o7, the case a = 1 for the
compressible Navier-Stokes equations was studied by N. Masmoudi in [Mas02]. The same situ-
ation for heat conducting fluids was investigated by E. Feireisl, A. Novotny, and T. Takahashi
[ENT10]. The problems for small holes, i.e., the limit problem is the same as the original one,
was for the steady compressible Navier-Stokes system and an adiabatic exponent v > 2 given
by L. Diening, E. Feireisl, and Y. Lu in [DFL17], and the evolutionary case was considered for
v > 6 by Y. Lu and S. Schwarzacher in [LLS18]. Similar results for the heat conducting case were
obtained by Y. Lu and M. Pokorny in the steady case (see [LP21]), and by M. Pokorny and
E. Skiisovsky for the evolutionary system (see [PS21]). All the aforementioned results concern
the case of three spatial dimensions. The situation in two space dimensions is more complex
and has been recently resolved by S. Necasova and J. Pan in the steady case (see [NP22]), and
by S. Necasova and F. Oschmann in the evolutionary case (see [NO22]), for v > 1 and v > 2,
respectively. The last result is based on the ideas of M. Bravin for the case of flow around
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an obstacle (see [Bra22]). Randomly distributed holes were considered by A. Giunti and R.
Hoéfer in [GH19], as well as in the thesis by F. Oschmann [Osc22b], see also [Osc22a] and [BO21].

In this paper, we want to focus on the value of the adiabatic exponent v in the pressure law
p(0) ~ 07. The physical values are in the range 1 < v < 1+ (21, where the space dimension
d € {2,3} (see, e.g., [Clab7]). However, as mentioned above, the mathematically known values
are v > d — 1 in the steady case, and v > 4d — 6 for the evolutionary systems. Our aim is to
lower the last bound to v > d by giving two different proofs. Moreover, we discuss why this
bound seems to be optimal in terms of the dimension d.

Notation. We use the standard notations for Lebesgue and Sobolev spaces, and denote them
even for vector- or matrix-valued functions as in the scalar case, e.g., we use LP(D) instead of
LP(D;R?). The Frobenius inner product of two matrices A, B € R**? is denoted by A : B =
Z?,j:l A;;B;;. Moreover, we use the notation a < b whenever there is a generic constant C' > 0
which is independent of a, b, and € such that a < Cb. Lastly, we denote for a function f with
domain of definition G C R? its zero prolongation by f, that is,

f=finG, f=0in R*\G.

Organization of the paper. The paper is organized as follows. In Section 2, we introduce
the compressible Navier-Stokes equations and the underlying domain, and formulate our main
result. In Section 3 we give uniform bounds on the functions as well as a refined pressure
decomposition crucial in our analysis. Sections 4 and 5 are devoted to show the convergence
result for the Navier-Stokes and Navier-Stokes-Fourier equations, respectively. A different
approach and its main ideas for the proof of the main result are given in Section 6. Finally,
in Section 7 we discuss the optimality of the adiabatic exponent in terms of the space-time
dimension of the problem.

2. THE MODEL, WEAK SOLUTIONS, AND THE MAIN RESULT

In this section, we introduce the perforated domain, the evolutionary compressible Navier-
Stokes equations, and state our main result. We start with the description of the perforated
domain and the equations governing the fluid’s motion.

2.1. The perforated domain and the Navier-Stokes equations. For ¢ € (0,1), let D C
R? be a bounded domain with smooth boundary, and let K. C D be a compact set. Define
now

(1) D.=D\K..
Moreover, we assume that there exists a family of balls B.a(z;(¢)), i = 1,..., N(¢), a > 1, such

that

N(e)

K. C | Be(xi(e)),
2) e
dist(z;(¢),0D) > e,

Vi g |zi(e) —xi(e)| > 2e.
Note that this implies

|K.| < N(e)ede < 3D,
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For fixed T' > 0, we consider in (0,7") x D, the evolutionary compressible Navier-Stokes equa-
tions

0y0- + div(pe.u.) =0 in (0,7) x D¢,

) 9 (0-ue) + div(o-u: @ u.) + Vp(o:) = divS(Vue) + o.f in (0,T) x D,
u. =0 on (0,7) x 0D,
0:(0,+) = 00, (0-u)(0,7) =m.y in D..

Here, p. and u. denote the fluid’s density and velocity, respectively, p(s) = s for some v > %
S(Vu) is the Newtonian viscous stress tensor of the form

2
S(Vu) = u(Vu +Vvu® — 3 div(u)]I> +ndiv(w)l, p>0,1n7>0,

and f € L>((0,7) x D) is given. The exact range of the adiabatic exponent v we can handle
will be specified in Theorem 2.4 below.

Remark 2.1. As a matter of fact, we are able to consider pressure laws p(s) satisfying

p € C([0,00))NCY(0,00)), p(0)=0, p(s)>0(s>0), lim Pis) =a>0,

s—oo g1

however, we don’t want to unnecessarily complicate the analysis.

