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TINGLEY’S PROBLEM FOR COMBINATORIAL TSIRELSON SPACES
NATALIA MASLANY

ABSTRACT. We extend the existing results on surjective isometries of unit spheres in the
Tsirelson space T’ [%,Sl] to the class T[0,S,] for any integer 0=1 > 2 and 1 < a < wy,
where S, denotes the Schreier family of order a.. This positively answers Tingley’s problem
for these spaces, which asks whether every surjective isometry between unit spheres can
be extended to a surjective linear isometry of the entire space.

Furthermore, we improve the result stating that every linear isometry on 7T'6,S;]

(9 € (O, %]) is determined by a permutation of the first [#~!] elements of the canoni-
cal unit basis, followed by a possible sign change of the corresponding coordinates and
a sign change of the remaining coordinates. Specifically, we prove that only the first [0~ |
elements can be permuted. This finding enables us to establish a sufficient condition for

being a linear isometry in these spaces.

1. INTRODUCTION AND THE MAIN RESULT

In 1987, Tingley [22] proposed a question that has since become known as Tingley’s
problem:

Let X andY be normed spaces with unit spheres Sx and Sy, respectively. Suppose that
U:Sx — Sy is a surjective isometry. Is there a linear isometry U: X — Y such that
Ulsy =U?

Many authors have shown that Tingley’s problem has a positive solution for surjec-
tive isometries of unit spheres in classical Banach spaces €,(I"), L,(1) (1 < p < 00), and
C(9) (see, e.g., [6-11,13-16,19,20,25]). However, the general case remains open. Notable
results in the search for a solution to Tingley’s problem in specific spaces have been com-
prehensively documented in surveys by A. M. Peralta [18], G. G. Ding [12], X. Yang, and
X. Zhao [26]. Recently, a positive solution to this isometric expansion problem has been
found for 2-dimensional Banach spaces (see [2]); nevertheless, the answer remains unknown
for higher dimensions. Positive solutions for certain subspaces of function algebras, includ-
ing closed function algebras on locally compact Hausdorff spaces, have been presented in
more recent studies (see [5]).
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The Tsirelson space T (the dual of the space constructed by Tsirelson [24], which was
the first example of a space containing no isomorphic copies of ¢ or ¢, for 1 < p < co) can
be regarded as a special case of the double-parameter family of Banach spaces T[0,S,],
where 6 € (0, %} and 1 < a < wy, with S, being the Schreier family of order «, where «
is a countable ordinal. For the sake of brevity, we use the term combinatorial Tsirelson
spaces to refer to the members of this family, in line with the terminology used in previous
articles such as [3,17].

In [17] we have characterized linear isometries of combinatorial Tsirelson spaces. How-
ever, the methods employed assume linearity of the isometries throughout the entire space.

We improve the main theorem from this article by proving the following first main result:

Theorem A. Let 0 € (0, %} Then U: T[@, SI} — T[G, Sl] is a linear isometry if and only
if

1-T(e) 1 < ) g 0_1
Ue, = Si€n(i) <107 (i € N)
€€, 7> L@ilJ
for some {—1,1}-valued sequence (g;)32; and a permutation 7 of {1,2,...,[67]}.

Then, following the approach of [21], where the authors determine the surjective isome-
tries of the unit spheres of Tsirelson space T[%, S| and the modified Tsirelson space Ty,
and answer Tingley’s problem affirmatively in these spaces, we establish the subsequent

main Theorem.

Theorem B. Let 6~ > 2 be an integer and let U : Sti6,5.] = Stp,5,) be surjective isometry.
If « =1, then

U<iaiei) Zalaze7r i)+ Z €;Q:€;

i=1 i=0—141
and if 1 < o < wy, then
U(za%ez) z
=1

for every > %, a;e; € Sryp,s.), where (g;)52, is a {—1, 1}-valued sequence and 7 is a permu-
tation of {1,2,...,67'}.

