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ABsTrACT. We show that the small and large restricted injective dimensions
coincide for Cohen-Macaulay rings of finite Krull dimension. Based on this,
and inspired by the recent work of Sather-Wagstaff and Totushek, we suggest a
new definition of Cohen-Macaulay Hom injective dimension. We show that the
class of Cohen-Macaulay Hom injective modules is the right constituent of a
perfect cotorsion pair. Our approach relies on tilting theory, and in particular,
on the explicit construction of the tilting module inducing the minimal tilting
class recently obtained in [HNS22].
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1. INTRODUCTION

While the global dimension of a commutative noetherian ring R is infinite unless
R isregular, Raynaud and Gruson [RG71] proved that the finitistic global dimension
of R is equal to its Krull dimension, which we shall assume to be finite for the
rest of this introduction. Christensen, Foxby, and Frankild [CFF02] defined the
(large) restricted injective dimension in terms of Ext-orthogonality to the class
P of modules of finite projective dimension, an invariant always bounded by the
finitistic global dimension of R. One cannot expect Baer’s criterion to hold for the
restricted injective dimension in general, and thus [CFF02] also considers the small
restricted injective dimension defined using only those modules of finite projective
dimension which are finitely generated. The situation in which the small and the
large restricted injective dimensions coincide occurs precisely when the cotorsion
pair (P, P11) is of finite type (see §2.2 and §2.3). The question of when the modules
of bounded projective dimension are of finite type was studied in a more general
setting by Bazzoni and Herbera [BH09|. In particular, they provide a criterion for
when the modules of projective dimension at most one are of finite type.

The first author was supported by the GACR project 23-05148S and the Academy of Sciences
of the Czech Republic (RVO 67985840). This project was partially developed during the visit of
the first author to Universita degli Studi di Padova, he would like to thank the Dipartimento di
Matematica for their hospitality. The visit was partially funded by DFG (Deutsche Forschungs-
gemeinschaft) through a scientific network on silting theory.
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Our first main result Theorem 3.14 shows that (P, P+1) is of finite type precisely
when the ring R is Cohen-Macaulay. In addition, in this case the two restricted in-
jective dimensions coincide in this case with the Chouinard invariant, a refinement
of injective dimension introduced in [Cho76]. Our approach relies on tilting theory:
The class of modules of small restricted injective dimension at most zero is precisely
the minimal tilting class in Mod-R. In the recent work [HNS22], the tilting module
for this tilting class has been constructed explicitly as the coproduct of local coho-
mology modules. Using this construction, we show in Theorem 3.8 that modules
from T admit “canonical filtrations”, a deconstruction result established first for
Gorenstein injectives over Gorenstein rings by Enochs and Huang [EH11|. These
filtrations then allow us to prove that this tilting module is the unique product-
complete tilting R-module up to equivalence (Corollary 3.12 and Theorem 3.18),
and in turn that the left constituent A of the minimal tilting cotorsion pair (A, T)
coincides with P.

The minimal tilting class T coincides with the class Iy of all injective R-modules if
and only if R is regular, and it coincides with the class §Jy of all Gorenstein injective
R-modules if and only if R is Gorenstein. The notion of CM-dimension for finitely
generated modules, extending the notion of G-dimension of Auslander and Bridger,
was introduced by Gerko [Ger0l]. Later, Holm and Jgrgensen [HJ07] developed
notions of Cohen-Macaulay projective, injective, and flat dimensions in terms of
trivial extensions over semidualizing modules. Finiteness of any of these dimen-
sions characterizes Cohen-Macaulay rings admitting a dualizing module. Recently,
Sahandi, Sharif, and Yassemi [SSY20] defined other notions of Cohen-Macaulay in-
jective and flat dimensions, whose finiteness characterizes general Cohen-Macaulay
rings. Inspired by the complete intersection Hom injective dimension recently intro-
duced by Sather-Wagstaff and Totushek [SWT21|, we define the Cohen-Macaulay
Hom injective dimension and prove that it yields a refinement of the notion of
Cohen-Macaulay injective dimension of Holm and Jgrgensen. Applying our main
result on restricted injective dimensions over a Cohen-Macaulay ring, we show that
the class CMIy of Cohen-Macaulay Hom injective modules enjoys similar properties
as the class GJy of Gorenstein injectives over a Gorenstein ring:

Theorem 1.1. Let R be a Cohen-Macaulay ring of finite Krull dimension. Then
the following hold:

(i) [Corollary 4.14, Theorem 3.14] The minimal tilting cotorsion pair in Mod-R
is of the form (P,CMIy).
(ii) [Corollary 3.12, Proposition 5.1] The class CMIy is definable and envelop-
ing. The dual definable class is CMFy of Cohen-Macaulay flat modules.
(11i) [Theorem 3.8] Modules from CMJy admit canonical filtrations.

The structure of the paper is as follows. In §2 we gather preliminary facts about
restricted injective dimensions and their relation to tilting theory, first over general
rings and then specialize to the commutative noetherian situation. The main result
establishing the finite type of P over a Cohen-Macaulay ring is proved in §3. In §4
we introduce our definition of Cohen-Macaulay Hom injective dimension and show
that the minimal tilting class over a Cohen-Macaulay ring consists precisely of
Cohen-Macaulay Hom injectives. In the final §5, we explain that analogous, and in
fact easier results hold on the dual cotilting side and show that the Cohen-Macaulay
flat modules form a dual definable class to Cohen-Macaulay Hom injectives.
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2. PRELIMINARIES

Let R be an associative unital ring. We denote by Mod-R the category of all
right R-modules and by mod-R be the (full, isomorphism-closed) subcategory con-
sisting of those modules which admit a resolution by finitely generated projective
R-modules. For any module M, let Add(M) denote the subcategory consisting
of all modules which are isomorphic to a direct summand of the coproduct M (X)
for some set X. Similarly, Prod(M) is the subcategory consisting of all modules
which are isomorphic to a direct summand of the product MX for some set X. We
let D(R) denote the unbounded derived category of cochain complexes of right R-
modules. Given M € D(R), we let inf M = inf{n € Z | H"(M) # 0} and sup M =
sup{n € Z | H"(M) # 0} denote the cohomological infimum and supremum of M.
We call M cohomologically bounded if either M = 0 in D(R) or if both inf M and
sup M are integers. We use the usual notation Ext% (M, N) = H* RHomg(M, N)
and Torf'(M,N) = H~*(M ®@% N) for any M and N cochain complexes of right
(resp., left) R-modules.

21. Forn >0, let P, = {M € Mod-R | pdgM < n}, I, = {M € Mod-R |
idpM < n}, and F, = {M € Mod-R | fdgM < n} denote the subcategories of
Mod-R consisting of all modules of projective, injective, or flat dimension bounded
above by n. We use the notation P = J,,~, Pn for modules of finite projective
dimension, similarly we put ¥ = |J,~oF» and J = |J,5¢Jn. Furthermore, we let
P/ = P, Nmod-R and P/ = P N mod-R.

Christensen, Foxby, and Frankild introduced in [CFF02| the notions of restricted
homological dimensions for a commutative noetherian ring. The following is one of
the ways of extending their definition to an arbitrary ring. Given an R-module or
an R-complex M, we define the small restricted injective dimension as

ridp(M) = sup{i | Exth (P, M) # 0}
and the (large)_restricted injective dimension is defined as
Ridr(M) = sup{i | Exty(P, M) # 0}.

As with other notions of homological dimensions, the definition entails the conven-
tion Rid(0) = —oo = rid(0).

2.2. Given a subcategory € of Mod-R we use the notation G+t = {M € Mod-R |
Extp(C,M) = 0 VC € €} and €~ = {M € Mod-R | Exth(C,M) = 0 VC €
@, Vi > 0}; we also define +1C and + € analogously and we drop the curly brackets
whenever € = {C} for some module C. A cotorsion pair in Mod-R is a pair (X,Y)
of subcategories of Mod-R such that Y = X1t and X = 11Y. A cotorsion pair
is complete if for any M € Mod-R there are exact sequences 0 — M — YM —
XM 5 0and 0 — Yy - Xy — M — 0 with XM,XM € X and YM,YM €Y.
It is hereditary if Ext}é(X, Y)y=0forall X € X, Y €Y, and ¢ > 0. Finally, it is
of finite type if there is n > 0 and a subset 8 of ﬂ’fl such that Y = 8+. Any cotorsion
pair of finite type is automatically complete and hereditary, see [GT12, §6].