2.2. Weak solutions and main result. For further use, we introduce the concept of finite
energy weak solutions.

Definition 2.2. Let T > 0 be fized, v > 3 5, and let the initial data satisfy
9(07 *) = 0o, (QU)(O, ) = My,
together with the compatibility conditions

00 >0 a.e inD. o €L(D.),

4 2~ 2
) my =0 on {oo =0}, mgy € L1 (D,), @
0o

We call a duplet (o,u) a renormalized finite energy weak solution to system (3) if:

c L'(D,).

e The solution belongs to the reqularity class
0>0ae in(0,T)x D., o€ L>*0,T;L"(D.)), / odr = / oo dz,

ue LX0,T;WH(D.)), oue L®(0,T; L>71(D.));

o We have
dro + div(pu) =0 in D'((0,T) x D.),
(5) D0 + div( ) 0 in D'((0,T) x R?),
0ub(0) + div(b(2)) + (ab'(2) — b(¢)) divr = 0 in D'((0,T) x R?)

for any b € C([0,00)) NC*((0,00)) satisfying
V(s) <cs™ forse(0,1], V(s)<cs™ forse[l,o0)

with

1/5
c> 0, )\0<1, —1<)\1§§(§’}/—1)—1,
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e For any ¢ € C=([0,T) x D.;R?),

/ / ou - 8tg0da:dt—|—/ / ou®u: Vgpdxdt+/ / o' divpdxdt
- / / S(Vu) : Vodrdt +/ / of - pdedt=— [ mgy-p(0,-)dx;
0 e 0 e De

e For almost any T € [0,T], the energy inequality holds:

V(r . T
/ %@!uIQ(T, )+ 2 (771) dz —i—/ / S(Vu) : Vudz dt
. - o Jb.

v
2 o T
g/ [0 + % dx—{—/ / of -udxdt.
. 200 v—1 o Jb.

Regarding existence of weak solutions, we have the following

Theorem 2.3 ([FNP01, Theorem 1.1]). Let D. C R? be a bounded domain with smooth bound-
ary, vy > %, T > 0 be given. Let the initial data satisfy (4). Then, there ezists a renormalized
finite energy weak solution (p,u) to system (3) in the sense of Definition 2.2.

(6)

(7)

We are now in the position to state our main result in this paper.

Theorem 2.4. Let D C R? be a bounded domain with smooth boundary, K. C D comply with
(2), and D, be defined as in (1). Let (o, u.) be a sequence of renormalized finite energy weak

solutions to system (3) emanating from the initial data (0c0, M. p), and assume
incol? | ol

Oc,0 )

Then, there exists a subsequence (not relabelled) such that
0 —" 0 weakly-+ in L>(0,T; L7(D)) and weakly in LgW’l((O,T) x D),
i, — u weakly in L*(0,T; W, *(D)),

(8) 00 — 00 weakly in LY(D), weakly in L'(D).

where (o, 1) is a solution to system (3) in the domain (0,T) x D with initial conditions o(0, -) =
00 and (ou)(0,+) = my, provided

9~
(9) ’y>3and04>max{3, J_;}.

Remark 2.5. We remark that (9) with v > 6 yields the v-independent bound o« > 3, which is
sharper than the known bound o > 5(27 3) > 6 in [LS18].
3. UNIFORM BOUNDS

In this section, we show uniform in € bounds on the velocity, density, and momentum.
Additionally, we give a refined pressure decomposition.

3.1. Bounds obtained from the energy inequality.

Lemma 3.1. Under the assumptions of Theorem 2.4, we have

(10) |0l o (0,152 (2)) + IV/0eue | Lo (0,122 (D2 + Hu6||L2(O,T;W01’2(Ds)) <C
for some constant C' > 0 independent of €.

Proof. By the energy mequahty (7) and the assumptions on the initial data (8), we obtain

1
/ §g€|ug|2(7,) d +// (Vu,) : Vugdxdt<0—|—/ / o.f - u, dx dt.
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Note further that the conservation of mass and the convergence of the initial data g. o yields

1
(D) < ’Da‘l | 0c0llzv(py £ C

el o< 0,71 (0y)
since |D.| < |D|. Using now Hélder’s and Young’s inequality, we get for almost any 7 € [0, T
1 1 1
[ ot ulm)dndt < Clol o, ledu Ol < €+ glleul @,

g

Thus, we end up with the inequality

1 2 o2(7,) " ’ 1 2
/ —0c|uc|* (1, ) + = dx+/ / S(Vu,) : Vu. de dt < C’+/ / —0c|u.|* dz dt.
.2 v—1 0 i 0 2

Using Gronwall’s inequality, we conclude that

1 %%
sup / —@s\u€!2(t,-)+9( da +/ S(Vu,) : Vu. dzdt < C(T).
te(0.1) J p. 2 Y- D

Since we may extend both . and u. by zero to D without influencing the inequality, by virtue
of the Korn and Poincaré inequalities we conclude easily. O

Let us moreover remark that the bounds (10) immediately imply for the linear momentum

lostell, oy = VOOV 2
< IWoellz=0r;L27(p.)) ||\/@us||L°°(0,TsL2(DE)) Sl

3.2. Improved integrability of the density. The uniform bound for the density is not
enough to pass to the limit in the pressure since we just have p(p.) uniformly bounded in
L>(0,T; LY(D,)). To pass to a suitable weakly convergent subsequence, we need the following

Lemma 3.2. Let 6 = %7 — 1. Then
T
/ / ol < 1.
0 S

Before we prove Lemma 3.2, let us recall two known facts. First, a crucial tool for the sequel
will be the Bogovskii operator constructed in [DFL17, Theorem 2.3].

Theorem 3.3. Let 1 < ¢ < oo. There exists a bounded linear operator
B Ly(D.) = {f € L'(D.): /D fdr=0} - wiD,)
such that for any f € L{(D.), 6
divB.(f) = f, |[IB(f )HWu (1 + gm0 3>||f||Lq<Ds

We remark that a similar operator with the same scaling in ¢ for any % < g < 3 was given in
[Lu21], the construction of which relies on the construction of a so-called restriction operator.
We will come back to this in Section 3.3.