This result together with Theorem A get an affirmative answer to the Tingley’s problem

in combinatorial Tsirelson spaces T’ [«9, Sa} for an integer 07! > 2 and 1 < o < wy.
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2. PRELIMINARIES

2.1. Combinatorial spaces. Let us denote by (e;)?2; the standard unit vector basis of
coo and by [N]<“ the family of finite subsets of N. We adopt the following notation for sets
Fi,Fy, € [N[<¥: F} < F» means that max F; < min F;, and we say that F; and Fy are
consecutive in this case. Additionally, we use the notation F} < n instead of Fy < {n} for
n € N.

Definition 1. A family F C [N]<“ is regular, whenever it is simultaneously

o hereditary (F ceFand GCF = Ge¢ ]—“);
e spreading ({l1,l, ..., l,} € Fand [; <k; = {k1,ko,...,ky} € F);
o compact as a subset of the Cantor set {0, 1}" via the natural identification of F' € F
with
XF = Zei c {0, 1}".
i€F
The simplest examples of regular families include

A, :={F e [N]*: |[F|<n} (neN)

i.e., for a given n € N, the family of subsets of N having at most n elements. The family

of Schreier sets is defined using these families in the following manner.

Definition 2. Given a countable ordinal «, we define inductively the Schreier family of
order « as follows:
o Sp = Aj;

o if a is a successor ordinal, i.e., a = 4+ 1 for some 3 < wy, then
d
S, = {US& déSé <S§< <S§7 {Sé}jzl C 83 anddEN}U{@};
i=1

o if @ is a non-zero limit ordinal and (o)., is a fixed strictly increasing sequence of
successor ordinals converging to o with Sg, C Sg,,,, for alln € N, where o, = 3, +1
for all n € N, we set

So = {Sa, € [N]*: S,, € S,,, n <min S, for some n} U {0}.

We emphasize that in the case where « is a limit ordinal, we require the sequence (a,)5°
cofinal in « to comprise successor ordinals as needed in the proof of Theorem B. We can

assume, and we will, that S, C S,, ., for all n € N, which will also be employed in the

n+1

proof of Theorem B. Indeed, repeating the proof of [4, Proposition 3.2.] in the case of
Schreier families {Sg} < which are multiplicative in the sense of [4] we can also derive
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the desired result for Schreier families. Elements belonging to S, are called S,-sets. The

fact that these families are regular is well-established; see [4][Proposition 3.2] or [23].

1
' 2
the Banach space T'[0, F] specializing it later to a combinatorial Tsirelson space T'[0, S,]

2.2. Combinatorial Tsirelson spaces. For a regular family F and 0 € (O ], we define

for some countable ordinal «.

For a vector © = (a1, aq, ...,a,) € cyp and a finite set £ C N, we employ the symbol Ex

to represent the projection of x onto the space [e;: i € E], given by
(21) E(Z(IZGZ) = Zaiei.
i=1 i€E
We denote by || - ||o the supremum norm on c¢y. Suppose that for some n € N the norm
|| - || has been defined. Let

[2[lns1 = max {||z]ln, 2], } (n €N),

where
d
|77, = sup {92 |Eiz|| : By <+ < Eg,de N, {E;}L, C [N, {min E;}L, € J-"}.
=1

We define the norm ||z||g 7 := sup,ey ||2|l» and denote by T[6, F] the completion of cyg
with respect to it.
A proof by induction demonstrates that this norm is bounded above by the ¢;-norm and

is given by the following implicit formula for = € T'0, F|:

(2.2) I[lo.7 = max {||z[|c, 2]},

where
d

|||z = sup {HZ HEi;cH” By << By deN, {E}., C [N* {minE;}L, € J-"}.
=1

It can be readily deduced from the definition that the unit vectors (e;)$2; form an 1-
unconditional basis of the space T'[0, S,] for a countable ordinal «.