2.3. Recall that the finitistic dimension of R is defined as
Findim(R) = sup{pdzp M | M € P},
while the small finitistic dimension of R is
findim(R) = sup{pdxM | M € P/}.

We have Findim(R) < n < oo if and only if P = P, and findim(R) < n < oo if and
only if P/ = Pf. Clearly, we have Ridg(M) < Findim(R) and ridg(M) < findim(R)
for all M € Mod-R. If Findim(R) < oo, then [AEJOO1] implies that (P, P11) is a
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complete hereditary cotorsion pair. If findim(R) < oo then (+1(PfL1) PfL1) is a
cotorsion pair of finite type. Assuming Findim(R) < oo ( = findim(R) < o0), it
follows that both Ridg and ridg are relative cohomological dimensions induced by
complete hereditary cotorsion pairs. In particular, an R-module or a cohomolog-
ically bounded R-complex M satisfies Ridg(M) < k (resp. ridp(M) < k) if and
only if it admits a P1-coresolution (resp., P/+1-coresolution) of length k, that is,
there is an exact sequence

0—-M-—-P° 5Pl ... P50

with P? € P+ (resp., P' € Pf41) for all i = 0,1,...,k. We have the following
observation:

Lemma 2.1. Assume Findim(R) < oo, then the following are equivalent:

(i) Ridgr(M) = ridr(M) for each cohomologically bounded complex M,
(i) Ridp(M) = ridg(M) for each R-module M,
(i) the cotorsion pairs (P, PL1) and (Lt (PFL1), PFL1) coincide,

(iv) the cotorsion pair (P, P+1) is of finite type.

Proof. Since findim(R) < Findim(R) < oo, both (+1(Pf+1) P/+1) and (P, P11) are
complete hereditary cotorsion pairs.

(1) = (4i): Trivial.

(ii) == (4ii): This follows directly from P11 = {M € Mod-R | Ridg(M) < 0}
and P41 = {M € Mod-R | ridg(M) < 0}.

(iii) = (iv) : Trivial, as (+1(Pf+1), PFL1) is of finite type.

(iv) = (i): The assumption (iv) implies that Ridg(M) < 0 if and only if
ridr(M) < 0. As noted above, for a cohomologically bounded complex M, the
dimensions Ridr(M) and ridgr(M) can be computed by taking coresolutions by
modules with the respective dimension being equal to zero. O

The question of when the cotorsion pair (P,,, P,*1) is of finite type was studied
by Bazzoni and Herbera [BH09|. In particular, this can fail to be true even for
n =1 and R commutative noetherian [BH09, Theorem 8.6]. In addition, by the
Eklof-Trlifaj theorem [GT12, 6.2, 6.14], the cotorsion pair (P, P+1) is of finite type if
and only if any module M € P is a direct summand of a module filtered (=obtained
as a transfinite extension) by modules from P/.

2.4. A module T' € Mod-R is called a tilting module if the following three condi-
tions are satisfied:

(T1) T € P,

(T2) Add(T) C T+,

(T3) there is n > 0 and a short exact sequence 0 > R —>Ty =Ty ... > T, =0

with T; € Add(T) for each i = 0,1,...,n.

Any tilting module T gives rise to a complete hereditary cotorsion pair (A,T) =
(F1(T+), T+) called a tilting cotorsion pair, here T is called the tilting class. Two
tilting modules T, T’ give rise to the same tilting cotorsion pair (or equivalently,
the same tilting class) precisely when Add(T) = Add(7”), and in this situation
we call them equivalent. In fact, Add(T") determines the tilting cotorsion pair in
the sense that the class A consists precisely of modules admitting a finite Add(T)-

coresolution, T consists precisely of modules admitting an Add(7T)-resolution, and
we have Add(T) = AN T. We refer to [GT12, §13] for details.

2.5. A crucial result of Bazzoni-Herbera and Bazzoni-Stovicek [BH08, BS07] as-
serts that tilting cotorsion pairs coincide precisely with the cotorsion pairs of fi-
nite type. Assume findim(R) < oo. Then the cotorsion pair (+!(P/+1) P/+1)
of §2.3 is clearly the minimal cotorsion pair of finite type, where the ordering
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is given by inclusion of the second constituents. Therefore, Tmin = P/ is the
minimal tilting class with respect to inclusion. As discussed in §2.3, we have
Tnin = {M € Mod-R ‘ ridR(M) < 0}

Commutative noetherian rings. From now on, let R be a commutative noether-
ian ring. Let dim(R) denote its Krull dimension and Spec(R) its Zariski spectrum.

2.6. Given a cochain complex M, we define depthy(p, M) = inf RHomg(R/p, M)
and widthgr(p, M) = —sup(R/p ®% M). In the case (R, m, k) is local we simply
let depthp (M) = depthp(m, M) and widthg(M) = widthg(m, M), and as with all
similar invariants, we often omit the subscript if the ring is clear from context.
We let graden(M) = inf{i | Exth(M,R) # 0} and by convention grade(p) :=
grade(R/p) = depth(p, R) for p € Spec(R). One always has grade(p) < depth(R,) <
height(p) := dim(R,) and both the inequalities may fail to be equalities in general.
The equality depth(R,) = height(p) occurs precisely when the local ring R, is
Cohen-Macaulay. The equality grade(p) = depth(R,) holds for all p € Spec(R) if
and only if R is an almost Cohen-Macaulay ring, see [CFF02, Lemma 3.1].

2.7.  Angeleri-Hiigel, Pospisil, Stovitek, and Trlifa; [AHPST14, Theorem 4.2]| gave
a full classification of tilting cotorsion pairs over a commutative noetherian ring.
Here, we follow an exposition explained in [HNSQQ, Remark 5.10]. We call a function
f : Spec(R) — Z characteristic if the following hold:

(1) f is order-preserving, that is, f(p) < f(q) whenever p C q in Spec(R),

(2) we have 0 < f < grade,

(3) there is an n > 0 such that f < n (this condition is superfluous if dim(R) <

00).

Then there is a bijective correspondence between characteristic functions f on
Spec(R) and tilting cotorsion pairs (A,T) in Mod-R. Here, f is sent to (As, Tf)
with the tilting class Tf = {M € Mod-R | widthg(p, M) > f(p) Vp € Spec(R)}.
This correspondence restricts to one between tilting modules of projective dimen-
sion at most n (= n-tilting modules) and characteristic functions f with f <n.

2.8. By classical results of Bass [Bas62] and Raynaud-Gruson [RG71], Findim(R) =
dim(R), [RG71, Théoréme 3.2.6]. Assume now that dim(R) < co. Then any flat
R-module belongs to P [Jen70], [RG71, Corollaire 3.2.7], and therefore P coincides
with the class F of all modules of finite flat dimension. It follows that P can be
described as the class of all modules of flat dimension bounded by dim(R). In
symbols, we have Pyiyr) = P = F = Fgim(r)- Finally, R being noetherian ensures
that Fqim(r) is a definable class, that is, a subcategory of Mod-R closed under direct
limits, products, and pure submodules.

2.9. Let R be a commutative noetherian ring of finite Krull dimension. Among
the characteristic functions f : Spec(R) — Z there is always the maximal choice
of the grade function grade : p — gradeg(p). The corresponding tilting cotorsion
pair (Agrade; Tgrade) With Tgrade = {M € Mod-R | widthg(p, M) > grade(p) Vp €
Spec(R)} is therefore precisely the minimal tilting cotorsion pair (+*(Pf+1), PfL1).
In particular, we have using §2.5:

(2.1) Tarade = {M € Mod-R | ridg(M) < 0}.

By [CFF02, Proposition 5.3|, we can compute the small restricted injective dimen-
sion via the formula

(2.2) ridr(M) = sup{gradeg(p) — width(p, M) | p € Spec(R)},
which also implies (2.1) by comparing it directly with the classification §2.7.
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3. THE MINIMAL TILTING CLASS OVER A COHEN-MACAULAY RING

The aim of this section is to study the minimal tilting class T, under the
assumption that R is Cohen-Macaulay of finite Krull dimension. As discussed in
§2.6, this assumption ensures graderp = heightp, and so in view of §2.9 we have
Tmin = grade = Theight = {M € Mod-R | WidthR(p, M) > he|ght(p) Vp € Spec(R)}.