Second, we recall a result from [L.S18, Proposition 2.2], which we state in form of a lemma.

Lemma 3.4. Let B. be the Bogouvskit operator from Theorem 3.3. Then, for any r > %, we
can extend B, to an operator

B. : {g = divf e [W (D] : (g, 1) = o} ~ L'(D.)
such that
(B.divf, V) = (£, V) for any p € W'(D.), |B:divf|rp.y S ]l

We are now in the position to prove Lemma 3.2.
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Proof of Lemma 3.2. We remark that this Lemma was proven for v > 6 in [LS18]. However,
we need to deal with our value v > 3, so we recall the proof, and also give an easier argument
how to deal with the term containing the time-derivative of the Bogovskii operator. The idea
is to test the momentum equation by

1 2
sﬁ(t,x)zzﬁ(t)l?e(@ﬁ— |D|/ gﬁdx), o=2v-1,
€ D,

for some 1 € C°([0,T)). The proof then follows the same lines as [Osc22b, pp. 77-82], once
observed that v > 3 is enough to repeat the steps done there. For the sake of completeness,
we will present the main steps of the proof here. Taking 6 = %7 —1,~v>3,and ¢(t) = 1 for
0<t<T -9 for some small 6 >0, ¥(t) > 0 in [0, 7], we have

T T 1
/ ¢gg+9dxdt:/ w(/ ggdx>( dix) dt — [ mg-Bdx
0 D, 0 e |D€| D, D,

T T T
(11) —/ Yot - B dxdt—/ Y'o.u, - Bl dxdt+/ YS(Vu,) : VB da dt
0 D, 0 D. 0

De

T T 7
— / You. @ u, : VB dzdt — / Yoou - 0,8 dedt =) T
0 JD. 0 JD. —

Above,

1
B*:Bg<€_ 9).
g QE |l)€| L% QE

Clearly, the most restrictive terms are the three last ones and we will only concentrate on
estimates of them. First, note that due to (9) we always have a > 3. It is easy to see that

\/_VB*HL2 ((0,7)x D)
1 T
< (1 +e* 3% / / @bgwdxdt §C+Z/ zpw@dxdt
0

and the last term can be transferred to the left-hand side of (11). Next,

5| S IVue|lz2o,m)xp.)

[ 1s] < HQEHL"O(OTL"Y De))||u€||L2 0,T;L5(D.)) ”VB*H OTLm(DE))

2v-3

S (1 +e@ 7'”7’3)&73) w ||Qa||L<>o(0TLv De))HuSHL? 0,T;L8(D:)) ~ <1 +e 3) Sl

due to 23—13 € (2,3) and (9). The last term is more complex. Using the renormalized continuity

equation (5) with b(s) = %, i.e.,
0,07 + div(glu.) + (0 — 1)eldivue =0 in D'((0,T) x D.),
we get that

T
I7 = / %UQalle : Ba(div(tggua)) dxdt
0 D.

g 1
0 — 1)/ Yo.u. - B, (Qg divu, — / gﬁ divu, dx) dedt = I71 + I7.
o Jo. | De| Jp.

In order to estimate the the term /7 ;, we choose the space and time exponent in the estimate of
the Bogovskii operator in such a way that the density coming from the Bogovskii operator will
be estimated precisely in the L"*?-norm over the space-time so that this term will be finally
absorbed into the left-hand side of (11). Recalling the estimate of the linear momentum

<
loucll, o rpr oy = 1
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and, in view of the bound

| 0c[| oo 0,157 (02)) + 1cl| 22072 (02)) S 1,
we also have

<
lo-u EHLQ 07,0755 (D)) ™ !

We use interpolation between Lebesgue spaces to obtain

o-uc|| 26v-2 6(5v—3) < HQSUEHPW 2y | o-uc||” 6y S
L v (0,T;L 1373 (D.)) L2 (0,T;LYFT (D)) L2(0,T;L7F6 (D))

6(57 3)

where w = 22 ¢ (%, 3). Hence, by 3 > 3 for any v >

-3 we get

17’

I S - - +0 B.(d -
[I71] S llosucl] L2962 02 S5 ) 475 Be(div(ofu.))| L5 0 SR o

N ||¢”+GQ us” 2e7-9) 6(57-3)
= (0,151 =21 (D.))

Further, note that by 6 = 57 -1,
IYy—-1) 0 1 17y-21 0 —1—1
2(6v—3) ~y+60 2 6(5vy—3) ~y+6 6
so we finally arrive at

I < +0 _ < +0
|71| va QUsH 2(5113))(0TL61757 231>( D) va QgH ((OT)

1 T
usHLQ(O,T;LG(DE)) <1+ 1/ 1/1@'”0 dx dt.
0

The second term on the right-hand side can be absorbed by the left—hand side of equation (11).
Similarly we proceed in the estimate of I75. Abbreviating (¢? divu.) = \D_15| / D, 0’ divu. dz, by

2(5v—3) 6(57—3)

the Sobolev embedding W, *"~" C L1721 we have

) e[ z2(0,7;05(p.))

