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L9-SOLUTION OF THE ROBIN PROBLEM FOR THE STOKES
SYSTEM WITH CORIOLIS FORCE

DAGMAR MEDKOVAT

ABSTRACT. We define single layer potential and double layer potential for
the stationary Stokes system with Coriolis term and study properties of these
potentials. Then using the integral equation method we study the Dirich-
let problem, the Neumann problem and the Robin problem for the Stokes
system with Coriolis term. We look for solutions of the problems such that
the maximal functions of the velocity u, of the pressure p and of Vu are ¢-
integrable on the boundary, and the boundary conditions are fulfilled in the
sense of a non-tangential limit. As a consequence we study solutions of the
Dirichlet problem for an exterior domain in the homogeneous Sobolev spaces
D*1(Q,R3) x D*=19(Q) and in weighted Besov spaces.

1. INTRODUCTION

Problems with rotation in hydrodynamics lead to the Stokes system with Coriolis
term —Au—[wxx]-Vut+wxu+Vp = f, V-u = 0; to the Oseen system with Coriolis
term —Au+1-Vu—|wxx]|-Vutwxu+Vp = f, V-u = 0; and to the Navier-Stokes
system with Coriolis term —vAu+u-Vu+1¢ -Vu—|wxx|-Vu+wxu+Vp =1,
V -u = 0. Solutions of these systems in the whole R? are studied in [18], [20], [23],
[24], [25], [26], [29], [30], [31], [32], [33], [64]. Solutions of the Dirichlet problem
for these systems in exterior domains are studied in [19], [20], [23], [28], [29], [30],
[33], [36], [62], [63], [100]. J. Bemelmans, G. P. Galdi and M. Kyed studied in [2]
the mixed problem for the Navier-Stokes system with Coriolis term. They divided
the boundary to two parts I'y and I';. The Dirichlet condition is given on I'y. The
normal part of the Dirichlet condition and the tangential part of the Neumann
condition are given on I's.

One of the method used in hydrostatics is an integral equation method. This
method enables to obtain another regularity results than the other methods. The
boundary value problems for the stationary Stokes system are studied by this

method in [3], [4], [5], [6], [7), 8], [9], [11], [19), [16], [40], [42], [43], [58], [61],
[67], [66), [69], [70), [71], [72], (73], [76], [73], [87], [38], [89), [90], [92], [95], [98]

[108], [110]. The boundary value problems for the stationary Brinkman system are
studied by this method in [14], [15], [10], [47], [45], [49], [50], [51], [52], [53], [54],
[55], [56], [57], [83], [85], [99], [108], [L09]. The boundary value problems for the
stationary Oseen system are studied by this method in [59], [84], [96], [97]. It would
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be interesting to get similar results also for systems with Coriolis term. This paper
represents the first step to this goal.

Let © C R® be a domain with compact Lipschitz boundary. Denote by n‘(x)
(or shortly n) the outward unit normal of Q at x € 9Q. If u = (ug,ug,us3) is a
velocity, and p is a pressure, we define by

T(u,p) = 2Vu — pI

the corresponding stress tensor, where I denotes the identity matrix and

Vu= %[Vu + (Vu)?]

is the deformation tensor, with (Vu)? as the matrix transposed to Vu. Let a € R!,
w=(0,0,a), h € L*(09Q), h > 0. We study the Stokes system with Coriolis term

(1.1) —Au—[wxx]-Vu+wxu+Vp=0, V-u=0
with the Dirichlet condition
(1.2) u=g on 0N

and with the Robin condition
1
(1.3) T(u,p)n + 5[(w X x)-nju+hu="f on 0f.

(If h = 0 we say about the Neumann problem.) We study such solutions of the
problems that the non-tangential maximal functions of u, Vu and p are in L?(952)
and the boundary conditions are fulfilled in the sense of a non-tangential limit.

Let us gather what is known about the Dirichlet problem for the Stokes system
with Coriolis term. It was shown the existence of a solution in D%9(Q; R3) x D1:4(£2)
for an exterior domain with boundary of class C? and 1 < ¢ < 3/2 (see [29]). (Here
DF4(Q) denotes the homogeneous Sobolev space of order k.) G. P. Galdi and A. L.
Silvestre proved in [33] this result for ¢ = 2. G. P. Galdi studied in [28] the Dirichlet
problem on a Lipschitz exterior domain in DV2(Q, R®)x L2 _(Q). T. Hishida studied
in [36] the Dirichlet problem in D%9(Q,R3) x L4(Q), 3/2 < q < 3, for an exterior
domain with smooth boundary. R. Farwig and T. Hishida studied in [20] the
Dirichlet problem for the Stokes system with Coriolis term in qu’r (;R3) x LT (£2)
in an exterior domain with smooth boundary. Here L?" () is a Lorentz space and
W2 (Q) is defined by the real interpolation of homogeneous Sobolev spaces of the
order 1.

To study boundary value problems by the integral equation method we need
the existence of a fundamental solution of the system and its properties. The
fundamental solution of the Stokes system with Coriolis term was given by E. A.
Thomann and R. B. Guenther in [103]. Unfortunately, this fundamental solution
has a very complicated formula, it is not of convolution type or symmetric. It is a
bit problem because the simple formula of the fundamental solution for the Stokes
system, symmetry and a convolution type of the fundamental solution play impor-
tant role in the theory of the integral equtions for the Stokes system. Properties of
the fundamental solution of the Stokes system with Coriolis term were studied by
R. Farwig and T. Hishida in [21] and [22]. We need further properties, so we prove
them. For this reason we first study regularity of solutions of the Dirichlet problem
on bounded domains. These routine results enable us to compare the fundamental
solution of the Stokes system with Coriolis term and the fundamental solution of
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the Stokes system in a neighbourhood of the diagonal. Then we define a single
layer potential and a double layer potential, and prove some properties of these
potentials similar to properties of the Stokes potentials. Especially useful is the
representation of a solution of the homogeneous Stokes system with Coriolis term
as the sum of the double layer potential corresponding to the trace of the velocity
and the single layer potential corresponding to the Neumann condition. (This for-
mula was proved both for a bounded and an unbounded domain.) Then we study so
called regular L?-solutions of the Dirichlet problem for a bounded and an exterior
domain with Lipschitz boundary. The boundary condition is from W14(9€), R?)
with 1 < ¢ < 2. We find necessary and sufficient condition for the solvability of the
problem and characterize all solutions. If € is bounded then a solution is in the
Besov space Bf’fl/q(Q,H@) X Bf’/?l(Q). If © is unbounded and u(x) — 0, p(x) — 0
at infinity, then the solution (u,p) is in a similar Besov space but with a weight.
As a consequence we prove the existence of a unique solution vanishing at infinity
of the exterior Dirichlet problem (1.1), (1.2) in the homogeneous Sobolev space
DF+La(Q R3) x D*4(Q) and also in weighted Besov spaces. Then we study the
Neumann problem and the Robin problem on bounded and exterior domains with
boundary conditions from L7(92,R?). Here 9 is Lipschitz and 1 < ¢ < 2, or
09 is of class C! and 1 < ¢ < co. We prove the solvability of the problem and
characterize all solutions. If Q is bounded then a solution is in the Besov space
Bfﬂj’;(q’z)(Q,RB) X Bf’/?ax(q’2)(9). If © is unbounded and u(x) — 0, p(x) — 0 at
infinity, then the solution (u,p) is in a similar Besov space but with a weight.

2. FORMULATION OF PROBLEMS

Let 2 C R3 be an open set with compact Lipschitz boundary. If x € 99, 8 > 0
denote the nontangential approach region of opening § at the point x by

Fp(x) ={y € & |x —y| < (1+ ) dist(y, 092)}.

If now v is a vector function defined in 2, we denote the non-tangential maximal
function of v on 92 by

Mp(v)(x) = Mg (v)(x) = sup{|v(y);y € Ts(x)}.

It is well known that there exists ¢ > 0 such that for 5,6 > ¢ and 1 < g < co there
exist C1,Cy > 0 such that

[Mpv||Laan) < C1l|Mpv||Lagan) < C2l|Mpv||Laan)

for any measurable function v in Q. (See, e.g. [39] and [101, p. 62].) We suppose
that 0 > ¢ and write I'(x) instead of I'3(x). Next, define the non-tangential limit
of v at x € 99

V(X) - F(x%ialillﬁxv<y)

whenever the limit exists.

Let a € R, w = (0,0,a), h € L®(0Q), 1 < q < oo, f € LI(Q,R3). We
say that (u,p) is an L9-solution of the Robin problem for the Stokes system with
Coriolis term (1.1), (1.3) if u € C?(Q,R3), p € CY(), (u,p) is a solution of (1.1),
Mpg(u) + Mg(Vu) + Mg(p) € LI(09), there exist non-tangential limits of u, Vu
and p at almost all points of 02, and the boundary condition (1.3) is fulfilled in the
sense of a non-tangential limit a.e. on Of).
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Let g € W14(09,R3). We say that (u,p) is a reqular Li-solution of the Dirichlet
problem for the Stokes system with Coriolis term (1.1), (1.2) if u € C?(92,R?),
p € CH(Q), (u,p) is a solution of (1.1), Mg(u)+ Mg(Vu)+ Mgs(p) € LI(0R), there
exist nontangential limits of u, Vu and p at almost all points of 8, and (1.2) is
fulfilled in the sense of a non-tangential limit a.e. on OS2.

Remark that if (u, p) is a regular L?-solution of the Dirichlet problem (1.1), (1.2)
then (u,p) € W,29(Q,R3) x LY () is a solution of this problem in the sense of

loc
traces. (See [79, Lemma 2].)

3. SPACES OF FUNCTIONS

Let © C R? be an open set, k € Ny, 1 < p < 0o. We denote the Sobolev space
WkEP(Q) = {u € LP(Q);0°u € LP(Q) for |3 < k}. If s=k+Awith0 < A< 1
denote by W*P(€2) the space of all u € W*P(Q) such that

& 3 P
//|8u — 07uly)| dz dy < oc.

|z — y[3PA

Iﬂl k

If s > 0 denote by W*?(£2) the closure of C2°(€) (the space of infinitely differen-
tiable functions with compact support in ) in W#?(£2) and by W—*?(Q) the dual
space of W2/~ (Q). If t > 7 then W'P(Q) Cc WTP(1).