For x1,x9 € co9, we write x1 < x5 whenever supp x; < supp x and for n € N we
streamline the notation of supp z; < n to x; < n.

We adopt the following convention in this paper: we say that the norm of an element
x € T[0, F| is given by sets B} < Fy < -+ < Ey for some d € N (with {min F;}¢_, € F)
precisely when

d
|zlloF =0 ||, -
=1
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1

To be concise, we write || - || instead of || - [|p,s,, where 6 € (0,3], 1 < o < wy.

3. LINEAR ISOMETRIES ON T'[0,S;] SPACES FOR 6 € (0, 3]

For further considerations, let us fix § € (0, 3] and let [#~!] and [6~'] be the floor and
the ceiling of =1, respectively. Note that we do not yet require §~! to be an integer. Fix
a countable ordinal o > 1. Throughout this paper we use Sty s, to denote the unit sphere
of T0, S,].

In [17, Theorem A] we have obtained the following description of linear isometries on

combinatorial Tsirelson spaces.

Theorem 3. Let 0 € (0, %] IfU: T[H,Sl] — T[@,Sl} 1S a linear isometry, then

1Cm (i) 1 < . < 9_1
Ve, = { S0 LSISTOT] oy
Ei€i, 1> |'9,1—|

for some {—1,1}-valued sequence (£;)32, and a permutation © of {1,2,...,[6071]}.
Armed with this result, we are now ready to prove Theorem A.

Proof. Suppose that U: T[@, 81] — T[H, 81} is a linear isometry.If =1 is an integer, there
is nothing to prove, so assume that this is not the case. Then [67'] —1 = [#7!] and
(6717 > 071

It is enough to show that for any i # [0~'] holds 7 (z) # [671].

Let i € {1,2,...,[67'] — 1} and suppose for the contrary that w(i) = [07'], i.e.,
Ue; = eiefp-11. Then, by Theorem 3, for any indices [671] < ji < jo < -++ < jrg-17-1 we

have
[o-11-1 [o=11-1

Ue; — Z Ue;, €i€rg-11 — Z eieill=0-1071 > 1.
k=1 k=1

On the other hand, since U is a linear isometry, we obtain

0-11-1 [6-11-1
U@i — U( Z ejk)

U@i — E Uejk
k=1 k=1

This contradiction finishes the proof that the isometry has the desired form.
Let U: T[@,Sl} — T[@,Sl} be of the form

1Cm(i)s 1 < ] < 071
Uei _ £g;€ (@) 1 L J
€€, 7> Le_lJ

[6=11-1

=€~ E Ei

k=1

=1.

(1 € N).

We will show that U is an isometry. If ! is an integer, then the proof is in [1, Theorem 4.1],
so assume that this is not the case. Then [#~'| < §~!. We will show that it is impossible
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that the norm of some z € T[@,SI] is given by certain sets d < F; < Fy < --- < E, for
some d € N with d < [#~]. Assume not. Then

d

(3.1) |zl = 6 || Eix.
=1

and

d
0-) ||Ex| <6-d- ||| < |||l
=1

Hence (3.1) cannot hold; a contradiction.

4. ISOMETRIES ON ST[(,,SQ} FOR AN INTECER 7' >2 AND 1 < o < wy

To prove Theorem B we need a series of lemmas; the proofs emulate that of [21].

Lemma 4. Let u,v € Stpp,s,). Then for a =1 we have
(1) min(|lutyll, [lu—y||) < 1 forally € Sryps.) if and only if u € {£ei, £e, ..., £epp-1)};
(2) If v = [07'] + 1 and min(|jv + y|, [[v —yl|) < O-([07'] +1) for all y € Syp.s.,
then v has one of the following forms:
(a) [vjg-1)41] = 1 with |v;| < 0 for all i # [07'] 4+ 1;
(b) v = ey + aeg-1)41 for some m > [07'] + 2, some e € {—1,1} and some
la] <0,
and for a > 1 holds
(3) min(||u +yl|, [[u —yl]) <1 for all y € Spp.s,) if and only if u = Fey;
(4) Ifv > 1 and min([lo+y||, lv—yl|) < 0-([0~1] +1) for ally € Sryp.s.), then v = £ey,

for some m > 1.