_1
= ||[p7+e Qs”iwo((o,mwg)

I .| < _ +0 di 0 di _
LEIS HQ&ug”LQ(il?’g) (OTL(SSWJrg (De)) H@/ﬂ o (Qe vu. — (g: div Ua>)||L29((53 = (0,T;L61(75v7—231) (D))

0 . :
< W+ VB (of divu, — (of divu))|| 264-3 2(57-3)
L 50=1 (0,T;L 90— (D))

2(5v—3 ))

S (140735

9(~
)2(57 J)quweg div uEH 2(57 3)
(=1 ((0,T)xD¢)

1 (T
. +0
< ||¢w+9 Qs” (OT)xD2) || div U—sHLQ((O,T)xDE) ,S 1+ Z/o D, Q/JQ’Y dx dt.
Note that the exponent of ¢ is non-negative due to 3 — 29((‘:’]_13)) = g@_f)l > 1 for any v >

Again, the last term on the right-hand side can be absorbed into the left-hand side of (11
The lemma is proved.

I:,\_/l\')lw

3.3. Refined pressure estimates. A key tool in our analysis is a suitable extension of the
pressure and corresponding bounds. To this end, we recall the following theorem from [Lu21,
Theorem 2.1].

Theorem 3.5. For any 1 < q < 0o, there exists a bounded linear operator
R.: W, (D) — Wy (D,)
such that
R.i = u for any u € Wy(D,),
divu=0= div R.u = 0.
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Moreover, for any % < q <3,

| Reull? (145 [T,

1qD)N

Remark 3.6. As a matter of fact, the operator B, from Theorem 3.5 also relies on the con-
struction of a similar, but different restriction operator R. in the sense that B (f) = R. (Bo(f))
for any f € LY(D.), where Bp is the Bogovskii operator on D satisfying

Bp : L§(D) = Wy(D), divBp(f)=f, IBo(f)llwrap) S ||f||Lq<D)7

see [Bog80, Galll]. The important point is that the operator R does not satisfy R.u = u for
any u € Wol’q(DE), which will be a crucial property in our analysis below.

We now use the operator R. from Theorem 3.5 to define similarly to [All90a] and [Mas02] a
pressure extension P. as

T T
/ (VP.,0)p ppydt = / (Vp(0:), Rep)pr p(p.y dt for any ¢ € C°([0,T) x D).
0 0

It follows from [All90a, Proposition 1.1.4] that P. = p(o.) on D, up to an additive constant.
Then, using the second equation of (3), we deduce

(3)
T T T
/ <Vp(g€)7 R€§0>D’,D(DE) dt = / / 0:U; - atR€Q0 dz dt + / / PeU: ® U, : VREQO dz dt
0 B e

// (Vu,) : VRggodxdt—i—/ / o-f - Repdadt

mgp - RESO(O )d

D,
5
=25
j=1
We estimate each term separately and start with I, which is the most restrictive one.

Recalling the Sobolev embedding W, € LS and the uniform bounds (10), we get

IE ”Qa’ua| HLl(OT HVRE@” 0TL23 3(De))

2y

3— a—3)\ 3
5|r@€umo,wwg»||u€u%z(0,T;Ls<De))(1+a< s90-9) 5w

o0 (0,T; L2323 (D))’
Note that the bound for I is uniform since

3y _30y—3)
2y -3  2y—-3"°

which is governed precisely by condition (9).

(12) 3

5’73

For Iy, we apply the Sobolev embedding Wo
to get

2
C LT aswellas%<2f0rany7>g

< < '
L 35 Hqus“ OTL Hat 590” 2(0,T;L7 2 (D)) ™ HatRESOH Q(O,T;Wé’%(l)s))

SN0 Rl oo w2y S (14 3)2||(9tV80||L2 0,T512(D))
5 ||3tV90||L2 ((0,T)xD)»
where we used that a > 3 by (9). For I5, we use the fact that (7)) = 0 to write

T T
o(r) = — / Do dt = [l o) < / Bl dt < 0oz,
T 0
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and estimate similar to [;

By 5 meoll, g, IR0 O], 5, S 1RO te,

1
S(1+e*7?)? [R=0(0)lwr2(p.y S [IV(0)lL2(0)
SVl reore2oy S 10:VellL2o,m)x by

where we also used that due to the initial conditions (8), we have

Iha 0
< l
”Ins,O”LﬁQj (Do) — /_éa,o H V Qe L2v(D

For I3 and 14, we use the assumption o > 3 to estimate
Is+ 14 S <HS(VUa)HL?(O,T;L%De)) + ||Qa||L2(o,T;L2(D5))> ||R€90||L2(0,T;W01’2(D5))

S (L4 2Vl zomamy S IIVellzorzm))-
Altogether, we have
V P. uniformly bounded in L'(0, T’ W_l’%(D)) + W20, T: W 2(D))
+ L*(0,T; W=*(D)),

where W=12(0,T) is the dual space to (W2(0,T) N {x(T) = 0}, 10, - | z2(0,7)- This implies
P. uniformly bounded in L'(0,T; L%(D)) + /1/17_1’2(0, T; L*(D))
+ L*(0,T; L*(D)),
which we can simplify to
(13) P. uniformly bounded in LI(O, T; Lmin{z’%}(D)) + W_I’Q(O, T; L*(D)).

Remark 3.7. We remark that > = for any v > 3, which coincides with the observation

made in [LS18, Section 1.2.2] that the pressure should be at least in L2 in space, leading to
v > 6 for the pure bound p(o.) € L3~ V((O T) x D.) obtained in Lemma 3.2.