If s € R and 1 < p,q < oo, denote by BP*4(R?®) the Besov space. (For the
definition see for example [107].) If k € Ng, s = k+ X with 0 < A < 1 then
u € BP9(R3) if u € WkP(R?) and

/p
9% 0Bu(y)[P ! dt
> [ (]) uta) ~ Pl g o\ d
= B3 J {yeRSi|o—y| <t} t t

By BP4(Q) we denote the space of restrictions of functions from B?4(R3) onto €.
The norm on B?(Q) is defined by

= inf{||f|| pra(ms); f = u on Q}.

If s > t then BP9(Q) C BY%(Q). If Q has compact Lipschitz boundary and s is not
integer then BP'P(Q2) = W*P(Q).
For v € R! define

py(x) = (1+[x[*)772.
We define the weighted Besov space BE4(); p,) as the set of tempered distributions
w such that p,w € B9(Q). The space B?(£; py) equipped with the norm

o) T ||va\|B§*Q(Q)
is a Banach space (see [14, §4.2.2, pp. 156-160]). If 2 is bounded then B24((2; p,) =
BP9(Q) and both norms are equivalent.

We denote the homogeneous Sobolev space D*P(Q) = {u € L}, (Q);0%u €
LP(Q) for |8] = k}. Then D*P() € W P(). Let  be a domain. Fix a bounded

loc

open set G such that G C Q. Then D*?(Q) is a Banach space with the norm

lull prw oy = llullzee) + | IVFul (200

Moreover, different choices of G give equivalent norms. (See [74], §1.5.3, Corol-
lary 2.) If Q is a bounded domain with Lipschitz boundary then D (Q) = W*?(Q)
and the corresponding norms are equivalent. (See [74, §1.5.2-§1.5.4].)
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4. GREEN’S FORMULA

Lemma 4.1. Let Q C R? be a bounded open set with Lipschitz boundary, ®,u €
W22(Q,R?), p e WL2(Q), h € L>=(09Q), £ € L?(0Q,R?). If (u,p) is a solution of
the Robin problem (1.1), (1.3) (in the sense of traces) then

/ f'<I>d07/ hu-® do
aQ aQ

:/{<I>~[wxu—%(wxx)~Vu]+2@u~@<I>fpV~<I>+u~%[(wxx)~V<I>]} dx,
Q

(4.1) / f-udo= 2/ |Vul? dx—l—/ hlul* do.
o0 Q aQ
Proof. If h = 0 then the Green formula and (1.1) give

/ & da:/{é.[Au—vp%(wxx).VuHNu-wv—pv-@mé[(wxx).v«xv]}dx
oN Q

:/{tI>-[wxu—%(wxx)-Vu]+2@u~@<1>—pv-<1>+u~%[(wxx)~V<I>]} dx.
Q
Since u- (w x u) =0, V-u =0, we obtain (4.1). O

Corollary 4.2. Let Q C R? be a bounded open set with Lipschitz boundary, 1 <
qg< o0, ¢ =q/(qg—1). Let h € L>®(09), f € L1(09Q,R?), (u,p) be an LI-solution
of the Robin problem (1.1), (1.3). If Mg(u) € LY (8Q) then the equality (4.1) holds.

Proof. Let §2; be the sequence of sets from Lemma 14.1. According to Lemma 4.1

/mj w {T(“’P)HJF %[(w X X) - n]u} do = 2/ IVuf? dx.

J

Letting 5 — oo we obtain (4.1) by the Lebesgue lemma. O

5. LIOUVILLE’S THEOREM
Lemma 5.1. Let w € R3 and u = (uy,ua,u3), p be tempered distributions in R3
satisfying the equations (1.1) in R®. Then u;, p are polynomials.
(See [1, p. 614].)

6. SOLUTIONS IN THE WHOLE SPACE

Lemma 6.1. Let 3/2 < q < o0, w = (0,0,a) € R3\ {0} and let f € LI(R3,R3). If
g € C®(R3) has compact support then there ezists a solution (u,p) € D*(R3 R3) x
DH1(R?) of
(6.1) Au—(wxz)-Vut+twxu+Vp=Ff, V-u=g inR>
Proof. Denote ha(x) = [47|x|]~! the fundamental solution of the Laplace equation,
i.e. —Aha = Jp in the sense of distributions. Put v = V(ha * g), where % denotes
the convolution. Then v € C®(R3,R3) and V-v = A(ha xg) = —g. If B is a
multiindex then IPv(x) = O(]x|=27181) as |x| — oo. So, v € LI(R* R3). Put
f=f+Av—(wxz) Vv+wxv. According to [17, Theorem 4] there exists a
solution (w, p) € D?4(R3 R3) x DV4(R3) of

Aw — (wxz)-VwH+wxw+Vp=Ff V-w=0 inR>

Put u =w — v. Then u, p satisfy the proposition of the Lemma. (I
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7. SOLUTION OF THE DIRICHLET PROBLEM IN SOBOLEV SPACES

Lemma 7.1. Let Q C R3 be open, w € R? and u = (uy,uz,u3), p solve (1.1) in Q
in the sense of distributions. Then uj,p € C*(2) and Ap =0 in Q.

Proof. Since V - u = 0 we obtain
Ap=V -Vp=V -{Au+[wxx]-Vu—wxu}=0

in the sense of distributions. So, p € C*°(Q2) by [27, Appendix B,Theorem B.6]. Fix
bounded domains Q1, Q5 such that Q; C Qa, Qs C Q. According to [12, Satz 9.11]
and [13, Chapter VI, §6, Theorem 2] there exist a nonnegative integer k and finite
real measures p1;g3 with compact support in €2 such that

= Z 8ﬁﬂjg in QQ.
|BI<k

Since Wk+22(Qy) < C*(€3) by the Sobolev imbedding theorem, we see that u €
W=k=22(Qy, R3). Since Au — (w x z) - Vu+w x u € WH%(Qy,R?) for all t € R,
[77, Theorem 6.4] gives that u € W+22(Qy,R3) for all t € R'. So, u € C*°(Q,R?)
by the Sobolev imbedding theorem. O

Proposition 7.2. Let Q@ C R3 be a bounded domain with Lipschitz boundary,
a€R, w=(0,0,a).

o Iff c W L2(Q,R?), g € WY/22(0Q,R3), h € L*(Q), g and h satisfy the
compatibility condition

(7.1) /hdx+/ g-n% do =0,
Q 1919)
then there exists (u,p) € WH2(Q,R3) x L*(Q) such that

(72) —Au—[wxx]-Vutwxu+Vp=£f V-u=h inQ, u=g ond
p is unique up to an additive constant, u is unique. Moreover,
lallwrz@) < C (Ifllw-12¢0) + 72 @) + ||gHW1/2=2(BQ)>

where C' depends only on 2.

o If k € Ny, 0Q is of class C*1, 1 < ¢ < oo, £ € WFLI(QR?), g
Wht1=1/4.4(90, R3), h € W*4(Q) satisfy the compatibility condztzon(?
then there ezists a solution (u,p) € WrtLa(Q R3) x Whk(Q) of (7.
Here p is unique up to an additive constant, u is unique and

S

1)
2).

lullwsita) < C (HfHWk*W(Q) + [Allwr.a) + HgHW’““*l/q,(I(aQ))
where C' depends only on ), k and q.
Proof. The Divergence theorem gives that (7.1) is a necessary condition for the
solvability of the problem (7.2).
Let now [u,p] € WH2(Q,R3) x L?(2) be a solution of the problem (7.2) with

£f=0h=0,g=0. Since u e Wh2(Q,R?), there exists a sequence of functions
&, € C(Q,R3) with compact support in  such that ®; — u in W12(Q,R?).
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Choose open sets (j) with smooth boundary such that ®; is supported in Q(j)

and (j) C Q. According to Lemma 7.1 and Lemma 4.1

1
0= lim ®,{T(u,p)n+ -[(w x x) -nju} do = lim {®; [wxu
=% Jaq(4) 2 170 Ja())

1 A 1 .
f§(w xx)-Vu]+2Vu-V®; —pV-&; +u- 5[((.0 xx)-V®,|} dx = / 2|Vul? dx.
Q

Since Vu = 0, the function u is linear by [80, Lemma 3.1]. Since u = 0 on 952, the
maximum principle for the Laplace equation gives that u = 0. Therefore Vp = 0
and p is constant.

Denote the space of [f, h,g] € WI™h4(Q,R?) x Whe(Q) x WITI=1/aa(90, R?)
satisfying (7.1) by Y} 4,

X1 = {[u,p] € WHHI(Q,R?) x Wl’q(Q)§/ p dx = 0},
Q

Uy(u,p) = [-Au— (w x x) - Vu+w xu+ Vp,V-u,ulsql.

Then Uy : Xo2 — Yp,2 is an isomorphism by [35, Theorem 2.1]. Since U, — U :
Xi1.q — Y14 is a compact operator by [102, Lemma 18.4], the operator U, : Xy 2 —
Y2 is Fredholm with index 0. If [u,p] € Xo2, Uyfu,p] = 0 then u = 0, p is
constant. pr dx = 0 gives that p = 0. So, U, : X¢,2 — Yp2 is an isomorphism.

Suppose that 09 is of class C**1. Then Uy : Xj , — Y4 is an isomorphism by
[34, Theorem 2.1] and [35, Theorem 2.1]. Since U, —Uy is compact, U, : Xi g — Yi g
is a Fredholm operator with index 0. Since U, : Xy 2 — Y(2 is an isomorphism,
[92, Lemma 11.9.21] gives that U, : Xy 4 — Y%,4 is an isomorphism.

Since U, : Xj4 — Yk, is an isomorphism, U, : WkL4(Q R3) x WHk4(Q) —
Wh=La(Q, R?) x Whk4(Q) x Wkt1-1/9.4(9Q, R3) is a Fredholm operator with index
0. Since U, : WH2(Q,R3) x L2(Q) — W~12(Q, R?) x L2(Q) x W/22(9Q, R?) is also
a Fredholm operator with index 0, [92, Lemma 11.9.21] gives that the kernel of U, on
WkhtLa(Q R3?) x W*4(Q) is the same like the kernel of U, on W12(Q, R?) x L2().
So, if (u,p) and (w, ) are two solutions of (7.2) in W*+L.4(Q, R3) x W*4(Q) then
u=w and p — 7 is constant. ([

Corollary 7.3. Let Q C R3 be a bounded domain with boundary of class CF+1,
keN. Leta e R, we€ (0,0,a), 1 <q,r < .

e If1 < s < k+ 1 then there exists a solution (u,p) € W(Q,R3) x
Ws=L4(Q) of the Dirichlet problem (7.2) if and only if £ € Ws=24(Q, R3),
he Ws—L4(Q), g € W= 1/44(9Q, R?) and (7.1) holds.

o If1 < s<k+1 then there exists a solution (u,p) € B¥"(Q,R3) x BY",(Q)
of the Dirichlet problem (7.2) if and only if £ € BY",(Q,R3), h € BI",(Q),
ge Bg’fl/q(aQ,R?’) and (7.1) holds.