3.1. Introduced in [Cho76], the Chouinard invariant is defined as
Chr(M) = sup{depthR, — widthg, (M) | p € Spec(R)}.

Note that Chg(0) = —oco and Chgr(M) is always bounded above by dim(R). The
Chouinard invariant refines the injective dimension in the sense that one always has
Chr(M) < idr(M) and this becomes an equality whenever M is cohomologically
bounded and idg(M) < oo, see [Yas98§].

Even for R Cohen-Macaulay, one cannot expect the equality width(p, M) =
width(M,) to hold in general. Nevertheless, the two invariants we defined in terms
of these values coincide.

Proposition 3.1. Let R be a commutative noetherian ring of finite Krull dimen-
sion. For any cohomologically bounded complexr M we have

sup{height(p) — width(M,) | p € Spec(R)} =

= sup{height(p) — width(p, M) | p € Spec(R)}.
As a consequence, if R is in addition Cohen-Macaulay, then Chr(M) = ridr(M).

Proof. We always have widthg(p, M) < width(M},) [CFF02, Corollary 4.12] for any
p € Spec(R), and so the left-hand side is always smaller or equal to the right-hand
side. In order to show the other inequality, we will prove that TorZR (R/p,M) =0
whenever Tor®(k(p), M) = 0 by a backwards induction on dim(R/p). If dim(R/p) =
0 then p is a maximal ideal, so R/p = k(p), and there is nothing to prove. The
short exact sequence 0 — R/p — k(p) = L — 0 induces a piece of the long exact
sequence:
Torf 1 (L, M) — Tor{'(R/p, M) — Torl*(k(p), M).

For each g € V(p) \ {p}, we have height(q) > height(p) and dim(R/q) < dim(R/p),
and so the induction hypothesis applies and yields Torﬁ_l(R/ q,M) = 0. Since
Supp(L) C V(p) \ {p}, we have Torﬁl(L, M) = 0. Since TorzR(k(p), M) = 0 by the
assumption on M, we are done by the exact sequence above.

Now assume R is Cohen-Macaulay. Then we have grade(p) = depth(R,) =
height(p) for all p € Spec(R), and so the claim implies the left-hand side is equal to
Chgr(M) and the right-hand side to ridg(M), see (2.2). O

Remark 3.2. Proposition 3.1 can fail for a non-Cohen-Macaulay ring, and in fact
there is no inequality between Chgr and ridg in general.

By [CFF02, Corollary 5.9], if R is a local ring such that dim(R) > depthR + 1,
then there is a module M with idgr(M) = dim(R) — 1, so idg(M) = Chgr(M),
but ridg(M) < idg(M). On the other hand, it can also happen that Chr(M) <
ridg(M). Indeed, let (R,m) be a 1-dimensional local ring which is not Cohen-
Macaulay, and let M be an R-module satisfying Supp(M) = {m} and R/m@zr M =
0. One can always take M to be the first local cohomology module HL (R) of R, see
§3.3. Then Chgr(M) = depth(R) + sup(R/m ®% M) < 0, while ridr(M) is always
non-negative whenever M # 0.

Similarly, it can happen that Chg(M) # Ridr(M), see [CFF02, Remark 5.12].

Combining (2.1) with Proposition 3.1, the minimal tilting class Theight can be
described using the Chouinard invariant.
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Corollary 3.3. Let R be a Cohen-Macaulay ring of finite Krull dimension. We
have Theight = {M € Mod-R | Chgr(M) < 0}.

3.2.  The tilting module inducing the minimal tilting class Theight has been explicitly
constructed in [ANS22]. Let RT', : D(R) — D(R) denote the local cohomology
functor associated to the support V(p) C Spec(R). For each prime ideal p let us
fix the notation T'(p) = ngight(p)(Rp); here we use the standard symbol Hy (M) =
H'RI', (M) for the i-th local cohomology at p. Recall that T'(p) is isomorphic to
RI', R, height(p)] in D(R) when R is Cohen-Macaulay, see e.g. [ILLT22, Theorem
10.35].

Theorem 3.4. [HNSQQ, Corollary 4.9, Remark 2.7] Let R be a Cohen-Macaulay
ring of finite Krull dimension. The module Theight = @pGSpec(R) T(p) is a tilting
module inducing the minimal tilting cotorsion pair (Aneight, Theight) -

Remark 3.5. Let E(R/p) denote the indecomposable injective over p € Spec(R).
Then we have T'(p) = E(R/p) if and only if R, is a Gorenstein ring. Therefore,
if R is (locally) Gorenstein then Theight = €Dyespec(r) £(L/P), recovering [AH13,
Example 5.7]. In this case, it is known that Theignt is precisely the class GJyp of
Gorenstein injective R-modules and Apeight = P [BH09, Example 9.3].

If R is not Gorenstein, then it is more difficult to check that @, cgpec(r) T'(P)
is a tilting module. The main problem is to check the self-orthogonality condition
(T2) of §2.4 here, which is trivial in the Gorenstein case. This was done in a larger
generality in [HNS22, Theorem 1.1], see [HNSQQ, Remark 4.11] for the Cohen-
Macaulay case relevant for us. We remark that if R admits a dualizing module,
then checking condition (T2) can be reduced to Ext-orthogonality of injectives using
the infinite completion of Grothendieck duality due to Iyengar and Krause [IK06],
this is explained in [HNSQQ, §3]. In the absence of a dualizing module, a more
technical proof is required [HNSQQ, §4], although the most difficult argument using
transfinite cofiltrations can be skipped under the assumption of dim(R) < cc.

3.3. Canonical filtration. Our first step is to prove a deconstruction result for
modules in Theight Which extends the canonical filtrations of Gorenstein injectives
over Gorenstein rings due to Enochs and Huang [EH11]. Here, R is assumed to be
a Cohen-Macaulay ring of finite Krull dimension.

Lemma 3.6. If M € Theight then Torl (T(p), M) = 0 whenever i # height(p) for all
p € Spec(R).

Proof. Since T'(p) is an Ry-module supported on {pR,}, it is filtered by copies
of k(p), and thus we have the vanishing Tor*(T'(p), M) = 0 for all i < height(p)
by Corollary 3.3. Since T'(p) is an R,-module of finite flat dimension, we have
devT(p) < dim(R,) = height(p), see §2.8. As TorZR(T(p),M) = Torf" (T(p), My),
we obtain the vanishing for ¢ > height(p). O

Lemma 3.7. For any M € Theight, R, (M) is isomorphic in D(R) to an R-module
M(p) € Theight'

Proof. By Lemma 3.6, RI',(M,) = T(p)[—height(p)] ®% M is isomorphic in D(R)
to an R-module M (p) in D(R), it remains to show that M(p) € T. This follows
from Corollary 3.3, because M (p) ®% k(q) 2 M @& RT, R, ®% k(q) is equal to zero
if q # p or to M ®@% k(p) if ¢ = p, and so Tor*(k(p), M (p)) = 0 for any i < height(p)
using M € 7. O

Let W C Spec(R) be a specialization closed subset, then the local cohomology
with support on W is the right derived functor RI'y/ (X) : D(R) — D(R) of the
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torsion functor I'yy : Mod-R — Mod-R with respect to the hereditary torsion class
{M € Mod-R | Supp(M) C W}. It follows that RT'yy is the Bousfield localization
functor away from the localizing subcategory {X € D(R) | supp(M) C W}, where
supp(M) = {p € Spec(R) | k(p) ®% M # 0} is the cohomological support. If
W1 C Wy are two specialization closed subset then there is a canonical triangle for
any X € D(R): R['w, X — Ry, X — X' -5, where supp(X’) C Wy \ W;. Now
assume that dim(Wy \ W7) < 0, or in other words, there are no p,q € Wy \ W; such
that p C q. Then it follows that the object X’ from the triangle above is of the
form X" = @,y \w, Ry Xp. For details, see e.g. [HNS22, Remark 4.2].

Theorem 3.8. Let R be a Cohen-Macaulay ring of finite Krull dimension d. Any
module M € Theight admits a filtration 0 = Mgy1 C Mg C Mg_1 C Myg_o C --- C
My = M such that M;/M;, is isomorphic to a direct sum peigne(p)=i M (), where

M(p) are the p-torsion and p-local modules belonging to Theighe of Lemma 5.7.