Remark 3.8. Following the proof of [All90a, Propositions 1.1.4 and 2.1.2] and defining C =
B.(zi(¢)) \ Bea(w;(g)), we find that P. has the explicit representation

{p(ga) in (0,T) x D.,

P. = , .
ﬁfcis p(o)dx  in (0,T) X Bea(x4(€)), i =1,..., N(e).

From this and Lemma 3.2, we infer that

P. uniformly bounded in L*(0,T; L'(D)) N L3~ %((O T) x D).

4. CONVERGENCES

4.1. Limiting functions. As a consequence of the uniform bounds given in Section 3, we
obtain, at least for a subsequence,

. — u weakly in L*(0,T; W, *(D)),
0. —" o weakly-* in L>(0,7; L7(D)) and weakly in L%V_l((O,T) x D),
p(8:) — p(o) weakly in L3~ v((O T) x D).
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4.2. Limit in the continuity equation. Repeating the arguments given in [L.S18, PS21], we
recover

(14) 0,0. + div(g.0.) = 0 in D'((0,T) x R?)
as well as, after the limit passage,
0,0 + div(g) = 0 in D'((0,T) x R?).
Indeed, from the uniform bounds on g, and u. derived in Section 3, we have

loeell _ ) 2 ) = IV ellxrinzon |V el e orizay < €.

Moreover, by (14), we have
0:0. bounded in L*(0,T; W~1?(D)) for some p > 1.
Applying [Li098, Lemma 5.1] now shows
0:u. — ou in D'((0,T) x D).

Furthermore, an Aubin-Lions type argument yields

2y
(15) 0 — 0in C(0, T L) (D)), 0.0 — puin C(0,T;L}%, (D)).

weak

A similar argument applies to g.u. ® ., which is needed in the limit passage in the momentum
equation below. As a consequence of [NS04, Lemma 6.9], the couples (g., i.) as well as (g, 01)
also fulfil the renormalized continuity equation in D'((0,T) x R?), that is, the equations given

in (5).

4.3. Limit in the momentum equation. Before passing with ¢ — 0 in the momentum
equation, we state the following lemma, which is an immediate consequence of (2).
Lemma 4.1. There exist functions g. € C*(D) such that

N(e) N(e)
g =0 on U Bea(zi()), g-=1 on U Boea(z;(€)),
i=1

i=1
and satisfying
11 = geldaip) S0 1V S 700

For ¢ € C([0,T) x D), we test the second equation of (3) by ¢ = g.¢ + (1 — g )¢, where
ge are as in Lemma 4.1. Using P. = p(p.) on D, and seeing that g.¢ is a proper test function,
we obtain

(16)
T T T
/ /§5ﬁ5~8tgpda:dt+/ /@8ﬁ5®ﬁ5:V¢dmdt+/ /Psdivgodxdt
0o JD o JD o JD
T T
—/ /S(Vﬁe):Vgpdxdt—l—/ /@Ef-godxdt+/ m. - ¢(0,-)dx
0o JD 0o JD D

T T T
= / / 0:Uc - Oy(gep) dz dt + / / 0:u: @ U, : V(gep) de dt + / / p(0e) div(g-p) dz dt
0 B 0 e 0 e

De

T T

- / S(Vue) : V(gep) dzdt +/ / ocf - (gep)dadt + [ m.g- (g-9(0,-)) dz + F.
0 D. 0 B

= F.

£

with the remainder

T T
Fs = / / @z—:ﬁs . at((l - ge)@) dzdt + / / ésﬁe ® l~1€ : V((l - 95)90) dz dt
o Jp 0 JD



HOMOGENIZATION OF NSE FOR LOWER ADIABATIC EXPONENT 11
T T
+/ /Psdiv((l—gg)gp)dxdt—/ /S(Vﬁg):V((l—gE)go)dxdt
0 D 0 D
T
s [ ara-gpdndts [ (- g)e(0,) e
0 D D

In order to prove Theorem 2.4, we have to show first that F. — 0 as ¢ — 0. Let us start
with the most crucial terms. For the pressure P., according to (13) we split P. = P.; + P.»
with

P.; uniformly bounded in L'(0, T; Lmin{Q’%}(D)),
P. 5 uniformly bounded in /W—W(o, T; L*(D)).

Then, we estimate for F.
T T
‘ / / P.1div((1 — go)p) dz dt’ < ’/ / P.1(1—g.)divedr dt‘
o Jp o Jp

T
/ / P.1Vg.-pdx dt’
o Jp

< IP.all

+

1(07T;Lmin{2,%}(D)) (H]‘ - gE Lmax{Z,Qs—zg}(D) + ||vg€ Lmax{lz%}(D)) ||Q0||W1,oo((0’T)XD)

< So-n)min{}, =2} E((37max{2,2313})a73) min{},222}

by (12) and assumption (9).
Similarly,

T T
’/ /PE,2 div((1 — g.)p) dxdt‘ < ‘/ /PE,2(1 ~ g.)div pdz dt
0 D 0 D

T
+ ‘ / / P.oVg. - pdx dt‘
0 JD

N ”PE,ZHW—I,Q(QT;LQ(D))(H1 — 9ellz2(p) + HV95HL2(D)) 10sp || 20,715 (D))

3(a—1)

a—3
Se 2 +4+ez —0.