Proof. Define
U(u,p) =[-Au— (wxx)-Vu+w xu+ Vp,V-u,ulsql.

If s > 1, (u,p) € BY"(Q,R?) x BL" () and U(u,p) = 0, then u = 0 and p is
constant by Proposition 7.2, because BZ"(Q, R3) x BY", () € WH4(Q,R3) x LI(Q).
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Denote the space of [, h, g] € W =24(Q, R3) x Wi =14(Q) x W1/ 9:9(9Q, R?) sat-
isfying (7.1) by Y,, the space of [f, h, g] € B{"",(Q,R3) x BP", (Q) x th’fl/q(@Q, R?)
satisfying (7.1) by Y, 7"

X{ = {[u,p] € WHI(Q,R?) x W' 1(Q); / p dx =0},
Q

X" ={[u,p] € B (Q,R?) x Bf’_rl(Q);/Qp dx = 0}.

If t > 1 then U(B?"(Q,R?) x BX"(Q)) C Y,2" by the Divergence theorem. If we
denote by (, )g, the real interpolation, then

(Xf7Xlg+1)9’T = thj:lv (Y1q>qu+1)9J’ = Yttirl

for 0 < 0 < 1, t = 0k by [106, Theorem 2.13], [105, §3.3.6, Proposition] and [104,
§1.17.1, Theorem 1]. Proposition 7.2 gives that U : X{ — Y’ and U : X} | — Y/,
are isomorphisms. So, U : X%" — Y 2" is an isomorphism for 1 < s < k+ 1. (See
[102, Lemma 22.3].) The rest is a consequence of the fact that W%4(Q) = BY'P(Q),

Wha(9Q) = BY'P(9R) for non-integer ¢. (See [10, Theorem 6.7].) O

8. FUNDAMENTAL SOLUTION

Let a € R', w = (0,0,a). Let Z%(x,y) = {Z{(x,y)}i<s,j<4 and Q(x,y) =
(Q1(x,y),...,Q4(x,y)) be matrix functions. Denote Z§ = (Z{;, Z5;, Z5;). We say
that (Z%,Q%) is a fundamental solution of the Stokes system with Coriolis term
(1.1) in R? if for each y € R3

(8.1a) —AZj(x,y) = [wxx]-VZ](x,y) +w x Zj(x,y) + VQj(x,¥) = €;0y(x),

3

(8.1Db) D V- Zi(x,y) = 640y (x).
k=1

Here dy is the unit mass concentrated at the point y, e; = (815,25, d3;), and 6;; =1
for ¢ = j, §;; = 0 otherwise. It is known that there exists a fundamental solution
of (1.1) such that for each y € R3 one has

Z%(X, y) — 0, Q?(X, Y) — 0 as ‘X| — 0.

(See [22].) This fundamental solution is unique by Lemma 5.1. For a = 0, i.e. for
the Stokes system
1 (i —ya) (i —y3) . .
AR = 6;; i Y <3
”(ny) j87T|X7y| 87T|Xfy|3 9 ] =9,
0 _ A0 _ (mi—y) :
Zi4(x7y)_Qi(an)_ 47T|X—y‘3’ ZS37

Q1(x,y) = 0y (x).
(See for example [103].) For i < 3 clearly QV(x,y) = —0;ha(x—y), where ha(x) =
[47|x|]~1 is the fundamental solution of the Laplace equation, i.e. —Aha = dg in
the sense of distributions.
If a # 0 then Q%(x,y) = Q%(x,y) for i < 3 by [22, Proposition 2.1]. Denote
Zo(x,y) = {Z8(x,¥)}ij<3. According to [22, Proposition 2.1]

Z%x,y) =T(x,y) + T'(x,y),
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where

x,y) = /O(Cllf)T(47T7f)_3/2 exp(—|O(at)z — y[*/(41)) dt,
0

r%xyw:/Mmrwi/@mkmmmX—wW@ﬁn
0

0

x—O(a)y] x [Olatyx—y] 1 4
{ 2 75 O(at)” ¢ dt ds,
cost, —sint, 0
O(t) = | sint,  cost,
0, 0, 1

Easy calculation yields

Z8(xy) = Qx,y) = T ¥) g

I —yp 'S
Qi(x,y) = dy(x) = [w x x] - Vha(x —y).
It was shown in [22] that there exists a positive constant C' such that
(5.2 ey < i IVaZ)| < oy for x| > 2.
Moreover,
(8.3) 2=y =2y, %).

Lemma 8.1. Let a € R', and «, 8 be multiindices. Then there exists a constant
C such that
10205 2 (x, )| < Clx|[~ 117180 for |x| > 2]y].

Proof. The proof is the same like the proof of (8.2) in [22]. If |x| > 2|y| then
exp[—|O(at)x —y|?/(4s)] < exp[—|x|?/(16s)]. From this together with the equality

o] —m/2+1 21
/ s/ 2 expl—t|x|?/s] ds = ¢ |X|Vn(:?2/ ), m>2,¢>0
0
(where «(-) denotes the gamma function), it follows
=1 —1—]al—-
02051 (x,y)| < Clx| 11717,
Similarly for I'. O

Proposition 8.2. Let a € R, R € (0,00). Then Z(-,y) € C>*°(R*\ {y}) and
there exists a positive constant C' such that

|Z(x,y) = Z°(x,¥)| £ O, |VxZ%(x,y) = VxZ°(x,y)| < Clx —y| 7",
for x,y € B(0; R) where B(z;r) = {x € R3;|x —z| < r}.
Proof. Lemma 7.1 gives that Z(-,y) € C*(R*\ {y}).

If z € R? then there exists a matrix function E%(x) of the type 3 x 3 such that
E? € C=(R?\ {0}) and

fAEizj(x) -z VEizj(x) + &Q?(x, 0) = 6;500(x),
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3
> 0kEf;(x) =0,
k=1

Efi(x) =0 as [x][ — oo.

(For the explicit prescription of EZ see [29] or [94].) According to [29] there exists
a constant C; such that
(84) (%) - 2°(x,0)| < Cr, [VE*(x) — VZ°(x,0)| < Calx| "

for all x,z € B(0;10R).

Fix y € B(0; R). Denote E% = (EY;, E3;, E5;). Clearly

(5.5) Vi 128 y) — B2 (x — y)] = 0.
Since
0=—AxZf(x,y) — [w x x| - Vi Z](x,y) +w x Z§(x,y) + Vng(x,y)
—[~AKE]Y (x —y) = [wx y] - VB (x —y) + VK@) (x,)]
we have
(86) - AdZixy) - BV (x—y)] - [w x x] - VulZ8(x,)
CBY (k- y)] +w x (2500 y) — B (x— y)
=[wx (y =x)]- VxE; Y (x —y) —w x BV (x — y).

Choose 1 € C*(R?®) supported in B(0;4R) such that ¢ = 1 in B(0;3R). Fix
j €{1,2,3} and define

v(x) = ()2} (x,y) - BV (x —y)],
f=-Av—-[wxx]-Vv4wxv, g=V-v.

Then v, f and g are supported in B(0;4R) and g € C*°(R?). According to (8.5),
(8.6), (8.2) and (8.4)

(8.7) lgl+1Vygl < Cay  [f(x)|+|VPg(x)| < Calx—y|™",  |VE(x)] < Colx—y|™>

where Cy does not depend on y. According to Lemma 6.1 there exists a solution
(u,p) € W22 (R3,R3) x W,22(R3) of (6.1) such that |Vp| € L2(R?), |V2u| € L*(R?).
Since p, v; and u; are tempered distributions and (u — v,p) is a solution of the
homogeneous Stokes system with Coriolis term, Lemma 5.1 yields that v; — u; are
polynomials. Therefore v € W22(R3 R3).

Define p = 0. Then (v,p) € W22(B(0;4R); R3) x W12(B(0;4R)) is a solution
of

—“Av—[wxx]-Vv+wxv+Vp=f£f, V.-v=gin B(0;4R),
v =0 on dB(0;4R).

Proposition 7.2 and (8.7) give
(8.8) [VIlwz2(Boar)) < Cs,

where C3 depends only on R. Sobolev’s imbedding theorerzl forces |VJ < Cy4 on
B(0;4R) where Cy depends only on R. This and (8.4) gives | Z%(x,y) — Z%(x,y)| <
C5 for x € B(0; R), where C5 does not depend on y.
Fix i,k € {1,2,3} and define v(x) = (zx — yx)9;v(x). Then (v,p) is a solution
of
~AV - [wxX]-VV4+wxv+Vp=Ff V-v=gin B(0;4R)



L9-SOLUTION OF THE ROBIN PROBLEM FOR THE STOKES SYSTEM WITH CORIOLIS FORAE
v =0 on 0B(0;4R)
in WH2(B(0;4R); R?) x L2(B(0;4R)). We now estimate § and f. Since
g = (xr — yr)dig + divx. € WH(B(0;4R)),
(8.8) and (8.7) give
(8.9) gllwr2B0:ar)) < Cé,
where Cg does not depend on y. Since
f= (xk — yp){0:f + [0i(w x X)] - Vv} — (w X X) - (014, O2k, 03k )05V — 20,0V,
(8.8) and (8.7) give

(8.10) Hf.HLz(B(O;ALR);R?’) < Oy,

where C7 does not depend on y. Proposition 7.2, (8.10) and (8.9) give that v €
W22(B(0;4R),R?) and

IVIlw22(B(0ur)) < Cs,

where Cs depends only on R. Sobolev’s imbedding theorem forces |V < Cy on
B(0;4R) where Cg depends only on R. This and (8.4) give that [x—y||Vx(Z*(x,y)—
Z%(x,y))| < Cio, where C1g depends only on R. O

Corollary 8.3. Let a € R'. Denote G = {[x,y] € R? x R%;x # y}. Then
7% € C(G).

Proof. We can suppose that i,j < 3. We prove by the induction that Z; €
W/Z’f/g(G) for each k¥ € N. For k£ = 1 this is a consequence of Proposition 8.2
and the explicit formula for Z9.