Proof. (1) Since the implication (<) is trivial, we only need to prove the implication
(=). Assume that min(||lu +y||, ||lu —y||) < 1 for all y € Sryp,s,;. We will show that
v has only one non-zero coordinate. Indeed, suppose to the contrary that u, # 0
and u,, # 0 for some n,m € N,n # m. Define y := sgn u,e, — sgn u,,e,,. Then
Yy e ST[9751}. Since
lu+yll =1+ fun| > 1
and

lu =yl =1+ |um| > 1

we get a contradiction.
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Since ||ul]] =1, so u = +e; for some ¢ € N. Suppose that i > [#~1] + 1 and take
any indices 1 < J1 < Ja < ... < jw—lJ. Then
o

§ : i
k=1

=max{1,0- 67|} =1

and

=0 (07! +1) > 1.

o~ o~
u+Zejk = ||lu— Zejk
k=1 k=1
This contradiction ends the proof that u = +e; for some 7 < [07].
(2) We will show that ||v||oc = 1. Indeed, suppose to the contrary that ||v|l. < 1. Take
€= 0_1_L9_1i+1_”””"° > 0. Since ||v||r = 1, there exist sets d < By} < Ey < -+ < Ey

for which

d
S| B > 07 —e.
=1

Choose indices Eq < ji < j2 such that |v; | + |v,,| < e.

Suppose that the set F; has more than 2 elements. Let F' be the set consisting
of 2 smallest numbers from the set E; and define Fy := E; \ F. Note that || Fv|| <
| Fv||o < ||v]loo and Ey > d + 2. Taking Fy < Ey < B3 < ... < Ey < {j1} < {j2}

we obtain

d
min(llo + e + el o — 5 — eall} > e(HEwH £ B 1 o 1 w)
1=2
d
29(§:HEWH—HF%H+1—¢WJ+1—¢%A)
=1

d
> 6( S 1B = ol +1 ol + 1= o)

i=1
>0 —e— v +2 —¢)
> 01071 +1).
Since |lej, + €j,|| = max{1,20} = 1 we get a contradiction.
Suppose now that the set E; has at most 2 elements. Then || Eyv| < ||E10]|e0 <
|v]|oo and Eo > d+ 1. Repeating the similar reasoning for the sets Fy < E3 < ... <
Eq <{j1} < {j2} we again obtain a contradiction.

Since ||v]|o = 1, s0 |v,,| = 1 for some m € N. Observe that for any i # m

|v + vmenm — sgn vies|| = ||v + vmenm — sgn vie;||loo = 2
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and
v = (vmem — sgn vie;) || = [[v = (vmem — sgn vie)[|oo = 1+ vi.

Hence, by assumption 0(|07 | +1) > 1+|uv;, so |v;| < O fori #m. Iftm = 07| +1,
then v is of the form (a). Suppose that m > [#7'] 4+ 2. It is sufficient to show that
v; = 0 for all i # m such that 7 > [07!] + 2.

o

> 9<|Um| ol + Y (1~ |Ujk|)>
k=1

Take any indices max{m,i} < j; < jo <... < jjg-1;. Then
Cal
>6- (107" +1)+9<|vi| -y Ivjkl)
k=1

G G
(i Z e lls [|V — Z €
k=1 k=1
Since limy 00 v, = 0, so v; = 0 for all ¢ # m such that ¢ > [#~!] 4+ 2 and thus we
get the form (b).

)

-0 +1)> min(

The proof of (3) and (4) is similar to the proofs of (1) and (2), respectively. Indeed, it is

enough to take indices j; < j» < ... < jjg-1) with additional assumption: j; > 167, O

Lemma 5. Let x € Syys,). Then ||z + e,|| = 2 if and only if x(n) = 1.

