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Fluid motion



”Mathematics is the language
in which God has written
the universe.”

∂tU + divxF (U) = 0, U(0, x) = U0

U = U(t, x), t ∈ (0,T ), x ∈ Rd .

 density . . . ρ(t, x)
velocity . . . u(t, x)
energy . . . e(t, x)
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Concepts of solution

∂tU + divxF (U) = 0, U(0, x) = U0

• Discontinuity −→ weak solutions∫ ∞
0

∫
Rd

(
U
∂φ

∂t
+

d∑
k=1

Fk (U)
∂φ

∂xk

)
+

∫
Rd

U0 φ (0, ·) = 0.

• Non-unique −→ admissible solutions(entropy condition)

∂tS(U) + divxFS(U) ≥ 0

• Weak entropy solutions m = 1, d ≥ 1 or m ≥ 1, d = 1
existence and uniqueness of weak entropy solutions
(Kružkov ’70, Lax, Glimm ’60, Bressan ’90)

• m > 1, or d > 1, infinitely many sols
De Lellis & Székelyhidi ’12-’14 Chiodaroli, Feireisl ’14-’15
Chiordaroli, De Lellis, Kreml ’16
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Convergence of numerical solutions

◦ fundamental question in numerical analysis

? Does Uh → U as h→ 0 ?

◦ open question for compressible flows

Particularly for multi-d systems

Certain numerical solutions of inviscid problems
exhibit scheme independent oscillatory behaviour

Siddhartha Mishra
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Measure-value solutions!

Feireisl, Lukacova, Mizerova, preprints.
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Compressible isentropic Navier-Stokes

ρt + div(ρu) = 0. (1a)

(ρu)t + div(ρu⊗ u) = −∇p +∇ · S (1b)

p = aργ

S = 2µ(∇u +∇uT ) + ηdivuI,

u|∂Ω = 0 or periodic

ρ(x, 0) = ρ0 > 0, u(x, 0) = u0.
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Literature

Convergence to weak solutions

Karper [2013]: Convergence to a weak solution if γ > 3

Error estimates

Gallouet, Herbin, Maltese, Novotný [2015]

Convergence to smooth solutions + error estimates if γ > 3/2

Convergence to strong solutions

Feireisl, Lukáčová [2016]
Convergence via dissipative measure-valued solution for Physical relevant
γ ∈ (1, 2)
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Dissipative measure-valued solution

We say that a parameterized measure {νt,x}(t,x)∈(0,T )×Ω,

ν ∈ L∞weak

(
(0,T )× Ω;P

(
[0,∞)× RN

) )
is a dissipative measure-valued solution of the Navier-Stokes system in
(0,T )× Ω, if the following holds for a.a. τ ∈ (0,T ), for any
ψ ∈ C 1

(
(0,T )× Ω;Rd

)
[∫

Ω

〈νt,x ; ρ〉ψ(t, ·)dx
]t=τ

t=0

=

∫ τ

0

∫
Ω

(
〈νt,x ; ρ〉∂tψ + 〈νt,x ; ρu〉 · ∇xψ

)
dxdt[∫

Ω

〈νt,x ; ρu〉ψ(t, ·)dx
]t=τ

t=0

=

∫ τ

0

∫
Ω

(
〈νt,x ; ρu〉∂tψ − S(∇u) : ∇xψdxdt

+〈νt,x ; ρu⊗ u + pI〉 : ∇xψ
)
dxdt +

∫ τ

0

∫
Ω

R : ∇xψdxdt,[∫
Ω

〈νt,x ;E 〉ψ(t, ·)dx
]t=τ

t=0

+

∫ τ

0

∫
Ω

S(∇u) : ∇xψdxdt +D(τ) ≤ 0,

where

∫ τ

0

‖R‖M(Ω)dt ≤
∫ τ

0

D(τ)dt
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Mesh

Mesh

K L•xK
•
xL

σ
=

K
|L

Figure : Dual grid
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Discrete operators

Jump and Average

vout(x) = lim
δ→0+

v(x + δnnn), v in(x) = lim
δ→0+

v(x − δnnn),

v(x) =
v in(x) + vout(x)

2
, JvK = vout(x)− v in(x)

Divergence

divhv(x) =
∑
K∈Th

(divhv)K1K , (divhv)K =
1

|K |
∑
σ∈∂K

|σ|vσ ·nnnσ, ∀ v ∈ Qh.