Let now k € N and Z¢, € Wk’4/3(G) for all r, s. According to (8.1a)

loc
(8.11) AxZf(x,y) +b(X) - Vi Zi(x,y) + AZ(x,y) = ¢(x,y),

where A is a matrix of the type 3 x 3, b € C>®(R3,R3) and ¢ € C®(G). Since
Z%x,y) = Z %y, x)T by (8.3), we have

(812) AYZ'L'aj (Xa y) + B(y) : vyquj (X7 Y) =+ AZG (X7 Y) = &(X7 Y)a

where A is a matrix of the type 3 x 3, b € C*(R3,R?) and ¢ € C®(G). Adding
(8.11) and (8.12) we obtain

(8.13) AZj(xy) =B(x,y) - VZ{(x,y) — (A+ A)Z°(x,y) + @(x,y),

where B € C®(R3,R%) and ® € C>®(G). Since the right side of (8.13) is in
Wk_l’4/3(G), [65, Chapter 2, Théoreme 3.2] gives that Zf, = Zf; € Wk+l’4/3(G).

loc loc

Since Zj; € Wk’4/3(G) for each k£ € N, the Sobolev imbedding theorem gives

loc

that Z& € C(G). O
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9. SINGLE LAYER POTENTIAL

Let Q C R3 be an open set with compact Lipschitz boundary. Let 1 < ¢ < oo,
® c LI(0Q,R?). We define the velocity part of the single layer potential with
density ® by

230 = [ 2°(xy)B(y) doy),
o
the pressure part of the single layer potential with density ® by

Qu®(x)= | Q(x,y)®(y) do(y),
o0

where Q = (Q1,Q2, Q3).

If x € 09 and there exists the outward unit normal n*(x) of Q at x then we
define

R x,y) = T2 (5,9, Qe ) () + 31w % %) - n? ()] 2 (. )

for y € R?\ {x}. Define the following integral whenever it makes sense

K&®(x) = lim K§(x,y)®(y) do(y).
€l Joao\B(x;r)
Theorem 9.1. Let Q C R3 be an open set with compact Lipschitz boundary, a € R!,
w = (0,0,a), 1 < ¢ < co. Denote by [u(x)]+ the nontangential limit of u with
respect to Q) at x, and by [u(x)]_ the nontangential limit of u with respect to R3\ Q
at X.

i) If ® € LI(0Q,R3) then (Z3®,Qa®) € C(R?\ 9Q,R*) is a solution of
(1.1) in R3\ 09.
11) There exists a constant C' such that

Mp(ZG®) + Mp(VZG®) + Mp(Qa®) < C[|®||L4a0)

for all ® € LI(09, R3).

iii) If ® € LI(0Q,R3) then Z&®(x) is finite for almost all x € ON. De-
note by Z3® the restriction of Z3® onto 0. Then Z3 : LI(0Q,R3) —
Wha(9Q,R3) is a bounded linear operator and Z& — Z2 : LI(0Q,R3) —
WL4(92,R3) is a compact operator.

i) If ® € LI(0Q,R?) then Z&P(x) = [Z&P(x)]; = [Z3®(x)]_ for almost all
x € 0N.

v) If ® € LI(0Q,R3) then there exists a finite non-tangential limit of VZ3®
at almost all x € 0S).

vi) If ® € LI(00Q,R3) then there exists a finite non-tangential limit of Qo® at
almost all x € ON).

i) K’gz is a bounded linear operator on L9(0§%;R?); f(}% — IE'?Z is a compact
operator on L1(0Q; R3). If OSY is of class C' then f(g is a compact operator
on L1(0Q;R3).

viii) If ® € LI(0Q,R3) then

[T(Z5, Qu®In®(x) + 3 (w0 x %) -n®(x) Z§ 8] = £ B(x) + K§8(x)

for almost all x € O9.
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iz) If ® € LY(0Q,R3) and « is a multiindex then
0°Z&® (x)| = O(|x|7 1)), 10°Qa®(x)| = O(Ix|~>71*!) as |x| — oc.

Proof. Z* € C®(R? x R?\ {[x,,x];x € R3}) by Corollary 8.3. So, (Z&®,Qq®) €
C>®(R?\ 0Q,R*). The definition of a fundamental solution gives that (Z3®, Qo ®)
is a solution of (1.1) in R3\ 9.

ix) is a consequence of Lemma 8.1 and the explicit formula for Q°.

If a = 0 then ii) holds true by [92, Proposition 4.2.3]; iii) is [92, Corollary
4.2.4]; iv) is in [92, Corollary 4.3.2]; v) follows from [92, Proposition 4.2.1]; viii)
is in [02, Corollary 4.3.2]. The operator KO is bounded on L7(9€;R3) by [92,
Corollary 4.2.4]. If Q is of class C! then the adjoint operator [K3]’ is compact on
L9/@=1)(9Q; R?) by [73, p. 232], and thus K is compact on L7(9;R?).

vi) is a consequence of [31, Lemma 3.2], [37] and [38, Theorem 1].

Denote

012 (x,y) — 2°(x,y)]

Ri(x,y) = 2°(xy)=2'(x,y), Rj(xy) = . =lm,
J
R;®(x) :/ag Ry (x,y)®(y) do(y) k=0,...,m.
The estimates of R{ in (8.3) and in Proposition 8.2, and [%4, Proposition 1] give

that there exists a constant C; such that for all ® € LY(0Q,R3) and k =0,...,m
[Mp(Rg®)||lLao0) < C1l|®]|Laa0),

R} ® is finite almost everywhere on 09, R{®(x) is the non-tangential limit of R} ®
at x for almost all x € 0Q and [|R{®||Lqa0) < C1||®||La(a0)- So, ii), iv), v), viii)
hold. These reasoning and estimates of R{ in Proposition 8.2 give iii). (See [60,
Chapter II, Theorem 8.1 and Theorem 8.6].)

The estimates of R{ in (8.3) and in Proposition 8.2 give that there exists a
constant Cy such that

[Ka(x,y) — Ko(x,y)| < Cofx —y[™" Wx,y € 99
[01, Lemma 3.4] gives that K& — K9 is a compact operator on L7(9§2;R?). O

Proposition 9.2. Let Q C R3 be an open set with compact Lipschitz boundary,
a€RY 1<qg<oo, 0<7r<o0. Denote G:=QNB(0;r). Then

a ,max(q,2 ,max(q,2
7§ LI0Q,RY) — BIS@D(GRY), Qo L1(0Q,R?) — BIm@2(G)

are bounded linear operators.

Proof. We can suppose that €2 is bounded and G = Q.

For a = 0 see [90, Proposition 3.3] or [90, Theorem 3.1].

Let ® € L1(99Q,R3?). Since Mg(Z4®) + Ms(VZi®) € L1(00) by Theorem 9.1,
[112, Lemma 3.3] gives that Z&® € W14(;R3). Define f = [w x x| - VZ&P —
wx Z3® in Q, f = 0 elsewhere, where w = (0,0,a). Then f € LY(R? R3). Let
Q(k) be a sequence of sets from Lemma 14.1. Since (Z&®, Qq®) € C(Q,R*) by
Theorem 9.1 and

~AZL®+VQo® =f, V-Z5®=0 inQ,
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[65, Chapter 3, §2] gives
Z3®(x) = /Q( ) Z°(x,y)E(y) dy + Zo) T(Z5®, Qa®)n + Doy Z6®,
k

where DY,g is the velocity part of the Stokes double layer potential corresponding
to a domain V and a velocity g. Letting & — oo we get by Theorem 9.1 and
Lebesgue’s lemma

2430 = [ 2 yE) dy + Z{T(Z4®, Qo] + Dh(Z5)
R
Since 7;(%%'1), Qa®)n € L1(09Q,R?) by Theorem 9.1, one has Z3[T(Z&®, Qa®)n] €
;max(q, .
BEm(2) (0, R3).
[92, pp. 61-62] express 9;[Dgg); for g € W11(98,R3) as a linear combination

of 9 fBQ th(x,y)awgk(y) do(y) and 9, fBQ ha(x —y)0:,,9k(y) do(y), where ha
is a fundamental solution of the Laplace equation and the non-tangential deriva-

tive Or,, gk = npOagr — naOpgk. Since Z&® € WH1(9Q,R?) by Theorem 9.1, [11,
Theorem 2.2.13] and [36, Corollary 4.4] give Dg(Z&®) € Bq’max(q’Q)(Q;RS).

1+1/q
Jos Z°(x,y)E(y) dy € W29(Q,R?) by [29, §IV.2]. Since Wqu/(Q) -, Bfﬂa/’;(q’z)(ﬁ)
by [104, §4.6.1, Theorem], we infer that Z4® € BY/}75 "% (;R®). Since 2% €
C=({[x,yl;x # y}), we infer that 2§ : LU0 R?) — BIHD(GR?) is a
closed operator. So, the Closed graph theorem gives that Z& : LI(9Q,R3) —
Bfﬂ?’;(q’Q)(Q; R?) is bounded. O

10. DOUBLE LAYER POTENTIAL

The goal of this section is to define a double layer potential for the Stokes system
with Coriolis term such that the classical integral representation formula holds.
Then we study properties of a double layer potential.

If y € 00 and there exists the outward unit normal n®(y) of Q at y then we
define

KEGoy) = 5lwxy) n )26y - iénm(”ﬁéi”
aZﬁﬁ;f”) = Z8a6e )i (),

™ y) = %(“’ xy) - n?(y)Qj(x,y) - ;gn?(y)(w?y}:w
+8an<y)j,’y>) — Q4(x,y)nf (y),

for w = (0,0,a), x € R®\ {y} and 1 < i,j < 3. Define the velocity part of the
double layer potential with density ® € L4(99, R?) by

Dhe(x) = | K(x,y)@(y) do(y), x€R*\aQ



LI-SOLUTION OF THE ROBIN PROBLEM FOR THE STOKES SYSTEM WITH CORIOLIS FORUB

and the pressure part of the double layer potential with density ® by
8900 = [ T y)B(y) doly). x € R\ 00

(Remark that for a = 0 this definition agrees with the usual definition of a double
layer potential for the Stokes system - see [52], [92], [108].)
Define the following integral on 02 whenever it makes sense

K§®(x) = lim K (x,y)®(y) do(y).
€l0 OQ\ B(x;€)

Theorem 10.1. Let Q C R? be an open set with compact Lipschitz boundary,
a€R, w=(0,0,a), 1 <q< oo.

i) If ® € LI(0Q,R3) then (DL®, 114 P) € C>(R?\ 9Q,R*) is a solution of

(1.1) in R\ 09Q.
it) There exists a constant C such that
[M5(D3)®)l|ao0) < Col|®|lLaon) V8 € LI(99Q,R?).

iii) If ® € LI(0Q,R?) then
[DE®(x)]+ = :I:%@(x) + K5®(x) for a.a. x € 0.

iv) K3 is a bounded linear operator on LI(0Q;R?); K& — KO is a compact
operator on L1(0Q;R3).
v) If ® € LY(0Q,R3) and « is a multiindex then

0°DE@ (x)| = O(Jx| 71~ 11), [0° g @ (x)| = O(|x|7271°1)  as x| — co.