Seeing that the estimates for the remaining terms of F. are the same as the ones obtained in
Section 3.3, where every R.¢ has to be replaced by (1—g.)p, and any 14 eB-9973 by ¢(3-0)a=3
we indeed see that F. — 0. It remains to show that P. — o7 at least in L{ _((0,7) x D). In

loc
order to show this we may apply the standard procedure based on effective viscous flux identity

combined with the renormalized continuity equation. The first step is connected with the use
of the test function

p(t,x) = P(t)p(a) VA
in (16) and
p(t,r) = Y(t)p(z) VA~ 0P

in the limit form of the momentum equation (the limit passage in the time derivative and the
convective term is well known, see, e.g., [NS04])

T T T
/ /Qu~8t<pdxdt+/ /Qu®u:V<pdxdt+/ /Edivgpdxdt
o Jp o Jp o Jp
T T
—/ /S(Vu):Vgpdxdt+/ /gf-(pd:l:dt:O.
o Jp o Jp

In both situations, ¢ € C*(0,T), ¢ € CX(D.), and f > 0 sufficiently small so that all
integrals are finite. The only slight technical point is connected with the question whether

(17)
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we may replace in the momentum equation the term P. by p(9.) which leads to the question
whether

T
/ /(Pe—éz)divcpdxdt—ﬂ) for ¢ € C°((0,T) x D)
o Jbp

as well as

/0 /D(P . — ) div(e(t)p(z) VA 3%) da dt — 0

with ¢(¢) and ¢(x) as above. Indeed, since P. = ¢Y in (0,7) x D, and g. = 0 in D\ D, for
the first term we have

2v-3
_ < e
/ / 02) divpdrdt = / /D\DEP divpdzdt S [1Pell 32 o )| D\ De[7= = 0.

The second question is more difficult. However, again by P. = g2 in (0,7") x D., we have

/O /D(P6 — 02) div(y(t)p(x) VA 50) da dt

T T
= / / Pap(t)p(x)g’ do dt + / / Py(t)Vé(z) - VAT S dedt = J, + Jy
0 JD\D. 0 JD\D.

for B positive, sufficiently small. Since g. = 0 in D \ D,, the first term is zero. In the second
term we take (3 so small that |[VA™ 52| 1 (0mxp) S 1 and then
[l S 1P g D\ D55 =0

L3773 ((0,1)xD)
for e — 0. Realizing this fact, we may proceed as in the standard existence proof and send
e — 07 to achieve the effective viscous flux identity
— 4 —_— _—— 4
ot — <§u+n>95divu =070 — (g
This identity, combined with the renormalized form of the continuity equation, yields by stan-
dard technique the strong convergence of the density which concludes the proof of Theorem 2.4.

o+ n)?divu a.e. in (0,7) x D.

5. HEAT CONDUCTING FLUIDS

In this section, we briefly investigate the homogenization for the case of the full Navier-
Stokes-Fourier system, given by

( D;0. + div(g.u.) =0 in (0,7) x D,
Oy (p-u.) + div(o.u. @ u.) + Vp(o., 9.) = divS(d., Vu.) + o.f in (0,7) x Dy,
(18) Or(0:5(0:,9.)) + div(ees(oe, Ve )ue) + div 3—2 = 0. in (0,7) x D¢,
u. =0, q.-n=0 on (0,7) x 0D,
\ Qa(07 ) = 0¢,0, (qua)(oa ) = I o, 195(07 ) = 195,0 in Da~

Here, o., U., and u, denote the fluid’s density, temperature, and velocity, respectively, p(o, ) =
0" + 09 + V* for some v > 3, S(¥, Vu) is the Newtonian viscous stress tensor of the form

2
(19) S(9, V) = p(9) (Vu + V' - div(u)H) +p(0) div(w)l,
and f € L>*((0,T") x D) is given. The entropy corresponding to the given form of the pressure
1s

493
s(0,9) =InvY —lnp+ Ve

Moreover, the heat flux vector is given by Fourier’s law

q: = _H(ﬁa)vﬁm



HOMOGENIZATION OF NSE FOR LOWER ADIABATIC EXPONENT 13

and we assume the transport coefficients u,n, k to be continuously differentiable functions on
0, 00) with
149 S ), ] ST,
(20) 0<n@)S1+9,
L+ 9™ < k(9) S 1+ 9™ for some m > 2.

The measure o, is called entropy production rate and is assumed to satisfy

1 -V

O¢ Z 19—6<S(195,VUE> - qsﬂ—ee

For existence of weak solutions and further details about the homogenization of system (18),

we refer to [PS21]. To shorten the computations, we will just focus on how one gets their
assumption on the adiabatic exponent from v > 6 to v > 3.

Since most of the estimates to do are similar to the ones obtained for the Navier-Stokes

system (3), we will just state the weak form of the momentum equation, which essentially

stays as in the case of constant temperature:

T T T
/ / gu-@tgpdxdt—l—/ / Qu®u:Vg0dxdt+/ / p(o,0)divedzrdt
0 = 0 e 0 e

T T
—/ / S(z?,Vu):Vgodxdt—l—/ / of - pdedt=— | mgy-¢(0,:)dz.
0 e 0 E De

To get a similar pressure decomposition as in Section 3.3, we define again a pressure extension
P. by

) in the sense of measures.