Upwind flux

Up[r ,u]σ = r in(u · n)+
σ + rout(u · n)−σ

r+ = max{0, f }, r− = min{0, f }

Up[r , v] = rupv · nnn = r in[v · nnn]+ + rout[v · nnn]− = r v · nnn − 1

2
|v · nnn|JrK,
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Implicit FVM

∫
Ω

Dtρhφh −
∑
σ∈Eint

∫
σ

Fh(ρh,uh)JφhKdSx = 0, (2a)

∫
Ω

Dt(ρhuh) · φh−
∑
σ∈Eint

∫
σ

Fh(ρhuh,uh) ·JφhKdSx−
∑
σ∈Eint

∫
σ

phnnn ·JφhKdSx

= −µ
∑
σ∈Eint

∫
σ

1

dσ
JuhK · JφhKdSx − (µ+ λ)

∫
Ω

divhuh divhφhdx . (2b)
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Lemma 1 (Internal energy balance)

Let (ρh,uh) satisfy the discrete continuity equation (2a), then there exists
ξ ∈ co{ρk−1

h , ρkh} and ζ ∈ co{ρkK , ρkL} for any σ = K |L ∈ Eint such that∫
Ω

DtH(ρkh)−
∑
σ∈Eint

∫
σ

uk
h · nnnJp(ρkh)KdSx

= −∆t

2

∫
Ω

H′′(ξ)|Dtρ
k
h |2dx −

1

2

∑
σ∈Eint

∫
σ

H′′(ζ)JρkhK
2 (hε + |uh · nnn|)dSx ,

where H(ρ) = p(ρ)
γ−1 .

Positivity of numerical density

Existence of numerical solution
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Theorem 2 (Discrete energy inequality)

Let (ρh,uh) be a numerical solution obtained from the scheme (2). Then
for any k = 1, . . . ,Nt , there exists ξ ∈ co{ρk−1

h , ρkh} and ζ ∈ co{ρkK , ρkL}
for any σ = K |L ∈ Eint such that

Dt

∫
Ω

(
1

2
ρkh |uk

h |2 +H(ρkh)

)
dx

+
∑
σ∈Eint

∫
σ

µ

dσ
Juk

hK
2dSx +

∫
Ω

µ+ λ

dσ
|divhuk

h |2dx

= −∆t

2

∫
Ω

H′′(ξ)|Dtρ
k
h |2 −

∑
σ∈Eint

∫
σ

hε

2
ρkhJuk

hK
2dSx

− ∆t

2

∫
Ω

ρk−1
h |Dtu

k
h |2dx −

1

2

∑
σ∈Eint

∫
σ

(ρkh)up|uk
h · nnn|Juk

hK
2

− 1

2

∑
σ∈Eint

∫
σ

H′′(ζ)JρkhK
2
(
hε + |uk

h · nnn|
)
dSx ≤ 0.
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Uniform bounds

Let (ρh,uh) be a numerical solution obtained by the scheme (2) with
γ > 1, 0 < ε < 1. Then we have

‖ρhu2
h‖L∞(L1(Ω)) . 1

‖ρh‖L∞(Lγ(Ω)) . 1

‖p(ρh)‖L∞(L1(Ω)) . 1∫ T

0

‖uh‖2
1,T dt . 1

‖divhuh‖2
L2L2 . 1

‖uh‖L2(L6(Ω)) . 1
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Lemma 3 (Consistency)

Let ρnh,u
n
h be the solution to the numerical scheme (2). Then∫

Ω

∂thρ
n
hφdx−

∫
Ω

ρnhun
h · ∇xφdx = O(hβ1 ), β1 > 0.

∫
Ω

∂th(ρhuh)n · vdx−
∫

Ω

ρnhun
h ⊗ un

h : ∇xvdx−
∫

Ω

p(ρnh)divxvdx

+µ

∫
Ω

(∇hun
h) : ∇xvdx = O(hβ2 ), β2 > 0.
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Convergence

Theorem 4
Let γ > 1,∆t ≈ h, 0 < ε < 1 and the initial data satisfy

ρ0 ∈ L∞(Rd ), ρ0 ≥ ρ > 0 a.a. in Rd , u0 ∈ L2(Rd ).

Then any Young measure νt,x generated by the numerical sol of scheme
(2) represents a dissipative measure-valued solution of NS (1).

Applying the weak-strong uniqueness 1 we conclude

Theorem 5

In addition to the hypotheses of Theorem 4, suppose the NS (1) endowed
with the periodic boundary condition admits a regular solution.
Then

ρh → ρ (strongly) in Lγ ((0,T )× K) ,

uh → u (strongly) in L2
(

(0,T )× K ;Rd
)

for any compact K ⊂ Ω.

1Feireisl et.al. Dissipative measure-valued solutions to the compressible
Navier–Stokes system. Calc. Vari. Partial Differ. Equ. 2016
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Thank you for your attention!
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