Proof. Z* € C*°(R? x R?\ {[x,,x];x € R?}) by Corollary 8.3. So, (D4®,114®) €
C>®(R?\ 0, R*). The definition of a fundamental solution gives that (D3 ®, 1% ®)
is a solution of (1.1) in R\ 9Q.

K is a bounded linear operator on L?(9;R?) by [73, Corollary 3.3]. According
to (8.2) and Proposition 8.2 there exists a constant C; such that

(10.1) K% (x,y) — K%%(x,y)| < Ci|x —y|~! Vy € 09Q,Vx € R®.
So, K& — K is a compact operator on L?(9€%;R?) by [01, Lemma 3.4].

If @ = 0 then iii) follows from [73, Proposition 3.2], and ii) is in [92, Proposi-
tion 4.2.3].

(10.1) and [341, Proposition 1] give that there exists a constant Cy such that for

all ® € LI(0Q, R3)
|Ms((Dg — D))l Laoe) < Cal|®llLao0),

and (K& — K§)®(x) is the non-tangential limit of (D — DY)® at x for almost all
x € 09.

Lemma 8.1 gives [0°Dg®(x)| = O(|x|~'~1°l) as |x| — oc.

Fix p > 0 such that 9Q C B(0; p). Easy calculation yields that there is a constant
(1 such that

0°{w x x- [Vha(x —y) = Vha(x)l} < Cilx| 7271 x| > p,y € 09

(Remember that ha(x —y) = c¢[x — y|™1.) But w x x- Vha(x) = 0. This and the
explicit formula for Q¢ gives that there exists a constant Cy such that

ORI (x,y)| < Colx| 7271l x| > p,y € 002
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So, [9°TIg,® (x)| = O(|x|7271°1) as |x| — occ. O

11. INTEGRAL REPRESENTATION

Theorem 11.1. Let) C I&P’ be a bounded open set with Lipschitz boundary, a € R?,
= (0,0,a). Let u € C*®(Q,R3), p € C**(),

—Au—|wxx]-Vu+wxu+Vp=F, V-ou=g inQ,

T(u,p)n + %[(w x x)-nju="f on ON.
Then

_ a a F(y)
L) u(x) = Dhu(x) + Z8E(x) + / Z°(x.y) ( i ) dy,

(112)  p(x) = Thu(x) + Qaf(x /Q“xy( <)>)dy.

Proof. Suppose first that u and p have compact supports in Q. Since Z%, Q% is a
fundamental solution of (1.1) in R3, we obtain

| 2y ( ) ) ay=ut. | Q“(xy)( i) ) dy = p(x).

Let now u = 0, p = 0 on a neighborhood of x. Denote Z“ = (Z}y, 25y, Z53).

Since Z% = Q¢ for ¢ < 3 and Z¢, Q* are of class C*° outside the diagonal by
Corollary 8.3, Green’s formula gives

a0+ [ 22y (1)) @ } = [ a8y 2y

Hw xy) - VyZi(x,y) —w x Z{(x,y) = VyQi (x,¥)] = p(y)Vy - Z{(x,¥)} dy

BQ{_E[(W xy) - n(Y)][Z{(x,y) - uly)] +uly) - Vy Z{ (x,y)n(y)

+Qf (x,y)n"(y) - u(y)} do(y).

Since [Z°(x,y)|T = Z=%(y,x) we have Vy - Z¢(x,y) = 0, —Ay Z¢(x,y) + [w X y] -
VyZ0(x,y) —w x Z8(x,) — VyQi(x,y) = 0 for y # x. Thus

[ng<x>+ / Za<x,y>(§<(y”)))dy}i | 5@y n 0z ) ue)

+u(y) - Vy Z{ (x,y)n(y) + Qi (x,y)n"(y) - u(y)} do(y) = — [PDhu(x)];.
The relation (11.2) can be proved by the same way.
Let now u, p be general. For x € Q) choose ¢ € C*(Q2) with compact support in
Q2 such that ¢ = 1 on a neighborhood of x. We have proved the relations (11.1),
(11.2) for ¢u, @p and also for (1 — p)u, (1 — ¢)p. Adding we get (11.1), (11.2) for
u, p. O

Corollary 11.2. Let Q C R3 be a bounded open set with Lipschitz boundary,
a€R, w=1(0,0,a), 1 <q<o0, h=0. If (u,p) is an LI-solution of the Neumann
problem (1.1), (1.3) then

(11.3) u(x) = Dyu(x) + Z5f(x),  p(x) = HHu(x) + Qof (x).
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Proof. Let Q(j) be sets from Lemma 14.1. Then Lemma 7.1 and Theorem 11.1 give
u(x) = Dé(j)u(x) + Zg(j)fj(x), p(x) = Hg(j)u(x) + Qo) fj(x)

with f; := T'(u,p)n + $[(w x x) - n]Ju on 9Q(j). If j — oo then Lebesque’s lemma

gives (11.3). O

Proposition 11.3. Let Q C R? be an unbounded open set with compact Lipschitz
boundary, a € R', w = (0,0,a), 1 < ¢ < oo, h =0. If (w,p) is an Li-solution of
the Neumann problem (1.1), (1.3) then there exist constants b, ¢ such that

(11.4) u(x) =Ddu(x) + ZGf(x) + (0,0,b), p(x) = [IHu(x) + Qaf(x) + c.
If « is a multiindex then
|0%[u(x) = (0,0,b)]| = O(|x|*71*1), 18*[p(x) — ]| = O(Ix| > 1)), [x| — oc.

Proof. Fix r > 0 such that 02 C B(0;r) and put G = QN B(0;r). Define f(x) :=
T(u,p)n + [(w x x) - nJu(x) on dB(0;7). Then

(11.5) u(x) = Dgu(x) + Z&f(x), p(x) = Eu(x) + Qef(x) in G
by Corollary 11.2. Define
v(x) = { g§2U(X)u—(i_x)Zg—%|—f(Z)z) N l}%c))) i g %(0'
B(0;r) B(0;r) ) ir),
oy = { T QR0 ot xeh
B0 (x) + Q. f(x), x€ B(0;r).

v and p are well defined by (11.5). Theorem 9.1 and Theorem 10.1 give that (v, p) is
a bounded solution of (1.1) in R3. So, (v, p) is constant by Lemma 5.1, i.e. p = —c,
v = (b1, ba, —b). Since (v, p) is a solution of (1.1), we obtain w x (b1, ba, —b) = 0.
This gives bo = 0 = b;.

If a is a multiindex then [0%[u(x) — (0,0,b)]| = O(|x|~*~121), 10%[p(x) — ]| =
O(|x|=2~1l) as x| — oo by Theorem 9.1 and Theorem 10.1. O

Corollary 11.4. Let Q C R® be an open set with compact Lipschitz boundary,
aeRY 1<g<oo. If® e LYON) then KYZEP = —ZIKLP.

Proof. Put u = Z3®, p = Q4® in Q. According to Theorem 9.1, Corollary 11.2
and Proposition 11.3

288 —u = DLZLD + 22 (;1 + 1%5) ®.
Coming to 0f) we obtain by Theorem 9.1 and Theorem 10.1
ZeP = (;I + KQ> Z8® + 28 (;I + KQ> &,
This gives K Z&® = —Z3K4®. O

Corollary 11.5. Let Q C R3 be a bounded open set with Lipschitz boundary,
a € R, Then Z&n =0, and Qon® = —1 in Q, Qon*? =0 in R?\ Q.
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Proof. Qon®? = —1in Q, Qon®? =0 in R?\ Q by [20] and [32, Corollary 6.2].
Define u := 0, p = 1. Then T(u, p)n+ 1[(wxx)-nJu] = —n. Corollary 11.3 gives
that Z&n = 0 in . Proposition 11.3 used for R?\ Q and the fact that Z3n(x) — 0
as |x| — oo (Theorem 9.1) give that Z&n = 0 in R?*\ Q. According to Theorem 9.1
we obtain Z&n = 0 on 09Q. O

12. LI9-REGULAR DIRICHLET PROBLEM

To study the uniqueness of a solution of the problem we need the following two
propositions:

Proposition 12.1. Let Q C R? be an unbounded open set with compact Lipschitz
boundary, a € R, w = (0,0,a), 1 < ¢ < 0o, ¢ = q/(q—1). Let h € L>(09),
f € LP(OQ,R3), (u,p) be an Li-solution of the Robin problem (1.1), (1.3) such that
u(x) — 0, p(x) — 0 as |x| — co. If Mg(u) € LI (9Q) then the equality (4.1) holds.

Proof. If 9Q C B(0;r) denote Q(r) = QN B(0;r). Corollary 4.2 gives

/ u- {T(u,p)n—|— 1[(W X X) - n]u} do = 2/ |Vu)? dx.
29(r) 2 Q(r)

lu(x)-T(u, p)n(x)| = O(|x|3) as |x| — oo by Proposition 11.3. Since (wxx)-n =0
on 0B(0;r) we obtain (4.1) letting r — co. O

Proposition 12.2. Let  C R3 be an open set with compact Lipschitz boundary,
a € RY, w=1(0,0,a), 1 < g <2. Then 2& : L9, R3?) — WH1(0Q,R?) is a
Fredholm operator with index 0.

Proof. For a = 0 see [92, Theorem 9.1.4]. Since Z&—Z9 : LI(0Q,R?) — Wh4(9Q, R3)
is a compact operator by Theorem 9.1, we obtain the proposition. O

Proposition 12.3. Let Q C R? be a domain with compact Lipschitz boundary,
a € RY, w = (0,0,a), 1 < ¢ < oo. Let (u,p) be a reqular LI-solution of the
Dirichlet problem (1.1), (1.2) with g = 0. If Q is unbounded suppose moreover that
u(x) — 0, p(x) — 0 as |x| — co. Thenu=0 and p is constant. If Q is unbounded
then p = 0.