Proof. We omit the proof of implication (<) because it is trivial. Assume that |z+e,| = 2.

It is enough to show that norm of vector x + e, is the supremum norm.

Take any sets d < Ey < Ey < --- < E;. We may assume that n € E;, for some
ip € {1,2,...,d}. Indeed, if this is not the case, we will not get a norm of vector = + e,
greater than 1, because ||z|| = 1.

Since Fie, = 0 for i # i and ||z|] = 1 we obtain

d d
0 NE(+en)ll <O (1Bl + [ Bealll)
i=1 =1

d
=0 ||Ex| + 0| Byl
=1

<O '+1) <2
O

The proof of the subsequent lemma is analogous to the proof of [21, Lemma 2.3]. Nev-

ertheless, we include it here for the reader’s convenience.
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Lemma 6. If U: Srjps,] — Srp,s.) is an isometry satisfying —U(Sryp,s.)) C U(Srip,s.]),
then —U(e;) = U(—e;) fori € N.
Proof. By the assumption —U(e;) = Ul(z;) for some z; € Srp,s,). We will show that
x; = —e;. Since |[U(z;)|| =1, so
[z — ell = [|U(x:) = Ulea)|| = |U (@) + U(s)]| = 2.

By Lemma 5 we obtain z;(i) = —1. Again, by assumption, there exists x;,y; € Srjp.s.],
where j # i, such that —U(e;) = U(x;) and —U(—e;) = U(y;). Similarly, we obtain
zj(j) = —1 and y,(j) = 1. Hence

(7)) + 1] < i — 5] = U (2:) — Uly)|| = lles — ] = 1.
From the other side

|2:(7) = 1 < i —y;ll = U (i) = Uly;)ll = lle: + & = 1.

this means that z;(j) = 0 for any j # i, so x; = —e;. U

)
Lemma 7. Let 071 > 2 be an integer and let U : S7i6,5.] = Stip,5.) be surjective isometry.
If a =1 then

Uei:

1Cm (i) 1<<9_1
{86() 2 (iEN),

Ei€i, i>0"!
and if a > 1 then Ue; = €;e;, where (£;)2, is some {—1,1}-valued sequence and 7 is a
permutation of {1, 2,... ,6’*1}.
Proof. Case 1. Let a = 1.
Step 1. Fix 1 <i <0~ %
For any y € Spp,s,) there exists © € Syjp,s,) such that U(x) = y. Since U is isometry, so

1U(e:) =yl = [[U(e:) = U()|| = [le; — #||-

By Lemma 6 we obtain
1U(e:) +yll = || = U(—e:) + Ul2)|| = lle; + .
Hence
min{[|U(e;) + yll, [|U(e:) — yll} = min{{[e; + ], [le; — 2]} < 1.

Thus, by Lemma 4 (1) for each ¢ there is index 7 (i) € {1,2,...,07'} so that U(e;) = teq.
Note that

1= |lei £ e;]l = [[Ule:) £ Ule)|| = llenqy £ el
for any j # i in {1,2,...,607'}. Therefore m(j) # =(i) for j # 4, so 7 is the desired

permutation.
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Step 2. Let i > 0~1. We will show that there is ¢; € {—1,1} such that
U(ez) = Ei€o (i),

for some permutation o of set N\ {1,2,...,671}.
Note that

L= le; sl = ||[U(es) £ Uley)|| = 1U(es) £ exgyl
for any j in {1,2,...,07'}, so U(e;) > 671, Since for any = € Syyg,s,] we have
min{|le; — z||, ||e; + z||} <O+ 1
and since U is surjective, so
min{|[U(e;) =yl |U(e:) +yl} <O +1

for any y € Sryg,s,)-
By the Lemma 4 (b) there are o,6: N\ {1,2,...,607'} - N\ {1,2,...,67'} such that

(4.1) |(U(e) (o)) =1 and  [(U(e;))(5(d))| =1,
for all i > 6=, We claim that for all k,7 > §~! with k # i we have
(4.2) (U(er))(o(i)) =0 and (U '(ex))(5(i)) = 0.
Indeed,

L= llei £ exll = [[U(e) £U(er)]| = [1 £ (Uler)) (0(0))],
for k #1in N\{1,2,...,0'}, and similarly for U~!, so the conclusion follows. In particular
o and 0 are injective.