Proof. Let Wy, = {p € Spec(R) | height(p) > k}. We prove by a backward induction
on k=d,d—1,...,0 that R['w, M is (quasi- isomorphic to) a module admitting
a filtration 0 = d+1 - Md - Md 1 C Md 7 C ... C Mk = RFWkM such that
M; /M, is isomorphic to a direct sum ®p65pec(R),helght(p):i M(p).

If £ = d, then RI'y,, M is supported only on maximal ideals and thus already
RIw, M = D, cspec(r) height(p)—a M (p). In the induction step, consider the triangle

RFW,c oM — RI'w, M — M’ + As explained in the paragraph above, we have

= @Dy height(p)=r RIp My = @p height(p)—k M (). Then all three components
of the triangle are modules, thus the triangle is in fact induced by a short exact
sequence of modules, which finishes the induction. O

Remark 3.9. If R is a Gorenstein ring then Theorem 3.8 recovers the canonical
filtration of Gorenstein injectives result of Enochs and Huang [EH11, Theorem 3.1].

3.4. Product-completeness of T'.
Proposition 3.10. We have Aneight N Theight = Add(T') is equal to P N Theight-

PT’OOf. Since Add(Theight) = 'Aheight N ‘Theight (see §24) and Aheight g fP, clearly
Add(Theight) € P N Theight- For the other inclusion, let M € P N Theight, and we
need to show that M € Apegne. Recall that Apeghe is closed under coproducts
and extensions. Since M € P, also M(p) € P because M(p) = M ®@% RI,R,
and RT', R, is isomorphic in D(R) to a bounded complex of flat modules. Then
M(p) € PN Theight by Lemma 3.7. By the existence of the canonical filtration of
Theorem 3.8 and the above discussed closure properties of Aheight, We can without
loss of generality assume that M = M (p) for some p € Spec(R), or in other words,
M = RI',M, in D(R).

Since M € P, M is of finite projective dimension also as an Rp-module, and there
is a resolution 0 — P—height(p) _, p—height(p)+1 _y ... PO 4 A — 0 of length
height(p) where P’ is a projective Rp-module for each i = —height(p), —height(p) +

, ,0. Applying — ®z T(p) to the truncated resolution, we obtain a complex
N —height(p) _, y—height(p)+1 ... 5 NO where N' = P'@g T (p) € Add(Theight)- By
Lemma 3.6, this complex is exact in all degrees i apart from ¢ = —height(p), and
the cohomology in degree —height(p) is isomorphic to

Torheighe(p) (T(p), M) = H™ ") (T (p) @ M) = HO(RT, (M,)) = M(p) = M.

We showed that M has a finite coresolution by modules from Add(Theight)7 and
therefore M belongs to Aneight by [GT12, Proposition 13.13]. O
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3.5. For a reference about concepts from the theory of purity used in what follows,
we refer the reader to [Pre09] or [GT12]. A module M is called product-complete
if Add(M) is closed under products.

Proposition 3.11. Let M be a product-complete module. Then:
(i) M is X-pure-injective, that is, any module in Add(M) is pure-injective,
(i) Add(M) = Prod(M).
If T is a tilting module inducing a cotorsion pair (A,T) then the following are
equivalent:
(1) T is product-complete,
(2) A is definable,
(8) Add(T) is definable.

Proof. (i): Follows directly from [GT12, Lemma 2.32(c)].

(#3) : By the definition, Prod(M) C Add(M). For any set X consider the natural
map M) — MX. This is a pure monomorphism, and so this map splits by (7).
This shows Add(M) C Prod(M).

The equivalence of (1) and (2) for a tilting module T is proved in [GT12, Propo-
sition 13.56]. Since Add(T) = AN T and T is definable [GT12, Corollary 13.42],
(2) = (3). On the other hand, (3) implies that Add(7") is closed under products,
which amounts to (1). O

Corollary 3.12. The module Theight is product-complete, and thus both Add(Theight)
and Aneight are definable subcategories of Mod-R. As a consequence, Theight 15 an
enveloping class (see [GT12, §5]).

Proof. By Proposition 3.10, Add(Theight) is an intersection of two definable subcat-
egories P and Theight, and thus it is itself definable. The rest follows from Proposi-
tion 3.11 and [GT12, Theorem 7.2.6]. O

3.6. Finite type of P.

Lemma 3.13. Let (X,Y) be a complete hereditary cotorsion pair and Z a class of
modules closed under extensions such that X CZ and XNY =2ZNY. Then X = Z.

Proof. Let Z € Z and consider the exact sequence 0 — Z — Y% — X% — 0 which
exists by completeness of the cotorsion pair. Then YZ € Y, and by the assumptions,
also YZ € Z. Tt follows that Y# € X. Since the cotorsion pair is hereditary, X is
closed under kernels of epimorphisms and so Z € X. O

Theorem 3.14. Let R be a commutative noetherian ring of finite Krull dimension.
The following are equivalent:

(i) R is Cohen-Macaulay,
(ii) the cotorsion pair (P, PL1) is of finite type.

Proof. (i) == (i) : This follows directly from Proposition 3.10 and Lemma 3.13
applied to the cotorsion pair (Aneight, Theight) and P.

(i4) = (i) : Notice first that if (i¢) is true for R, then the same also applies to
each local ring Ry,. Indeed, any R,-module of finite projective dimension is of the
form M ®pg R, for some M & P, this is because any R,-module of finite projective
dimension is necessarily of finite projective dimension also as an R-module, see
§2.8. Recall from §2.3 that (i%) is equivalent to any M € P being a direct summand
in a P/-filtered module. Assume first that M = |J_., M, is an expression of M
as a filtration of modules from P/, that is: (M, | a < )) is a continuous chain
of submodules of M such that M,1/M, € P/ for each ordinal o« < A, My = 0,
and My = M. Then tensoring this chain with R, yields the desired filtration of
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M ®gr R, by modules from mod-R; of finite projective dimension. It follows that
any Ry-module of finite projective dimension is a direct summand in a module
admitting such a filtration.

By the previous paragraph, we may assume that R is a local ring. Then we have
findim(R) = depth(R) by the Auslander-Buchsbaum formula [ILL"22, Theorem
8.13]. By definition, R not being Cohen-Macaulay amounts to depth(R) < dim(R),
and so any module which is a direct summand of a P/-filtered module is of projective
dimension strictly smaller then dim(R). On the other hand, by [Bas62, Proposition
5.4] there is M € P with pdgp(M) = dim(R), which yields a contradiction with
(it). O
Remark 3.15. Apart from the Gorenstein case, the implication (i) = (i¢) of
Theorem 3.14 was also known to hold for Cohen-Macaulay rings of Krull dimension
one. This is a particular case of results about the finite type of modules of projective
dimension at most one studied in [BH09] by Bazzoni and Herbera; see [BH09,
Theorem 8.4] in particular.

The following is the injective counterpart of an analogous statement proved in
[CFF02, Theorem 5.22| for the notions of restricted projective dimensions.

Corollary 3.16. Let R be a commutative noetherian ring of finite Krull dimension.
The following are equivalent:
(i) Ridgr(M) = ridr(M) for any cohomologically bounded R-complex M,
(i) Ridr(M) = ridr(M) for any R-module M,
(i1i) R is Cohen-Macaulay.

Proof. Follows directly from Theorem 3.14 and Lemma 2.1. (|

3.7. Existence and uniqueness of product-complete tilting modules. We
will show that the tilting module Theight is, up to equivalence, the unique product-
complete tilting module.

Lemma 3.17. Let T be a product-complete tilting module and q € Spec(R) a prime
ideal. Then Ty is a product-complete tilting module in Mod-R,.

Proof. By Proposition 3.11, Add(T) is a definable subcategory of Mod-R, and there-
fore it is closed under direct limits. It follows that Add(Ty) is a full subcategory of
Add(T). In fact, Add(Ty) = Add(T") N Mod-R,. Indeed, if M is an Rg-module in
Add(T'), then M = M ®p R4 belongs to Add(T}). Since both Add(T) and Mod-R,
are closed under products in Mod-R, it follows that Add(7}) is closed under products
in Mod-R, and thus in Mod-R; as well. O

Theorem 3.18. Let R be a commutative noetherian ring. The following are equiv-
alent:

(i) R is Cohen-Macaulay of finite Krull dimension,
(i) there is a product-complete tilting module T in Mod-R.