Proof. If € is unbounded then Vu(x) — 0 as |x| — oo by Proposition 11.3. Thus,
we can suppose that ¢ < 2. Define f := T(u,p)n® + J[(w x x) - n®Ju on 9Q.
Then f € L9(05,R?). Since u = 0 on 9N, Corollary 11.2 and Proposition 11.3
give u = Z3f, p = Qaf. So, Z4f = 0 by Theorem 9.1. Proposition 12.2 gives
that Z2& : LI(0Q,R3) — WL(9Q,R3) and Z& : L?(9Q,R3) — W2(9,R3) are
Fredholm operators with index 0. Thus f € L?(9Q,R3) by [02, Lemma 11.9.21].
Theorem 9.1 gives that (u,p) is a regular L?-solution of the Dirichlet problem (1.1),
(1.2). According to Corollary 4.2 and Proposition 12.1

0:/ fudaz2/\?u|dx.
o9 Q

Since Vu = 0, u is linear by [30, Lemma 3.1]. Since u = 0 on 92, u = 0 by the
maximum principle for the Laplace equation. Thus Vp = Au+[wxx]-Vu—wxu =
0. Since € is connected, p is constant. If 2 is unbounded then p(x) — 0 as |x| — oo
forces p = 0.
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The following lemma states a necessary condition for the sovability of the Dirich-
let problem on bounded domains.

Lemma 12.4. Let  C R™ be a bounded open set with Lipschitz boundary and
1< g<oo. IfueCHQR™), Ms(u) € LI(OQ and there exists a non-tangential
limit of w at almost all points of 02 then

(12.1) / n udo=0.
[219]
Proof. Let Q(k) be a sequence of sets from Lemma 14.1. The Divergence theorem
gives
/ n-udo=0.
99(k)
Letting £ — oo we obtain (12.1) by Lebesgue’s lemma. O

Corollary 12.5. Let 0 C R3 be an open set with compact Lipschitz boundary,
a€RY w=(0,0,a),1<q<oco. If®c LION,R?) and S is a component of IQ
then

(12.2) / n . Z&® do = 0.
S

Proof. Let G be a bounded open set such that 9G = S. The corollary is a conse-
quence of Theorem 9.1 and Lemmal2.4 used for G. ([l

We shall look for a particular solution of the Dirichlet problem (1.1), (1.2) in
a special form. Denote by G(1),...,G(k) bounded components of R?\ Q. If Q is
bounded denote by G(0) the unbounded component of R?\ Q. If Q is bounded and
R3\ Q = G(0) we look for a solution in the form of a single layer potential

(123) (uap) = (Zglq)vQQ(I’)

with @ € L9(9Q, R?). If Q has holes then a solution of the Dirichlet problem cannot
be expressed in this form. (Compare Corollary 12.5.) So, we must modify this form.
Choose x/ € G(j), j = 1,...,k, and r € (0,00) such that B(x/,r) C G;. Denote
B(j) = B(x%;r). We shall look for a solution of the Dirichlet problem (1.1), (1.2)
in the form

k

(12.4) u=Z4®+ Y / n” - ® do| D ;,n"0),
j=1 0G(3)
k .
(12.5) pP=Qa®+)Y / n . @ do| 1%, n"Y)
j=1 L/9G()

with ® € L1(09Q,R?). Then (u,p) given by (12.4), (12.5) is a regular Li-solution
of the Dirichlet problem (1.1), (1.2) if and only if Z,,q® = g, where

k
/ n-® do
9G(j)

(12.6) Zmod® 1= zgq>+z D"V
(If © is a bounded domain with connected boundary then Z.q = 23.)

j=1
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Lemma 12.6. Let Q C R? be a domain with compact Lipschitz boundary, a € R!,
w = (0,0,a), 1 < q < co. Let ® € LI(OULR?), Zpoa® = 0 on 0. If Q is
unbounded then ® = 0. If Q is bounded then there exists a constant ¢ such that
P = chXan(O).

Proof. First we show that Z,,q® = Z2&®. Fix ¢ € {1,...,k}. If j € {1,...,k},
j # i then D ,nPU) € C>(G(i), R?) is a solution of (1.1) in G(i) by Theorem10.1.
Lemma 12.4 gives

/ 4 nQ . DaB(J)nB(]) do = 0.
G (1)

According to Corollary 12.5

(127) 0= / nQ . Zmodq) do = / nQ - P do / nQ . DGB(l)nB(Z) do.
oG (i) aG (i) oG (i)

Using Lemma 12.4 on G(7)\ B(i) and D%(i)nB(i) we obtain by virtue of Theorem10.1

0= / n*’ ~D%(i)nB(l) do —I—/ nB . {—nB(l) + K{%nB(’)] do.
8G(4) 9B(1) 2

This and (12.7) gives

(12.8) / n @ do
G (1)

Using Lemma 12.4 on B(7) and D‘}g(i)nB(i) we obtain by virtue of Theorem10.1

/ LB . [1nB<z‘> +K§-’an(i)] do = 0.
PY:10) 2

0= / nB . [1nB(i) + K&nB(i)} do =
aB(i) 2

/ nB@ . {1nB(i) + KgnB(i)} do Jr/ 1 do.
OB(i) 2 dB(i)

Now we get from (12.8) that

(12.9) / n . & do = 0.
8G (i)

Thus Z0q® = Z3®.

(Z&®,Qq®P) is an Li-regular solution of the Dirichlet problem (1.1), (1.2) with
g =0in Q and in R3\ Q. Moreover, |Z3®(x)| + |Qa®(x)| — 0 as [x| — oco. (See
Theorem 9.1.) Proposition 12.3 gives that Z&® = 0 and there exist constants d,
d(j) such that Qa® =d in Q, Qa® = d(j) in G(j). On 9G(j)

1 ~ 1 ~ 1
o= [2<I* + Kgp] - [—2«; + K&@} = [T(Z3®,Qq®)n* + 5(w x x)-ntZ3®|,

—[T(Z2&®, Qa®)n® + %(w x x)-n?Z&®|_ = [d(j) — dn*.

by Theorem 9.1. (12.9) gives that ® = 0 on dG(j) for j = 1,...,k. So, if  is
unbounded then ® = 0. If Q is bounded then ® = [d(0) — dln®x(0)- O
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Theorem 12.7. Let Q C R? be a bounded domain with Lipschitz boundary, a € R!,
w=1(0,0,a),1 <q<2, gecWhHi(9Q,R?). Then there exists an LI-reqular solution
(u,p) of the Dirichlet problem (1.1), (1.2) if and only if

(12.10) / g-n‘ do =0.
o0

A welocity u is unique, a pressure p is unique up to an additive constant. A fized
solution (u,p) is given by the modified single layer potential corresponding to some
® ¢ L0 R3) (the formula (12.3) for OQ connected, and the formulas (12.4),
(12.5) for a domain with holes.) Moreover, u € B&2,, (Q,R3), p € BV (Q) and

1+1/q 1/q
(12.11) My (u) + My (Vu) + ||uHBff1/q(Q,R3) < CHgHWLq(BQ,lR@)a
(1212) [ Ma(®)lzeom + IPlpg @) < € (||g||W1,q(aQ,Rs> +| /Q p de .

Proof. (12.10) is a necessary condition for the existence of an L?-regular solution
of the Dirichlet problem (1.1), (1.2) by Lemma 12.4.

Z&  L1(0Q,R?) — WhH(9Q,R?) is a Fredholm operator with index 0 by
Proposition 12.2. Since Z3 — Zy0a @ LI(0Q,R?) — WH4(9Q,R3) is compact,
Zmod : LI, R3) — W14(9Q, R?) is a Fredholm operator with index 0. The kernel
of Zimoa is equal to X = {cxag(0)n®;c € R'} by Lemma 12.6 and Corollary 11.5.
Denote by Y the space of g € Wh9(9Q,R?) satisfying (12.10). If & € L(Q, R3)
then (u,p) given by the formula (12.3) for 9Q connected and by the formulas
(12.4), (12.5) for a domain with holes is a regular L-solution of the Dirichlet prob-
lem (1.1), (1.2) with g = Z,0a®. Thus the range of Z,,0q is a subset of Y. Since
Zmod is a Fredholm operator with index 0 its range has co-dimension 1. Hence
Zmod (LI(OQ,R3)) =Y.

Let now g € Y. We have proved that there exists an L?-solution (u,p) of the
Dirichlet problem (1.1), (1.2) in the form of a modified single layer potential with
a density ® € LI(0,R3). If c is a constant then (u,p + ¢) is an L%-solution of
the problem, too. Let now (v, 7) is another L?-solution of the problem. According
to Proposition12.3 there exists a constant ¢ such that v. = u and 7 = p — c.
Corollary 11.5 gives that (v,7) is a modified single layer potential with a density
® + n® € L1090, R3). Proposition 9.2 and Theorem 10.1 give v € BY2 , (Q,R3),

) 1+1/q
T € Bf’/q(ﬂ).

Define

k
We = Zmodé,/ (QQ‘I)JrZH%(j)nB(j)/ n. & da) dx
Q = G (4)

Then W : LI(0Q,R3) — Y x R! is an isomorphism. So, the inequalities (12.11),
(12.12) are consequence of Proposition 9.2 and Corollary 8.3. (]

Theorem 12.8. Let 2 C R3 be an unbounded domain with Lipschitz boundary,
a€R, w=1(0,0,a), 1 <q<2, gecWhi(dQ,R3).
® Zioa : LY(0Q,R3) — Wh1(9Q,R3) is an isomorphism.
o Put ® = Z_idg. Let u, p be given by the formulas (12.4), (12.5). Then
(1.1

m

(u,p) is a unique regular L9-solution of the Dirichlet problem (1.1), (1.2)
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such that u(x) — 0, p(x) — 0 as |x| — co. Moreover, u; € Bi’fl/q(Q, p—3),
p € BY? (Q,p—3) and

1/q
3
(12.13) Mo (0) + Mo (V) + ) luillpe2,, @0y < Cllgllwraoars),
j=1
(12.14) 1Ma(P) ooy + 1Pl o2 (0,5 o) < Cllglwiagnrs)-

e If (u,p) is a reqular L9-solution of the Dirichlet problem (1.1), (1.2) then
there exist constants b and ¢ such that u(x) — (0,0,b), p(x) — ¢ as |x| —
00.

e Let constants b and ¢ be given. Then there exists a unique reqular L9-
solution (u, p) of the Dirichlet problem (1.1), (1.2) such that u(x) — (0,0,b),
p(x) — ¢ as |x| — oco. Moreover,

My (u) + Mo (Vu) < C (|Igllwraonrs) + [b]),

1Mo (D)l Lsoe) < C (llgllwraan,rs) + 0] + |cl]) -

Proof. Zmoq : L0, R3) — W14(9Q,R3) is an isomorphism by Proposition 12.2
and Lemma 12.6.