We will show that there exists [ > 6~' such that |(U(e,)) (67 4+ 1)| = 1.

If [(U(eg-141)) (67" + 1)| = 1 then the thesis is fulﬁlled, so suppose that this is not the
case. Since §~! is an integer, so by Lemma 4 (b) we have U(eg-1,1) = aeg-141 + ey, for

some m > 671 4+ 1, some |a|] < 0 and some ¢ € {—1,1}. Then

(4.3) 1> [[U(ep-141) = geml| = [leg-141 — - U™ (em) |-

Moreover, by (4.1), we have | (U (e;,))(6(m))| = 1. If 6(m) > 67! + 1 then
leg-141 =€ - U™ (em) | = leg-11 =€ - U™ em)llowo > 1,

so we obtain a contradiction with (4.3).
This means that 6(m) = 671 + 1, i.e.,
have (U™ (ep-141)) (071 +1) = 0.
This together with Lemma 4 (b) yields U~ (eg-141) = €eg(p-141) for some € € {—1,1}.

(U (em))(07' +1)| = 1. Hence from (4.2) we

So Ul(esp-141)) = E€g-141, hence 6(6" + 1) is the I we are looking for.
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This together with (4.2) gives us (U(e;)) (67" + 1) = 0 for any ¢ # | with i > §~'. By
Lemma 4 (b) we obtain

(4.4) Ulei) = ei€q)
for all i # [ with ¢ > 6~' and some {—1, 1}-valued sequence (g;)3°, ., Hence
il
U™ eow) = cici
for such i and (£;)7°, 1, . This together with (4.1) means that & = o™, so o is surjective.
il

Since for every p € supp(U(e;))\ o (1) there exists i # | with o(i) = p, i.e., |(U(e;)) (p)! =1,
by (4.2) we have (U(e;))(p) = 0. Hence U(e;) = g€, for some g; € {—1,1}. This together
with (4.4) gives as conclusion.

Step 3. We will show that ¢ from Step 2 is an identity.
Define

zp =k 07" (ex, €pt1y - -5 Cok1)
for k > 6=, Then
0 G) + Ulel = e +exll =l — el = [U(w) — Ve
for all i ¢ supp z. By Step 2 and since ||U(zy)|| = 1 it must be (U(z))(o(i)) = 0 for all
i ¢ Supp Ty, SO
(4.5) suppU(zy) C {o(k),o(k+1),...,0(2k —1)}.

We claim that o(k) > k for any k& > 671
Suppose that o(k) < k. Then by (4.5) there is ¢ € {k,k+1,...,2k — 1} such that

|(U(e)) (o (@)] = (k= 1)~ - 07"
Indeed, if not, then we obtain a contradiction, because
|U(ze)|| <max{(k—1)""-07"0-(k—1)-(k—1)""-67'} =1.
Since o(071 +1) > 67! + 1, assume firstly that k € {67 +2,607' +3,...,207'}. Then
I+ (k—1)"1t-01< HU(xk) + sgn ((U(Ik))(a(i)))ea(i)H