(21)

T T
/ <VPE7 (10>’D’,D(D) dt = / <Vp(Qa> /198)7 R590>D’,D(D5) dt for any ¢ € D((07 T) X D)a
0 0

use equation (21), and focus on the only new term involving S(¢, Vu). From [PS21, Remark
after Proposition 2.4], we have the uniform temperature estimate
[Ocll Lm0, 7:25m D2y S 1

Recalling R. as the restriction operator from Theorem 3.5, the form of the stress tensor S in
(19), and the assumptions on the transport coeflicients (20), we get

T
’/ / S(ﬁE,VuE):VRscpdxdt’
0 D,

S ellomo.rizm 0oyl Vel 20,0200 | V Re ||

2m 6m
L™m=2(0,T;L3m=2(D,))

3m—2

(B—gtz)a—3) om
S (L) TVl
which is uniform as long as
3 3m — 2
m > 2 and o > o = :
T 3m—2 m—2

Note that this is the same restriction as in [LP21, PS21]. The remaining estimates are the
same as in Section 3.3, leading to a pressure decomposition of the form

3y

P. uniformly bounded in L'(0, T; L™™23%5} (D)) + W~12(0, T; L*(D))+ L=+2 (0, T; L=+ (D).

Note especially that m > 2 leads to 32:12 > %, in accordance with Remark 3.7.

Repeating now the steps done in [PS21, Sections 2 and 3|, we have shown:

Theorem 5.1. Let D C R? be a bounded domain with smooth boundary, K. C D comply with
(2), and D. be defined as in (1). Let (0-,V:,u.) be a sequence of renormalized finite energy
weak solutions to system (18) emanating from the initial data (0cp,V:0, Mc0) Satisfying the
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assumptions given in [PS21, Theorem 1.2]. Then, there exists a subsequence (not relabelled)
such that

0 —" 0 weakly-+ in L>(0,T; L7(D)) and weakly in L%V_l((O,T) x D),
. — u weakly in L*(0,T; Wy*(D)),
0. — 0 weakly in L™(0,T; L*™(D)) N L*(0, T; W*3(D)) and weakly-+ in L=(0,T; L*(D)),

where (0,9,u) is a renormalized weak solution to system (18) in the domain (0,T) x D with
initial conditions 0(0,-) = 0g, V(0,-) = ¥y, and (pu)(0,-) = my, provided

2y —3 3m—2
v >3, m> 2, cmda>max{7 , m }
y—3 m-—2

Remark 5.2. Often, due to physics, the value of m is taken to be equal to 3 which is connected
with the term V' in the pressure (the power is connected with so-called Stefan—Boltzmann law
of radiation, see [FN09, Section 2.2.3]; the growth in the molecular part of the heat conductivity
is usually assumed to be slower). Then, the restriction on « reduces to

2y —3
a > maX{ 7 ,7},
v—3
i.e., for v > 18 the bound on o is independent of 7.

6. A DIFFERENT APPROACH VIA SPECIAL CUT-OFF FUNCTIONS

In this section, we want to give another proof of Theorem 2.4. To this end, we will not take
advantage of the pressure decomposition in Section 3.3 but rather use special cut-off functions
that differ from those in Lemma 4.1. To define an appropriate cut-off function for multiple
holes in the whole of D, we follow an idea of Bravin in [Bra22] for a single hole in R?, a
generalization of which was already used in [NO22]. We set

1 if 0 <r<mn,
(22) Grr(r) =S i fn<r<R,
0 else,

and define
(1) = Coocrvs (1)
for some & > 0 such that 2e* < €19, With r = ||, an easy calculation leads to
172 e (R3) T V24| oo ®) S 1

(23) |eB-20)(+0-0) 1| jf g £ 2

2,0 3 )
ansHLq(R3 + HV nsleLq (R3) N ! { |1Og(€1+67a)|

if ¢ = 2
We set n’(z) = n°(|x — z;(€)|), and define the matrix-valued cut-off function

N(e)

=13 (nI+ Vi AT] = 2:(2)]).

=1

Here,
0 T3 —X2
Txl==—-23 0 21 |,
2
) —X1 0

and the cross-product has to be understood in the sense of tensors, that is,

(aAT)-b=an(T-b) Ya,becR?
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with
a Nb = (azbs — asby, asby — a1bs, a1by — asbs)
for a,b € R® and (T - b); = 23:1 T;;b;. We remark that the matrix 7" is chosen such that
V AT =1. Note especially that
N(e) A
divd, = — Z div (V A [niT[z — zi()]]) = 0.

i=1
We summarize the properties of @, in the following
Lemma 6.1. The function ®. fulfils
®. € WH(D) N L>(D) for any q > 1,
d.=0on D)\ D,

N(e)
®.=Ton D\ U Boiis(2i(€)).

Moreover, ||®.|| ey S 1, and for any 1 < g < oo,

Y £B-20(145-0) _ 1| if g 4 3
||CI) - H“Lq 5 a, ||V(I) ”q 5 6(3_q)a_3 - 3
€ (D ellLa(D) | 10g<€1+6 )| qu _ %

In turn, for any v € C°(D;R?) and any q > 2,

V(@) = VP10 p) S €@ 10001 e )
Proof. Once noticing that the holes are disjoint and their number in D grows like £73, we
immediately get the desired estimates from (23). The estimate on V(®.¢) — .V is a direct
consequence of Holder’s inequality

V(@) — VY], ) = 1V (Deer) s, V(Boe)tf, V(Doeq) )[4,
< VLN s 101y S 250301
O

6.1. Uniform bounds. The uniform bounds are exactly the same as in Section 3 since only
the Bogovskil operator is involved, no cut-off.