Put ® = Zr;édg. Let u, p be given by the formulas (12.4), (12.5). Then (u,p)
is a regular L?-solution of the Dirichlet problem (1.1), (1.2) by Theorem 9.1 and
Theorem 10.1. The uniqueness follows from Proposition 12.3. According to Theo-
rem 9.1, Theorem 10.1 and Corollary 8.3 there exists a constant C; such that

Moy (u) + Mo (V) + [ Mo (p) | aon) < Crllgllwrao0,rs)-

Fix r > 0 such that 0Q C B(0;r). Proposition 9.2 and Theorem 10.1 give u; €

B‘lzfl/q(B(O; 2r)NQ,p_3),p € B‘lz’/Qq(Q N B(0;2r); p—3) and

3
Z; HujHB‘lzfl/q(QﬂB(O;2r)7p_3) + |‘P||Bg}2q(gm3(o;zr),p_3) < C2Hg||wlvq(69,R3)-
]:

Theorem 9.1, Theorem 10.1 and Lemma 8.1 give p_su;, p—sp € W4(R3\ B(0;7))
and

lullwza@ma\ Beog)) + [1Pllw2a@s\Bor) < Csllgllwaoors)-

Since W24(R3\ B(0;1)) — BY2, , (RS \ B(0;1)), W29(R? \ B(0;1)) — BI2(R®\
B(0;7)) by [104, §2.3.3, Remark 4], we obtain (12.13), (12.14).

Let (u,p) be a regular Li-solution of the Dirichlet problem (1.1), (1.2). Then
(u,p) is an L9-solution of the Neumann problem (1.1), (1.3) with h = 0 and some
f € L9(0Q,R?). According to Proposition 11.3 there exist constants b and ¢ such
that u(x) — (0,0,b), p(x) — c as |x| — oo.

Let b, ¢ be given. We have proved the existence of a regular L%-solution (v, ) of
the Dirichlet problem (1.1), v =g — (0,0,b) on 99 such that v(x) — 0, 7(x) — 0
as |x| — co. Put u=v+(0,0,b), p=m+ c. Then (u,p) is a unique regular LI-
solution of the Dirichlet problem (1.1), (1.2) such that u(x) — (0,0,b), p(x) — ¢
as |x| — oo. O

Corollary 12.9. Let Q C R? be an unbounded domain with compact boundary of
class C**1 k€ N. Leta € R', w = (0,0,a), 1 < ¢,r < co.
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o If g € WHHI=1/99(90, R3) then there exists a unique solution (u,p) €
DFLa(Q R3) x D¥9(Q) of the Dirichlet problem (1.1), (1.2) such that
u(x) — 0, p(x) — 0 as |x| — co. Moreover,

”u”Dkqu(Q) + ”pHD’WI(Q) < C||g|\Wk+1—1/a=a(aQ)
where C' does not depend on g. If ¢ > 3/2 then p € W*9(Q) and

Ipllwr.ay < Cligllwrri-1/a.0(00)-
If ¢ > 3 then u € WkETL4(Q: R3) and
[ullwr+ra) < Cligllwr+ri-1/0.0(50)-
e Ifl4+1/g<s<k+1andge Bgfl/q(aﬁ,Rg), then there exists a unique

solution (u,p) of the Dirichlet problem (1.1), (1.2) such that u(x) — 0,
p(x) — 0 as |x| — o0 and u; € BY"(Q, p_3), p € B (Q, p_3). Moreover,

[

BE"(,0-0) T IPIB27 (2,0-0) < CllgllBr7,, (00

where C does not depend on g. If ¢ > 3/2 then p € B (Q) and

Pl
If ¢ > 3 then u € B¥"(Q;R3) and

[[u

Brr @) < Clgllser,, o0

, T < , T .
Brr (@) < Clgllser,, o0

Proof. Put 7 = min(g, 2). According to Theorem 12.8 there exists a unique regular
L7-solution (u, p) of the Dirichlet problem (1.1), (1.2) such that u(x) — 0, p(x) —
0 as x| — oco. (Remember that u; € Blel/T(Q,p,g), p E BlT’/2T(Q,p,3).) Fix

R > 0 such that 9Q C B(0; R). Then u € D**19(Q\ B(0; R),R3), u; € BF"(Q2\
B(0; R), p_3), p € D®9(Q\B(0; R))NBX" (Q\B(0; R), p_3) for all t € (1+1/q,k+1)
by Lemma 7.1 and Proposition 11.3. According to [104, §4.6.1, Theorem] one has
(u,p) € WHT(Q2 N B(0;2r),R3) x L™(2 N B(0;2R)). Put g := u on 9B(0;2R).
Then (u, p) is a solution of the Dirichlet problem (1.1), (1.2) in QN B(0;2R). If g €
WhH1=1/a.9(90, R3) then (u,p) € WFT14(Q N B(0;2R),R3) x Wk4(Q N B(0;2R))
by Corollary 7.3, and thus (u,p) € D*14(Q,R3) x Dk4(Q). If g € Bgfl/q(aﬂ,R?’)
then (u,p) € BZ"(Q N B(0;2R),R?) x B (Q N B(0;2R)) by Corollary 7.3, and
therefore u; € BI"(Q, p_3), p € B, (Q, p—3). If a is a multiindex that [0%u(x)| =
O(|x|~1=1e), |0%p(x)| = O(]x|=271el) as |x| — oo by Proposition 11.3. If ¢ >
3/2 then p € Wk4(Q) for g € WFHI=1/99(9Q,R3), and p € B, (Q) for g €
BI",,(0Q,R?). If g > 3 then u € WHH4(Q;R?) for g € WHH171/94(9Q, R?), and
u e BIT(Q;R3) for g € Bgfl/q(aQ,R?’).

We now show the uniqueness. Let (u,p) be a solution of the Dirichlet problem
(1.1), (1.2) for g = 0 such that u(x) — 0, p(x) — 0 as |x| — oco. Proposition 11.3
gives that Vu(x) — 0 as |x| — oo. Fix R > 0 such that 92 C B(0; R). Then
ue Whi(QNB(0; R),R3), p € LY(QNB(0; R)) by [104, §4.6.1, Theorem]. Put g :=
u on dB(0; R). Then g € C*(9[Q2 N B(0; R)]; R3). Proposition 7.2 gives (12.10).
According to Theorem 12.7 there exists a regular L2-solution (w, ) of the Dirichlet
problem (1.1), (1.2) for 2N B(0; R). Since (w,7) € Wh2(QNB(0; R); R?) x L2(2N
B(0; R)), Proposition 7.2 gives u = w and p — 7 is constant in N B(0; R). Thus
(u,p) is an L?-regular solution of the Dirichlet problem (1.1), (1.2). Theorem 12.8
gives that u=0, p = 0.
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Denote by ug, pg the solution of the problem (1.1), (1.2) such that u(x) — 0,
p(x) — 0 as |x| — oco. For the operator F : g+ [ug, pg| one has

F- Wk—i—l—l/q,q(@Q’RB) N Dk+1’q(Q,R3) % Dk,q(Q)’

F:BIT (0Q,R®) — BE"(Q,p-3)° x BI(Q,p-3).
If ¢ > 3/2 then

F- Wk+1—1/q,Q(aQ’R3) N Dk+1,q(Q’R3) X VVIMI(Q)7

FiBY, ) (00,B%) = B (Q,p-5)° x BIL(Q).

If ¢ > 3 then

F o WhH-1/a4(90 R3) — WHHLa(Q, R?) x Wh(Q),

F: B, (99,R%) — BI"(Q,R?) x B, (Q).

These operators are closed by Theorem 12.8. The Closed graph theorem gives that
they are continuous. ([

13. ROBIN PROBLEM

In this section we study the Robin problem (1.1), (1.3). To study uniqueness of
the problem we need the following auxiliary results:

Lemma 13.1. Let Q C R? be an open set with compact Lipschitz boundary, a € R*,
1<q<2. If® e Whi(09Q,R3) then there exists a finite non-tangential limits of
VDE® and 11, P at almost all points of O and

[Ms(VDER) || Laon) + [[Mp(IIG®)|| Laon) < Cl[Rllwraa0,r2)
where C' does not depend on ®.

Proof. According to Corollary 8.3 we can suppose that €2 is connected. Fix z € )
and r > 0 such that B(z;2r) C Q and put G = Q \ B(z;r). Define g = &
on 99, g = cn® on OB(z;r) where c is a constant chosen in a such way that
Joc g0 do = 0. Clearly,

(13.1) Igllwracrs) < Cl|@llwiaonrs)-

Put w = (0,0,a). According to Theorem 12.7 and Theorem 12.8 there exists a
regular L?-solution (u,p) of the Dirichlet problem (1.1), (1.2) for G such that
(13.2) [Mp(u)llzaac) + [[Mp(Vu)llLaac) + [[Mp(p)llLioc) < Callgllwiaoac k-
If © is unbounded we can suppose that |u(x)| — 0, |p(x)| — 0 as |x| — oco. Define
f(x) := T(u,p)n% + %[(w x x) - n%Ju. Then

(13.3)  [fllzaoc) < Cs (M)l aa) + 1Mp(Va)llLiae) + M)l aoa)) -

Corollary 11.2 and Proposition 11.3 give D&g = u — Z&f, 114 g = p — Qaf. Theo-
rem 9.1, (13.3) and (13.2) give that there exist non-tangential limits of VDg&g and
II,g at almost all points of G and

|Ms(VDEg) | Laoc) + IMp(Igg)l Laoa) < Callgllwraac rs)-

The proposition of the Lemma is a consequence of the fact that D§® = Dig +

DYy and 1@ = Tgg + eIl , 0= in G, (13.1), Theorem 10.1 and

Corollary 8.3. O
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Lemma 13.2. Let () CNR‘?’ be an open set with compact Lipschitz boundary, a € R,
1 <q<2. Then I + K& : L9(0Q,R%) — L1(0Q,R?), 11 + K& : WH1(0Q,R?) —
Wha(9Q,R3) are bounded Fredholm operators with index 0.

Proof. %I:I:f(g is a Fredholm operator on L?(99, R3) with index 0 by [92, Theorem
9.1.11]. Since f(& — f(g is a compact operator on L4(9€, R?) by Theorem 9.1, the
operator 17 + K& is Fredholm on L?(9, R?) with index 0.