Furthermore, if these conditions are satisfied, then T is equivalent to the height
tilting module Theight as tilting modules.

Proof. The implication (i) = (i) is Corollary 3.12.

Let f : Spec(R) — Z be the characteristic function corresponding to the tilting
class T+ as in §2.7. Then 0 < f < grade. We claim that f = height. Note that this
already implies that R is Cohen-Macaulay, because then height = f < grade < height
and so height = grade.

To show this, let m be the minimal among prime ideals such that f restricted
to Spec(Rum) is not the height function on Spec(Rn). Using Lemma 3.17, this
reduces the question to (R, m) being a local ring and f(p) = height(p) for all prime
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ideals p apart from the maximal ideal m. The claim is trivial if dim(R) = 0. If
dim(R) = 1 then f(p) = 0 for all p € Spec(R), and so T is a projective generator.
Since T is product-complete, R is artinian, a contradiction. If dim(R) = 2, then
f(p) = 0 for any minimal prime p € Spec(R) and f(p) = 1 otherwise. Therefore, T
is a 1-tilting module, that is, pdpT = 1 (see §2.7). Since T is product-complete,
its induced tilting class is enveloping in Mod-R (see Corollary 3.12). Therefore,
[BLG22, Theorem 8.7] implies that R/p is artinian for any p non-minimal. This is
a contradiction with dim(R) = 2.

Assume finally that dim(R) > 2 and put & = dim(R) — 2. Let I be any ideal
of R generated by a regular sequence of length k. Then any prime ideal in V(1)
has height at least k. By the description §2.7, we have Tor!*(R/I,T) = 0 for all
i < k. Since pdr(R/I) = k and height(I) = k, it follows that the cohomology of
T ®% R/I vanishes outside of degree —k. By [BHM22, Theorem 4.2], T ®% R/T is
a silting object in D(R/I), and therefore T ®% R/I[—Fk] is isomorphic in D(R/I) to
a tilting R/I-module T = Tory(R/I,T), see [HNS22, Remark 2.7].

Since R/I is a finitely generated R-module, the functor Tori(R/I, —) preserves
products and restricts to a functor Add(7) — Add(T). Let us show that T is
product-complete. For that, it is enough to show that for any collection of cardinals

Ai,i € I, the product [],.; T belongs to Add(T'). Since T is product-complete,
the R-module [];.; 7™ belongs to Add(T'). But since Tort (R/1, [Lic; TO) =

[Licr Torf (R/I,T)*) = HiGIT(Ai), the claim follows. The characteristic function
f corresponding to the tilting R/I-module T can be computed as f(q) = f(q) — k
for any g € Spec(R/I), where q € Spec(R) is the unique prime such that q € V(1)
and q/I = g, see [BHM22, Theorem 5.7]. It follows that f values to 1 on every non-
minimal prime ideal of Spec(R/I). The same proof as above applied to the 1-tilting
R/I-module T shows that dim(R/I) < 1, but at the same time dim(R/I) = 2 by
the choice of I (see [Sta, Lemma 10.60.14]), a contradiction.

We proved that f = height. Since f is characteristic, it is bounded above, and
therefore dim(R) < oo. Finally, T' is equivalent to Theight by §2.7. O

4. COHEN-MACAULAY HOM INJECTIVE DIMENSION

A module over R is said to be Gorenstein injective if it is a cocycle in an acyclic
complex of injective modules @ such that Homg(E, Q) is acyclic for any injective
module F. A module is Gorenstein flat if it is a cocycle in an acyclic complex F
of flat modules such that I ® g F' is acyclic for any injective module I. We denote
by Gidgr and Gfdg the Gorenstein injective and flat dimension of R-modules or R-
complexes, see e.g. [CKL17]. For n > 0, we let §J,, = {M € Mod-R | Gidr(M) <
n}, and §F,, = {M € Mod-R | Gfdg(M) < n}. A local ring (R, m, k) is Gorenstein
if and only if Gidgr(k) < oo if and only if Mod-R = GJ4im(r), and the same is true
for the Gorenstein flat dimension. This extends the classical fact that a local ring
R is regular if and only if idr(k) < oo if and only if Mod-R = J4im(r). See [Chr00,
85, §6] for details about Gorenstein injective and flat dimensions.

There are notions of Cohen-Macaulay injective dimensions available in the lit-
erature which aim to extend the above situation to Cohen-Macaulay rings. Holm-
Jorgensen in [HJ07] introduced the following version of Cohen-Macaulay injective
dimension. Recall that a finitely generated module C' is called semidualizing if the
homothety map R — RHompg(C, () is an isomorphism. If in addition idgC < oo,
we call C' a dualizing module. Recall that if R admits a dualizing module then it
is Cohen-Macaulay of finite Krull dimension [Sta, 0AWS], but the converse is not
true, e.g. [FR70, Proposition 3.1] or [Nis12, Example 6.1]. We denote by R x C
the trivial extension of R by C, which is a module-finite commutative R-algebra.
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Then the Cohen-Macaulay injective dimension in the sense of [HJ07] is defined as
CMidg(M) = inf{Gidrxc(M) | C a semidualizing R-module}.

This notion satisfies several desiderata. By [SSY20, Corollary 4.10, 4.15], we
always have the inequalities Chr(M) < CMidg(M) < Gidr(M) < idr(M) for any
module M. Furthermore, if any of these values is finite, then it is equal to all of the
values to its left [Cho76], [CSW10], [SSY20, Lemma 4.14]. The value CMidg (M)
is finite for all R-modules M if and only if R (is Cohen-Macaulay and) admits
a dualizing module [HJ07, Theorem 5.1]. Combined with Corollary 3.3 this yields
immediately that the minimal tilting class consists precisely of the Cohen-Macaulay
injective R-modules in this case.

Corollary 4.1. Let R be a Cohen-Macaulay ring admitting a dualizing module.
Then Theight = {M € Mod-R | CMidg(M) < 0}.

To be able to cover cases in which a dualizing module is absent, a different
definition of Cohen-Macaulay dimensions is necessary. The following is recently
due to Sahandi, Sharif, and Yassemi [SSY20], advancing the original approach of
Gerko [Ger01] for CM-dimension of finitely generated modules. A CM-deformation
is a surjective local ring morphism @ — S such that grade,(S) = Gfdg(S). Note
that we always have grade,(S) < Gfdg(S) (|Ger01, p. 1168]) and that gradey(S)
is always a finite value. A CM-quasi-deformation is a diagram R — S + @ of
local ring morphisms such that R — S is flat and @ — S is a CM-deformation. A
typical example of such a diagram if R is local Cohen-Macaulay is R — R+ Rxw B

where R — R is the completion map and wg is a dualizing module over ﬁ, which

always exists by the Cohen structure theorem [Mat89, Theorem 29.4(ii)]. Note that

for this particular CM-quasi-deformation, gradeg, = (R) = 0, [Ger01, Lemma 3.6].
R

The Cohen-Macaulay injective dimension in the sense of [SSY20] is defined as

CM,id (M) =

= inf{Gidg(M ®g S) — Gfdg(S) | R = S + @ is a CM-quasi-deformation}.
This notion always satisfies CM,idr(M) < Gidg(M) and indeed, that CM,idg (M)
is finite for all modules if and only if R is Cohen-Macaulay [SSY20, Theorem 3.4].
However, other desiderata are shown in [SSY20] only for M with finitely generated
cohomology. In an attempt to remedy this, we suggest the following definition.

Definition 4.2. For a local ring R and any R-complex M the Cohen-Macaulay Hom
injective dimension is defined as follows:

CMjomid g (M) =

— inf {GidQ(RHomR(S, M)) = Gidg(s)| o« isa } .

CM-quasi-deformation

When R is not local, we extend the definition by setting
CMuomid g (M) = sup{CMuomidg (M) | m maximal ideal}.