= [|zi + sgn ((U()) (0(0)) U (eo) |
<ok + el =max{k™ -0 +1,60- (k"0 k+1)}
=1+k1 071

which cannot hold. Hence for 71 < k < 20~ we have o(k) > k.
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Assume that k& > 20~!. Then
|U() — sen (U))@)) ea]] e — el
(4.6) =max{1—k"- 07" 0k - 07" (k—2)+1)}
=1-2k""4+0>1=|U(x)].
This means that 1 — |[(U(zx))(o(d))| > [ (U(xx))(0(i))], so 1 —2|(U(zx))(c(i))| > 0. Since
for any finite set E; C N, where j € N we have
125 (U(k) = sen ((U(wi)) (i) eon) |
< B (U(zk) = 2(U(wx)) (i) ea) ||
+ ||E; (2(U(zr)) (0(i))ean — sgn ((Uxx))(0(i))eom) ||
= [[E;U ()l
+ (|25 (2(U () (0(i)) ey — sen ((Ulxx)) (0(i)))eam) ]
so multiplying by 6 both sides of the above inequality and taking the supremum over all

consecutive sets d < By < By < --- < E, for some d € N, we obtain
[(U(@r) —sen ((U(2r)) (@ (i) o
< U ()|
+0 - || Bj (2(U () (0(0)eatiy — sen ((U(zn) (0(4))) e ||
for some jo € {1,2,...,d}. Hence
U () — sgn (U))@)) eay| < 1T @) +0(1 — 2| (U(ze)) (0())])
=1+0—20|(U(zy))(c(i))]
<1+60-20k—-1)""1-071.

which contradicts (4.6).

Doing the same for U~! instead of U we obtain o~ !(c(k)) > o(k), so k > o(k), hence
o(k) =k for all k > =1, This ends the proof for a = 1.
Case 2. Suppose that o =  + 1 for some [ < wy.

The proof that U(e;) = e1e1, where &1 € {—1,1} and for any ¢ > 1 there is ¢; € {—1,1}
such that

U(ez) = 6i60(i)

for some permutation o of set {2,3,...} is similar to the previous case and much simpler,
so we omit it. We will show that o is an identity.

Fix k > 1 and suppose that ¢ := o(k) < k.

Note that every S,-set whose minimum is & is the union of at most & many Sg-sets, so
the idea of the proof of this case is to choose the indices j; < jo < --- < j,,, for some
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m € N, so that they creates £ many consecutive Sg-sets. At the same time, we must ensure
that the set

{U(j1)7 O-(jQ)v ce 7U<]m)}

associated with these indices was not S,-set. We proceed as follows. Choose indices
g1 =k,j50 > max{k;,Q*l}. Then take the next index j3 > max {jg,a(jg)}, in sequence
ja = max {j3,0(js3)} and so on.

Following this procedure, we may choose a maximal Sg-set created from the indices

Jo < g3 < -+ < Jm,, for some m; € N. At the same time, we get the indices

{o(1),0(d2), - 0(m,)}
so that
o(j1) < Jj2 < max{j2,0(j2) } <J3 < -+
- < max{ Jmy 1,0 (Jmy—1) } < iy
Similarly, we may find the second maximal Sg-set with minimum j,,, 4, greater than
max{ jm,, 0 (Jm, )}, obtaining indices
o(j1) < Jj2 < max{j2,0(j2) } <J3 < -+
- S max{ Jmy—1, 0 (Jmy—1) } < Jimy-
for some my € N.

Proceeding analogously, we finally arrive at indices
J2 <J3 <+ <Jm,

for some m € N, that form a union of ¢ maximal Sg-sets, so we got the conclusion because

we may choose Sg-sets

1 2 t+1
where
L] S,é - {j1}7
* 5/23 = {j27.j37 e 7jm1}7
- {jmt+17jmt+27 s 7jm}

t+1
B

By the above construction,

S = {0 (j1),0(j2), 7(j3), - - o(jim) }
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is not Sg-set because the Schreier family (of order () is spreading (see Definition 1). Then

we define
m

T =0"1-mt. E €,

i=1

As in (4.5) we have
supp Ul(z,) C Sy
To complete the proof, it is enough to replace each k with m in Step 3 of Case 1. Note
that
[(U(z) (@ (@)] = (m—1)~" -7

holds for some i € {j1,jo, ..., Jm} as we ensured that m > 0~! + 1.
Case 3: Suppose that « is a limit ordinal.