6.2. Convergence proof. As mentioned in Section 4, we have that the extended functions g.
and u, fulfil

0.0- + div(g-u.) = 0 in D'((0,T) x R?),
as well as, after the limit passage,
O + div(ou) = 0 in D'((0,T) x R?),

together with the corresponding renormalized forms. Moreover, by the arguments from Sec-
tion 4 and the strong convergence of ®. from Lemma 6.1,

2y
@ o0-u. — ouin C(0,T; Ly .. (D)), r<——
" (O.T: L (D)), < =15
dTp. 0. ® 4. — pu®u in D'((0,T) x D).
For ¢ € C([0,T) x D), we use &.p € C([0,T) x D) as a proper test function. Since
®. = 0 on the holes, we can prolong all functions by zero to the whole of D and obtain

T T
0= / my - P.p(0,-)dz + / / 0-0, - ©.0ypdx dt + / / 0:0. @0, : V(Do) drdt
D o Jbp o Jbp
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T
+/ / 0] div(P.p dxdt—/ /SVUE : Egp)d:c'dt—i-/ /@J-@Egodxdt
0 o Jb
6
=> 1
j=1

By the strong convergence of ®. — I in any L?(D) and the convergences obtained in (24), we
can easily pass to the limit in [, I, and Ig. Furthermore, div ®. = 0, so the pressure integral

reads
/ / 7 div(P.p) drdt = / / O, : Vpdzdt,

and by the same argument, this converges to fo / p o7 divpdrdt.

For the diffusive part I5, we have

/OT/DS(Vﬁs)ZV(q)gsO) dxdt:/oT/DS(vm) L (B, V) dx dt
+/0T/DS(V1~16)3(V(@590)—<I>5Vgp)dxdt.

‘/ /SVue (V(op) - @ Vgo)dxdt‘ < Vi o r2op IV (@2) — BVl oz

The latter term converges to zero due to

S HV(I’EHLQ(D)HSOHW( 0.T)xD) S € T ||90||L°°( (0,T)xD)-

Together with the strong convergence of ®. — I'in L?(D) and the weak convergence of Vu, —
Vu in L*((0,T) x D), we deduce

/0 ' /D S(Vi,) : V(o) — /0 ' /D S(Va) : v

The remaining convective part /3 is handled similar as

T T
/ / 0:0: @ U, : V(Do) dadt = / / 0:-0. @0 : (D.Vy)drdt
o Jbp o Jbp
T
+/ / 0.0 @0, : (V(Pop) — P V) dadt
o Jbp

T
= / / dl'5.04. @ 0. : Vodzdt
0 D
T
+ / / éaﬁe & ﬁa : (V(@gﬁ,@) — CDEV(,D) dax dt.
0 D

The latter term vanishes due to the embedding WOI’Q(D) C L5(D). Indeed, we get with v > 3
and the uniform bounds on p. and u.

| ) [ diwn s (9 - 0.90)

~ ~ 112
< N1z rison IV (@) = @5 o

_ 3 ) hH
< (- 55) 23 || 1w 01x D)
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where as before (3 — 273—7)04 3= T? —3 > 0 by assumption (9). Hence, by ®g.u. @ u. —

ou®uin D'((0,T) x D), we obtain

T T
/ / 0. @, : V(Do) drdt — / / ou®u: Vedrdt.
o JD o Jp

This finishes the alternative proof of Theorem 2.4.

7. CONCLUDING REMARKS: DIMENSIONAL OPTIMALITY

In this paper, we have shown that solutions (g., u.) of system (3) converge to solutions (o, u)
of the same system in (0,7) x D C (0,T) x R%, d = 3, as long as the holes are in a certain
sense small, and the adiabatic exponent v > 3 = d. In [NO22|, a similar result was shown for
the two-dimensional case as long as 7 > 2 = d. A natural question to ask now is whether such
coincidences between the reachable exponent v and the dimension d hold in general. Indeed,
following the proofs of Lemma 3.2, Theorem 3.3, Theorem 3.5, and Lemma 6.1, one easily
finds that all the assertions stated there are still valid for any d > 3, provided the crucial
exponent 3-9273 ig changed to (492~ In terms of capacity, this scaling is optimal since
any hole would contribute a capacity of e(4=9% to the system, and there are e of them (see
also [Lu2l, Remark 2.4]). Applying the same pressure decomposition as in Section 3.3 and

setting 2* = 2d/(d — 2), we find for the (most restrictive) convective term
/ / 0-U: ®u. : VR.pdxdt
S ”Qe—:HL‘X’(O,T;LV(DE))Hu€HL2(o,T;L2*(DE))||VR690H 2y

o (0,T5LFA-1=5 (D,))

2% (y=1)—2y

" —
S (1 + e(d—mf—ﬁ—zw)“‘d> T

which is uniformly bounded as long as

d 2v —d
a > - =2 > d.
1 57y —d’ 8
2*(y=1)-2v

Similarly, the diffusive part leads to
T 1
[ [ 890 VR dear S IV Rl S (1+02070)
0 e

which is uniform as long as a > d%‘g. Finally, we arrive at the conditions

d 2v—d
d—2" v—d
Note that the last term in the maximum wins precisely if d = 3 and v < 6, or d > 4. Further,
it is remarkable that the lower bound for v connects to the dimension of the underlying space
asy > ® — 1, where ® = d+ 1 corresponds to the space-time dimension of (0, T) x R ~ R4,
In view of this, it seems that one cannot go below this bound. Moreover, similar considerations

for the stationary case, where the known values are v > 1 if d = 2 (see [NP22]), and v > 2 if
d = 3 (see [DFL17]), lead to

oz>max{ }, v >d>3.

d 2y —d
d—12>2.
a>max{d_2,7_(d_1)}, v > >

In both cases, the optimal lower bound for 7 is then indeed v > ©—1, where ® is the space-time
dimension given by ® = d in the steady case, and ® = d + 1 in the unsteady case.
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