Remark 4.3. Our modified definition Definition 4.2 takes the same approach as
the recent work of Sather-Wagstaff and Totushek [SWT21] on complete intersec-
tion Hom injective dimension: We replaced the coefficient extension — ®p S with
respect to the flat morphism R — S by the derived coefficient coextension functor
RHompg(S, —). The intuition here is rather straightforward: While — ®p S does
not preserve even the ordinary injective dimension, RHompg(S, —) preserves and
reflects both injective [CK16] and Gorenstein injective dimensions [CSW10], see
also Remark 4.16.
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Similarly as the Cohen-Macaulay flat dimension in [SSY20, Proposition 3.13],
our definition stays the same when we restrict to a special type of CM-quasi-
deformations. Note that unlike in the case of CM,idg in [SSY20, Proposition 3.12],
we do not need to restrict to finitely generated modules here. Recall that if (R, m, k)
is a local ring, the closed fibre of a local morphism R — S is the ring S ®p k.

Lemma 4.4. Let (R, m) be a local ring. For any cohomologically bounded complex
M, we have:
CMuyomidg (M) =
R—>S+Qisa
CM-quasi-deformation
such that the closed fibre of
R — S is artinian

Proof. Let R — S + @ be a CM-quasi-deformation such that CMyomidg(M) =
Gidg(RHomg(S, M))—Gfdg(S). Let B € Spec(S) be minimal such that PR = m,
and let 8 € Spec(Q) be the unique prime lying over ¢ € Spec(S). Now R — Sg
Qg is a CM-quasi-deformation with R — Sg. Indeed, observe that Sz = 5 ®¢q Qg
implies Gfdg,, S < Gfdg(S) and gradey, (Sg) > gradey(S). Since @ — S is a
CM-deformation, we have

(4.1) Gfdg,, Si < Gfdq(S) = gradeq (5) < gradeq,, (S5) < Gfdg,, Sg-

Similarly, it follows that RHom (S5, M) = RHomg(Qg, RHomg(S, M)), and
thus we get Gidg,, RHompg(Sg, M) < Gidg(RHomp(S, M)) using [CSW10, Theo-
rem 1.7|. Together with the previous paragraph, we have Gidg,, RHompg(Sg, M) —
gradeg, (Sg) < Gidg(RHompg(S, M)) — gradeg(S) = CMuomidg (M), and there-
fore CMpomidr(M) attains its value also when computed using the CM-quasi-
deformation R — Sy < Qp. By the choice of P, R — Sy has an artinian
closed fibre. O

= inf GidQ(RHomR(S, M)) - GfdQ(S)

Remark 4.5. Let R — S be a flat local morphism with an artinian closed fibre (in
fact, Cohen-Macaulay closed fibre is enough). Then R is Cohen-Macaulay if and
only if S is Cohen-Macaulay, see [Mat89, p. 181, Corollary]|.

Let us check that our definition still characterizes Cohen-Macaulay rings.

Proposition 4.6. The following are equivalent for a commutative noetherian ring:

(i) R is Cohen-Macaulay,
(1) CMyomidg,, (Mwm) < oo for all mazimal ideals m and all cohomologically
bounded R-complexes M,
(iii) CMpomidg, (M) < oo for all mazimal ideals m and all R-modules M,
() CMyomidg,, (k(m)) < oo for all mazimal ideals m.

Proof. Since Cohen-Macaulay-ness is checked on the stalks Ry, for maximal ideals
m, the statement reduces to the case of a local ring (R, m, k).

(i) — (id): Since R is Cohen-Macaulay, so is R, and therefore there is a CM-
quasi-deformation of the form R — R« Q@ with @ regular (see [Ger0l, Theo-
rem 3.9]). We have pd Rﬁ < o0 (§2.8), and so for any cohomologically bounded
M, RHom R(ﬁ, M) has bounded cohomology. Since @ is regular, we have that
CMuomid g (M) < Gidg RHom (R, M) = idg RHom g (R, M) < oo.

(#4) — (i4¢): Trivial.

(#i1) — (dv): Trivial.

(iv) — (i): By the assumption, there is a CM-quasi-deformation R — S <+ @
with R — S such that Gidg(RHomg(S,k)) < oco. If E(k) denotes the minimal
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injective cogenerator of Mod-R, we have k = Homg(k, E(k)). It follows that
RHompg (S, k) = Homg(S,k) = Hompg(S ®gr k,E(k)). Using [Hol04, Theorem
3.6], we get Gfdg(S ®g k) < co. Let K be the residue field of S, and note that
K = kX as R-modules for some set X. Then we also have Gfdg(S @ K) =
Gfdg((S ®@p k)X)) < cc.

Consider the canonical map i : K — S @ K obtained as i = (R — S) ®r K.
Since R — S is a pure monomorphism in Mod-R (see [Sta, Lemma 35.4.8]), ¢ is a
monomorphism in Mod-K, and thus it splits. Therefore, we have Gfdg(K) < occ.
Since K is also the residue field of @, it follows that @) is a Gorenstein ring by
[Mas00, Theorem 17|, and then R is Cohen-Macaulay by the same argument as in
[SSY20, Theorem 3.4]. O

Lemma 4.7. Let Q — S be a CM-deformation. For any cohomologically bounded
S-complex M we have Chg(M) — Gfdg(S) = Chg(M).

Proof. The inequality Chg(M) — Gfdg(S) > Chg(M) is proven in [SSY20, Propo-
sition 4.8]. The other inequality actually also follows from the same proof. Indeed,
let q € Spec(Q) be such that Chg (M) = depth(Qq) —widthg, (My). Clearly, we can
choose q € Supp(M) C Supp(S), and let § € Spec(S) be the unique prime whose
inverse image is q. The same computation as in the proof of [SSY20, Proposition
4.8] shows that

Chg(M) = depth(Qq) — widthg, (M,) =
— depthg, (Sq) + Gfdg, (Sq) — widthg, (M,) =
= depth(Sg) — widthg (Mg) + Gfdg, (S3) =
= depth(S3) — widthgs_(Mg) + Gfdg(S) < Chg(M) + Gfdg(S).

We remark that, as in the proof of loc. cit., the second equality follows from the
Auslander-Bridger formula [AB69, Theorem 4.13], the third equality follows from
surjectivity of Q4 — Sy and [Iye99, Proposition 5.2(1)] (and its version for width,
cf. [FI03, §4]), while the fourth equality is (4.1). O

Lemma 4.8. Let R be a local ring and M a cohomologically bounded R-complex.
Then:
CMuomid (M) = inf {ChS(RHomR(S, M) R — S + @Q a CM-quasi-deformation } .

with Gidg(RHompg(S, M)) < oo

If CMyomidg (M) < oo, the infimum is attained at any CM-quasi-deformation R —
S < Q such that CMyomidg (M) = Gidg(RHompg(S, M)) — Gfdg(S).

Proof. Let R — S < @ be a CM-quasi-deformation with Gidg(RHomg(S, M)) <
00. Then Gidg(RHomg(S, M)) = Chg(RHomg(S, M)) by [CSW10, Theorem CJ.
By Lemma 4.7, we have Chg(RHompg(S, M)) — Gfdg(S) = Chg(RHomg(S, M)). It
follows that CMpomidg (M) < Chg(RHompg(S, M)).

The second claim follows since for such a CM-quasi-deformation R — S < @
we have CMyomidg(M) = Chg(RHompg(S, M)) by the previous computation. O

Lemma 4.9. Let R be a local ring. For any cohomologically bounded R-complex M,
we have the inequality CMuomidg (M) < CMidg(M). Furthermore, if CMidg(M) <
oo then Chr(M) = CMypyomidg(M) = CMidr(M).

Proof. Let C be a semidualizing module such that CMidg(M) = GidgxcM. By
[Ger01, Lemma 3.6], R — R < RxC is a CM-quasi-deformation. By the definition,
we thus have CMyomid (M) < Gidpxe M = CMidg(M).

Now assume that Gidgxc (M) < co. By [SSY20, Lemma 4.14], we get CMidg(M) =
Gidgwo(M) = Chg(M). Let R — S be a flat local morphism. Then C ®p S is
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a semidualizing S-module [FSWO07, Theorem 4.5 and R x C — (R X C) ®p S =
S x (C®pgS) is a flat local morphism. Since

RHomg (S, M) =2 RHomgyc((Rx C) ®gr S, M),
it follows by [CSW10, Theorem 1.7] that
GidpxcM = Gid(grxc)n s RHomg (S, M).
Using [SSY20, Lemma 4.14| again, we get
Gid(rx )@ rs RHomg(S, M) = Gidgy (0w ,5) RHomg(S, M) = Chg(RHompg(S, M)).