If & € Wh9(9Q,R®) then (31 + K&)® is the non-tangential limit of DE® by
Theorem 10.1. So, %I—i—K& is a bounded operator on W14(9€, R?) by Lemma 13.1.
Corollary 11.4 gives (%I+K6)Z§ = Zg(%[—f(ﬁ) The operator Z8 : L1(9Q, R3) —
Wh4(9Q, R?) is a Fredholm operator with index 0 by Proposition 12.2. Thus (31 +
K8)Z8 = Z3(A1 - K&) : LY(0Q,R3) — W90, R3) is a Fredholm operator
with index 0. Since Z2 : LI(9Q, R3) — W14(9Q, R?) is a Fredholm operator with
index 0 and (17 + K@) is a bounded linear operator on W'?(9€2, R?), the operator
(31 + K@) is Fredholm with index 0 on W1(9Q,R?) by [93, §16].

Put G =R3\ Q. Then (1/2)I + K& = (1/2)I — K& is a Fredholm operator with
index 0 on WH4(9Q, R3). O

Proposition 13.3. Let Q C R? be a domain with compact Lipschitz boundary,
a€RY w=1(0,0,a),1<q<o0, h € L®0ON), h >0. Let (u,p) be an L-
solution of the Robin problem (1.1), (1.3) with £ = 0. If Q is bounded suppose that
Joq B do > 0. If Q is unbounded suppose that u(x) — 0, p(x) — 0 as [x| — oo.
Thenu=0, p=0.

Proof. If Q is unbounded then Vu(x) — 0 as |x| — oo by Proposition 11.3. Thus,
we can suppose that ¢ < 2. Corollary 11.2 and Proposition 11.3 give

u="Dgdu— Z3(hu), p=I{u— Qq(hu) in Q.
The limit at the boundary gives according to Theorem 9.1 and Theorem 10.1

u= (;I + ff&) u— Z§(hu).

Define Sv := (—31 + K&)v — 2&(hv). Then Su = 0. The operator (-1 + K&)
is a Fredholm operator with index 0 in W17(9$2, R?) by Lemma 13.2. Since Zg :
L1(0Q, R3) — W14(9Q, R3) is bounded by Theorem 9.1, the operator v — Z&(hv)
is compact on W14(9, R?) by [102, Lemma 18.4]. So, S is a Fredholm operator
with index 0 in W9(9Q, R3). Since Su = 0 and S is a Fredholm operator with
index 0 in W12(9Q, R3), [78, Lemma 9] gives u € W12(9Q, R?). So, (u,p) is an L2-
solution of the problem (1.1), (1.3) by Lemma 13.1 and Theorem 9.1. Corollary 4.2
and Proposition 12.1 give

O:/ u-fda:/ hlul? do+2/|@u|2 dx.
09 00 Q

Thus hu = 0 on Q. Since Vu = 0, [30, Lemma 3.1] gives that there exists an
antisymmetric matrix A and a vector b such that u(x) = Ax+b. If Q is unbounded
then the condition u(x) — 0 as |x| — oo gives u = 0. Let now Q be bounded.
Since hu = 0 on 99, we deduce o({x € IQ;u(x) = 0}) > 0. [383, Lemma 5.1] gives
that u = 0.

Since u = 0 the equation (1.1) gives Vp = 0. Therefore there exists a constant
¢ such that p = ¢. Since 0 = f = —en®, we deduce ¢ = 0. [
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We look for a particular solution of the Robin problem (1.1), (1.3) in the form
of the modified single layer potential with a density ® € L9(9€,R?), i.e. (u,p) is
given by (12.3) for Q bounded with connected boundary and by (12.4), (12.5) for
Q2 with holes. Then (u,p) is an L%-solution of the problem (1.1), (1.3) if S, ® =f,

where
1 _ k
SiP = §@+K5¢+hzgq,+zqf§%/ n”- @ do,
j=1 0G(j)

. . 1 . .
Proposition 13.4. Let Q C R? be a domain with compact Lipschitz boundary,
a €RY 1< q<oco. Suppose that ¢ < 2 or O is of class C*. Let h € L>(09Q),
h > 0. If Q is bounded suppose moreover that fth do > 0. Then Sj is an
isomorphism on L(99,R3).

Proof. %I—l—f(ﬁ is a Fredholm operator with index 0 in L4(9$, R?) by Lemma 13.2.
The operator Z& : L4(0Q,R?) — W14(9Q,R?) is bounded by Theorem 9.1. Thus
hZ& is a compact operator on L?(99, R®) (compare [102, Lemma 18.4]). Hence S§
is a Fredholm operator with index 0 in L7(92, R3).

Let ® € L1(09Q,R?), S¢® = 0. Let (u,p) be the modified single layer potential
with the density ®. (See (12.4), (12.5).) Then (u,p) is an L?-solution of the
problem (1.1), (1.3) with f = 0. Proposition 13.3 gives that u = 0, p = 0 in Q.
Thus Z,,0¢® = 0. According to Lemma 12.6 we have & = 0 for € unbounded,
and ® = CI’IQX3g(O) for Q bounded. (Remember that G(0) denotes the unbounded
component of R?\ Q.) Corollary 11.5 gives 0 = p = —c. Thus & = 0.

Se o L9109, R3) — L1(0Q,R?) is a Fredholm operator with index 0 and trivial
kernel. Hence S} is an isomorphism. ([l

Theorem 13.5. Let Q C R? be a bounded domain with Lipschitz boundary, a €
R, w = (0,0,a), 1 < ¢ < oco. Suppose that ¢ < 2 or 9N is of class C*. Let
he Lo0R), h >0, [ohdo > 0. Let £ € LI(OQ,R?). Put & = (S2)~'f. Let
(u,p) be the modified single layer potential with the density ® (see (12.4), (12.5)).

Then (u,p) is a unique Li-solution of the Robin problem (1.1), (1.3). Moreover,
ue BN (Q RY), p e BERID(Q), and

[Mp(a)||Laan) + |Ms(V)l|Laan) + ||u||B;zfia/=;<q=2>(Q < Cllf][zaa0)

| Mp(p)ll Lacon) + |\P||Biz}r;mx<q.2>(9 < Cllfl[Laa0)s
where C' does not depend on f.

Proof. The theorem is a consequence of Proposition 13.4, Proposition 13.3, Theo-
rem 9.1, Proposition 9.2 and Corollary 8.3. O

Theorem 13.6. Let Q C R3 be an unbounded domain with compact Lipschitz
boundary, a € RY, w = (0,0,a), 1 < q < co. Suppose that ¢ < 2 or 9Q is of class
Cl. Let h € L*(09), h > 0. Let f € L1(09,R3).

o Put & = (S¢)~'f. Let (u,p) be the modified single layer potential with the
density ® (see (12.4), (12.5)). Then (u,p) is a unique L-solution of the
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Robin problem (1. ) (1.3) such that u( ) — 0, p(x) — 0 as |x| — oo.
Moreover, u; € B;I’H/q(Q,p_g) pE Bl/q( ,p—3) and

3
(13.4) My(w) + Mg(V) + > |t g2, 0, o) < Clifllaooms),
j=1
(13.5) 1M ()l La@e) + IPI a2 0, < CliEllLa@ozs)

where C does not depend on f.

e If (u,p) is an L2-solution of the Robin problem (1.1), (1.3) then there exist
constants b and ¢ such that u(x) — (0,0,b), p(x) — ¢ as |x| — oo.

e Let constants b and ¢ be given. Then there exists a unique L2-solution (u, p)
of the Robin problem (1.1), (1.3) such that u(x) — (0,0,b), p(x) — ¢ as
|x| — co. Moreover,

Mg(a) + Mp(Vu) + | Ms(p)llLa(o) < C ([If]lLaonrs) + 18] + [c]]) -

Proof. S¢ is an isomorphism on L7(9€2, R?) by Proposition 13.4. Put ® = (S¢)~!
Let (u,p) be the modified single layer potential with the density ® (see (12.4),
(12.5)). Then (u,p) is an L?-solution of the Robin problem (1.1), (1.3) such that
u(x) — 0, p(x) — 0 as |x| — oo by Theorem 9.1 and Theorem 10.1. The unique-
ness follows from Proposition 13.3. According to Theorem 9.1, Theorem 10.1 and
Corollary 8.3 there exists a constant C; such that

Mg(a) + Mp(Va) + [Mp(p)l|Laoe) < Crllf]lLa@o0rs)-

Fix r > 0 such that 0Q C B(0;r). Proposition 9.2 and Theorem 10.1 give u; €

BID (B(0;2r) N Q, p-3), p € BEE"2(Q 1 B(0;2r); p_s) and

3

3 sl s aznnp o * 1Plsgmss @y p o < Collleon sy
Jj=1
Theorem 9.1, Theorem 10.1 and Lemma 8.1 give p_su;, p—sp € W4(R3\ B(0;7))
and

lallwza@ms Boy)) + [1Pllw2a@s\Bor) < CsllfllLaon,rs)-

Since

W2I(RS\ B(0;7)) — BEA D (RPN B(0;7)) — B2 (R3\ B(0; 7))
by [104, §2.3.3, Remark 4], we obtain (13.4), (13.5).

Let (u,p) be an L?-solution of the Robin problem (1.1), (1.3
Proposition 11.3 there exist constants b and ¢ such that u(x) — (
as |x| — oo.

Let b, ¢ be given. We have proved the existence of an L%-solution (v,7) of the
Robin problem (1.1), v = f + cn® — [(w x x) - /2 + 1h](0,0,b) on 99 such that
v(x) — 0, 7(x) — 0 as |x| — co. Put u=v+(0,0,b), p=m+c¢. Then (u,p) is
a unique L?-solution of the Robin problem (1.1), (1.3) such that u(x) — (0,0,b),
p(x) — ¢ as x| — oo. O

). According to
0,0,b), p(x) — ¢
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14. APPENDIX

Lemma 14.1. Let Q C R? be a bounded open set with Lipschitz boundary. Then
there is a sequence of open sets §1; with boundaries of class C'™° such that

(1]
2]
(3]
(4]

(5]

(6]
(7]
(8]
(9]
[10]
(11]
(12]
(13]
[14]
[15]
[16]

(17)

(18]

° Qj C Q.

e There are a > 0 and homeomorphisms A; : 0Q — 085, such that A;(y) €
L. (y) for each j and each y € 9Q and sup{ly — A;(y)l;y € 99} — 0 as
Jj — oo.

o There are positive functions w; on OS2 bounded away from zero and infinity
uniformly in j such that w; — 1 point-wise a.e. and in every L*(0Q),
1 <s< .

e The normal vectors to Q;, n(A;(y)), converge point-wise a.e. and in every
L#(09Q), 1 < s < 00, to n(y).

(See [111, Theorem 1.12].)
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