We proceed as in Case 2 for a = a4, where ()2, is a fixed strictly increasing sequence
of successor ordinals converging to o with Sg, C S, for i« < n, where o, := /3, + 1 for each
n € N, choosing suitable sequence (j;)12,. Indeed, Sg,-sets k < Sj, < S5, < --- < S,
where

plat ={n}h
« S5, ={J2d3 s Jmi )
* Stj_l = {th+17jmt+27 S 7jm}>

give rise to an S,-set (even an S,,-set). Moreover, the set

S, = {a(jl), a(j2), ... a(jm)}

is not S,,-set by the spreading property of Ss . Hence S,, ¢ S, as we ensured that
S, C Sp, for ¢ < n. Indeed, suppose S, €S8, Then S, € 8o, for some j <t ie. S, is
the union of at most j-many successive Sg;-sets, i.e. Sg,-sets by the assumption on (f;);.
This means that S, € Sa,; a contradiction. O

We are now ready to prove Theorem A.

Proof. Fix a = 1. Let 6~! > 2 be an integer and let
Eientny, 1<i<<O! ,
Ue, =<4 ® S (1 € N),
£i€;, i>6"1

where (£;)$°, is some {—1,1}-valued sequence and 7 is a permutation of {1,2,...,67'}.
Define #(i) as 7(i) for 1 < i < 07! and 7(i) = i for i« > 07'. For i € N let us set

&= (U(e) (7()).



TINGLEY’S PROBLEM FOR COMBINATORIAL TSIRELSON SPACES 15

Fix x = > 7, a;e; € Sryp.s,) and take y = Y-, bie; € Syp,s,) such that U(z) = y. If g,
is nonzero and b; = 0 then we use the convention that sgn (b;) = 1. Take

yi= > Obe;—eisen (a))exg)
i=1,i77(5)

and

=Y Obie; —sgn (bagj))ea)-
i=LiZ#(j)
Then [jy;|| = 1 and ||y — zjl| = 1+ |ba(y|- Let z; € Syyps,) be such that U(z;) = y;.
We obtain

|z; — sgn (a;)e;l| = |U(x;) —sgn (a;)U(e;)|| = [ly; — sgn (a;)ejeq || = 2.
So by Lemma 5 we have z;(j) = —sgn (a;). This yields

L+ [bah| = ly = 2zl = ly — y;ll = |U(x) = Ulzy)|| = |z — 25]] = 1+ |ay].
Hence
(4.8) ba(j)| = layl.

Note that &; = (U™ (ex;))) (i) and U~ (e;) = ez-1(€5-1(;). Similarly, we define

[e.o]

uj = Z Oae; — 7137880 (bj)es—1(;)
1:171,#7}71(‘7)
and
vi= Y. Baie; —sgn (aa-1()er1()
i=1,i#71(j)
Then

1U (u;) — sgn (bj)e;l|l = lluj —sgn (b;)ez—r(ea—(pll = 2.
So (U(u;))(j) = —sgn (b;). Hence

L+ fazyl = llo = vjll = [lo = u;ll = U () = Uluy)ll = ly = Uu;)|| = 14 [bs].

This means that |az-1¢;)| > |b;|, which together with (4.8) gives us |az-1¢;)| = [b;]. We
moreover have ||z —wv;|| = ||z —u;l|, so ez-1(j)sgn (b;) = sgn (az-1(;)) and finally bz ;) = €;a;
for j € N, hence the conclusion follows.

Fix 1 < a < wy and let Ue; = ;e;, where ()2, is some {—1, 1}-valued sequence. The
proof is exactly the same if we define 7(¢) as identity for any ¢ € N. O
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