In conclusion, Chr(M) = Chg(RHompg(S, M)) for all flat local morphisms R —
S. Choose a CM-quasi-deformation R — S <« @ such that CMpemidg(M) =
Chs(RHompg(S, M)) using Lemma 4.8 and that CMpomidg(M) < CMidr(M) < oo,
and then we obtain CMidg(M) = Chr(M) = CMpomidg(M). O

Remark 4.10. It is not clear to us whether Lemma 4.9 generalizes for non-local
rings. The problem is that we do not know if the Holm-Jgrgensen dimension CMid
always satisfies the local-global principle.

Question 4.11. Does the refinement property
CMyomidg(M) < 0o = CMyomidg(M) = Chr(M)

hold for any commutative noetherian ring R? In what follows, we are able to show
this if R is Cohen-Macaulay.

Lemma 4.12. Let R be a commutative noetherian ring of finite Krull dimension.
Let R — S be a faithfully flat Ting homomorphism. Then for any cohomologically
bounded R-complex M, we get an equality Rids(RHomg (S, M)) = Ridg(M) and an
inequality ridg(RHomg(S, M)) > ridg(M).

If R is Cohen-Macaulay then we have rids(RHompg(S, M)) = ridp(M).

If both R and S are Cohen-Macaulay then we have Chg(RHompg(S,M)) =
Chr(M).

Proof. By the projective descent of Raynaud and Gruson [RG71, Second partie|, we
have pdz N < oo if and only if pdg N ®r .S < oo for any R-module N. Since pdpS <
00, we also have pdg(L) < oo if and only if pdz(L) < oo for any S-module L. The
latter property together with the adjunction formula RHomg (L, RHomg (S, M)) =
RHomp (L, M)) yields Ridg(RHomz(S, M)) < Ridg(M).

For the other inequality, let N € P be an R-module such that we have n =
sup RHomp(N, M) = Ridr(M). We first claim that sup RHomp(N ®@r S, M) =
Ridr(M). Recall e.g. from [Sta, Lemma 35.4.8] that the exact sequence

(4.2) 0—-R—>S—S/R—=0

is pure, and then all of its components are flat R-modules. Applying Homp gy (N ®L
—, M) to (4.2), we obtain an exact sequence Extx(N ®g S, M) — Exti(N, M) —
Ext;t (N ®@r S/R,M). Since S/R is flat, N ®@g S/R € P (see §2.8), and so
Ext;t (N ®p S/R, M) = 0 by the assumption. Therefore Exts(N @g S, M) # 0
and the claim follows. Next, by adjunction we have RHomg(N ®pr S, M) =
RHomg(N ®g S, RHomg(S, M)), and thus it follows that Rids(RHompg(S, M)) >
Ridr(M).

The argument of the previous paragraph applied for N € P/ shows also the
inequality ridg(RHompg(S, M)) > ridg(M). If R is Cohen-Macaulay, we have using
Corollary 3.16 and the above that ridg(M) = Ridr(M) = Ridg(RHompg(S, M)) >
rids(RHomg(S, M)). The final claim follows from the previous one and Proposi-
tion 3.1. ]
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Proposition 4.13. Let R be a Cohen-Macaulay ring. For any cohomologically
bounded R-complex we have Chr(M) = CMyomidg(M) = ridg (M) = Ridg(M).

Proof. The claim Chgr(M) = CMyomidr(M) clearly reduces to R local. We have
CMyomidg (M) < oo by Proposition 4.6. In view of Lemma 4.4 and Lemma 4.8,
there is a CM-quasi-deformation R — S + @ with R — S having artinian closed
fibre and such that CMuyemidg(M) = Chg(RHomg(S, M)). Since both R and S are
Cohen-Macaulay by Remark 4.5, we further have Chg(RHompg(S, M)) = Chg(M)
by Lemma 4.12. Finally, Chg(M) = ridg(M) = Ridg(M) by Proposition 3.1
and Corollary 3.16. O

For convenience, let us denote CMJy = {M € Mod-R | CMyemidg (M) < 0}.

Corollary 4.14. If R is Cohen-Macaulay of finite Krull dimension then Theight =
CMIy. In particular, there is a cotorsion pair (P,CMIy) and the class CMIy is
definable and enveloping.

Proof. Combine Proposition 4.13 and Corollary 3.3. The second claim follows from
Corollary 3.12 and Theorem 3.14. O

In the following proposition, we gather some further good properties of CMyomid
over a Cohen-Macaulay ring analogous to those enjoyed by Gid over a Gorenstein
ring.

Proposition 4.15. Let R be a Cohen-Macaulay ring. Then:
(i) CMuomidr(M) < dim(R) for any R-module M,

(i) We have CMuyomidg(M,) = CMHomidRp(Mp) < CMuyomidr (M) for any co-
homologically bounded complex M and any p € Spec(R).

(ii) Let R — S be a flat local morphism with a Cohen-Macaulay closed fibre.
Then CMpyomidg (M) = CMuomidg(RHomg (S, M)) for any cohomologically
bounded complex M.

(iv) Let R be a local Cohen-Macaulay ring. Then we have CMuyomidg(M) =
CI\/IidE(RHomR(ﬁ7 M) for any cohomologically bounded R-complex M.

(v) If R is local and M # 0 is finitely generated R-module then CMpomidg(M) =
depth(R).

(vi) If R is local, we have CMyomidg (M) = CMidg (M) for any R-module M or
any cohomologically bounded R-complez if and only if R admits a dualizing
module.

Proof. (i): By Proposition 4.13, we have CMyomidr(M) = Chgr(M) < dim(R).

(i1): Observe that Theight N Mod-R,, is the minimal tilting class in Mod-R,,, and
80 Theight N Mod-R, = {M € Mod-R,, | CMHomidRp(M) < 0}. It follows directly
from the fact that Theight is a definable subcategory that CMpomidg(M) <0 =
CMHomidRp(Mp) <0 <= CMyomidr(M,) < 0. Since CMpomid = rid for both R
and R, by Proposition 4.13, it can be computed by taking Theight-coresolutions (see
§2.3), and the claim follows.

(4i1) : By Proposition 4.13, Lemma 4.12, and Remark 4.5, we have CMyomidg(M) =
ChR(M) = ChS(RHomR(S, M)) = CMHomidS(RHomR(S, M))

(tv) : By (iii), we have CMpomidg(M) = CMHomidﬁ(RHomR(ﬁ, M)). The equal-
ity of CMidE(RHomR(E, M)) with CMHomidﬁ(RHomR(ITI7 M)) follows from (vi),
because R admits a dualizing module.

(v) : By Proposition 4.13, CMpyemidg(M) = ridg(M), and then ridg(M) =
depth(R) by [CFF02, Corollary 5.5].

(vi): Recall from Proposition 4.6 that CMpemidgr(M) < oo for any M. By
[HJO7, Theorem 5.1], CMidgr(M) < oo for every M if and only if R admits a
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dualizing module. Finally by Lemma 4.9, CMpomidg(M) = CMidg(M) if and only
if CMidr(M) < cc. O

Remark 4.16. Proposition 4.15(vi) gives a formula for computing CMyomidg (M)
over a local Cohen-Macaulay ring. Indeed, combined with [SSY20, Lemma 4.14],
we see that CMuyomidg(M) = CMid}?{(RHomR(E7 M)) = Gidl,gbm)ﬁ(RHomR(}AE7 M)).

An analogous formula fails to hold for the notion CM,id of Cohen-Macaulay
injective dimension from [SSY20]. Let R be a local Cohen-Macaulay ring such
that there is a formal fibre R ®p k(p) for some p € Spec(R) with Krull dimension
dim(R ®g k(p)) > 0; such examples are abundant, see e.g. [Rot91]. We consider
Spec(R @ k(p)) naturally embedded into Spec(R) and for a P € Spec(R®g k(p)),
the residue field k(P) = Em/mﬁm is a k(p)-module, so that as an R-module
we have k(B) is isomorphic to a coproduct of copies of k(p). It follows that

widths (T(p) @ R) = —sup(k(P) @F T(p) @r R) = —sup(k(R) &F T(p)) =
—sup(k(p) @% T'(p)) = widthg, (T'(p)). Choosing B as any non-minimal element of
Spec(R ®p k(p)), we get Chy(T(p)) @r R > depth(Ry) — widthy (T(p) @r R) =
depth(ﬁqg) — widthg, (T'(p)) > height(P) — height(p) > 0.

~

Since R is Cohen-Macaulay with a dualizing module, we have Chz(7'(p) ®r ﬁ) =
CM.id5(T(p) ®r R) = CMuomid5(T(p) @& R) > 0, [SSY20, 4.9, 4.13, 4.14]. On
the other hand CMuomidg(T'(p)) = 0, since T(p) € Theight- If R itself admits a
dualizing module then CM.idg(T'(p)) = CMidr(T(p)) = CMpomidr(T(p)) = 0 by
Proposition 4.15 and [SSY20, Corollary 4.15].

4.1. We conclude the section by a generalization of the fact [EH11, Theorem 4.1]
that Gorenstein injective modules over Gorenstein rings are closed under taking
tensor products.

Corollary 4.17. Let R be a Cohen-Macaulay ring. For any M, N € CMJy we have
M ®r N € CMIy.

Proof. We can assume that R is local. Let W = {p € Spec(R) | height(p) > 0},
and consider the exact sequence 0 — 'y (N) = N — N’ — 0, where 'y is the
W-torsion functor. Since M € Theight, we have R/I @ g M = 0 for any ideal I such
that V(I) € W. Because Supp(T'w (NV)) C W, 'y (N) ® g M = 0. It follows that
N®rM =2 N ®g M, so we can without loss of generality assume 'y (N) = 0.
Now recall that since any module from CMJy = Theight admits a canonical fil-
tration by Theorem 3.8, we have N = @qespec(R)\W Ny, and therefore we can
without loss of generality assume that N = N, for some minimal prime g. But
then M @r N = (M ®g N)q is an Rq-module. It follows directly from the descrip-
tion of the minimal tilting class Theight of Corollary 3.3 that any Rq-module belongs
to {-Theighb O

5. THE MINIMAL COTILTING CLASS AND COHEN-MACAULAY FLATS

In this section, we gather some dual results about the minimal cotilting class.
It turns out that in this dual setting these are considerably easier to obtain. The
definition of a cotilting module is dual to that of a tilting module. Namely, if R is
an associative unital ring, a left R-module C is cotilting if C' € J, Prod(C) C +C,
and there is a short exact sequence 0 — C,, — --- — C7 — Cy = W — 0 where all
Cy’s belong to Prod(C) and W is an injective cogenerator in the category R-Mod
of left R-modules. Any cotilting module C' induces the cotilting cotorsion pair
(+C,(+C)t). Two cotilting modules C and €’ are equivalent if they induce
the same cotilting cotorsion pair, or equivalently, if Prod(C) = Prod(C’). Let
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(—=)" = Homz(—,Q/Z) : Mod-R — R-Mod denote the character duality functor. If
R is commutative noetherian then T +— T induces a bijection between the equiv-
alence classes of tilting and cotilting R-modules [AHPST14, Theorem 4.2|. In this
situation, let T = T+ and € = L+ (TF) be the induced tilting and cotilting class.
Then T and € are dual definable classes. This means by definition that they are
both definable classes and that we have the relations for any M € Mod-R: M € T
if and only if M € €, and analogously, M € € if and only if M+ € T. For more
details, see [GT12, §15, §16].

5.1. The restricted flat dimension of an R-module or R-complex M was also in-
troduced in [CFF02] and is defined as Rfdg(M) = sup{i | Tor®(F, M) # 0}. Unlike
in the case of the restricted injective dimensions, one can always compute Rfd via
a dual analog of the Chouinard invariant. That is, over any commutative noether-
ian ring R, we have the equality Rfdr()M) = sup{depth(R,) — depthy (M;) | p €
Spec(R)} for a cohomologically bounded R-complex M, see [CFF02, Theorem 2.4].

5.2. Following [SSY20], the Cohen-Macaulay flat dimension over a local ring R is
defined as

CM,fdr(M) =
= inf{Gfdgo(M ®@r S) — Gfdg(S) | R — S + Q is a CM-quasi-deformation}.
As with Cohen-Macaulay injectives, one has CM,fdr(M) < oo for all R-modules
M if and only if R is Cohen-Macaulay [SSY20, Theorem 3.3]. For an arbitrary
commutative noetherian ring R, we put CMJFy = {M € Mod-R | CM,fdp_ (M) <
0 Vm maximal ideal}.

5.3. Let R be a Cohen-Macaulay ring of finite Krull dimension. Denote by Cheight
the minimal cotilting class in Mod-R, that is, Cheight = {M € Mod-R | depthy(p, M) >
height(p) ¥p € Spec(R)}, see [AHPST14, Theorem 4.2]. It follows directly from
the general description of cosilting t-structures in D(R) [HNS22, 2.15, 2.16] that
Cheight = {M € Mod-R | depthy (M) > height(p) Vp € Spec(R)}. Recalling that
the Cohen-Macaulay-ness of R ensures depthy(p, R) = depth(R,) = height(p) for
all p € Spec(R), we have Cheight = {M € Mod-R | Rfdr(M) < 0}.

Recall that if R is a commutative noetherian ring with a dualizing complex then
it is known that the classes GJy and §GFy of Gorenstein injective and flat modules
are dual definable, §Fy is covering, and GJy is enveloping [HJ09, (2.6,3.3)], [EI15].

Proposition 5.1. Let R be a Cohen-Macaulay ring, then Cheight = CMTFy. There-
fore, CMFy is a covering class. In addition, the classes CMFy and CMIy are dual
definable.

Proof. The first claim follows from the equality Rfdg = CM,fdr which is proved in
[SSY20, Corollary 4.2, Theorem 3.3|. The rest follows from Corollary 4.14, [GT12,

Theorem 15.9], and the discussion above. ]
REFERENCES
[AB69] Maurice Auslander and Mark Bridger, Stable module theory, Memoirs of the Ameri-

can Mathematical Society, No. 94, American Mathematical Society, Providence, R.1.,
1969. MR 0269685

[AEJOO1] S. Tempest Aldrich, Edgar E. Enochs, Overtoun M. G. Jenda, and Luis Oyonarte,
Envelopes and covers by modules of finite injective and projective dimensions, J.
Algebra 242 (2001), no. 2, 447-459. MR 1848954

[AH13]| Lidia Angeleri Hiigel, Infinite dimensional tilting theory, Advances in representation
theory of algebras, EMS Ser. Congr. Rep., Eur. Math. Soc., Ziirich, 2013, pp. 1-37.

[AHPST14] Lidia Angeleri Hiigel, David Pospi&il, Jan Stovigek, and Jan Trlifaj, Tilting, cotilting
and spectra of commutative Noetherian rings, Trans. Amer. Math. Soc. 366 (2014),
no. 7, 3487-3517.




RESTRICTED INJECTIVE DIMENSIONS OVER COHEN-MACAULAY RINGS 19

[Bas62] Hyman Bass, Injective dimension in Noetherian rings, Transactions of the American
Mathematical Society 102 (1962), no. 1, 18-29.
[BHOS8]| Silvana Bazzoni and Dolors Herbera, One dimensional tilting modules are of finite

type, Algebr. Represent. Theory 11 (2008), no. 1, 43-61. MR 2369100

, Cotorsion pairs generated by modules of bounded projective dimension, Israel
J. Math. 174 (2009), 119-160. MR 2581211

[BHM22|  Simion Breaz, Michal Hrbek, and George Ciprian Modoi, Silting, cosilting, and
extensions of commutative ring, arXiv preprint arXiv:2204.01374 (2022).

[BLG22| Silvana Bazzoni and Giovanna Le Gros, A characterisation of enveloping 1-tilting
classes over commutative rings, J. Pure Appl. Algebra 226 (2022), no. 1, Paper No.
106813, 29. MR 4273084

[B507] Silvana Bazzoni and Jan ét’oviéek7 All tilting modules are of finite type, Proceedings
of the American Mathematical Society 135 (2007), no. 12, 3771-3781.

[CFF02] Lars Winther Christensen, Hans-Bjgrn Foxby, and Anders Frankild, Restricted
homological dimensions and Cohen—Macaulayness, Journal of Algebra 251 (2002),

[BHO9)

no. 1, 479-502.

[ChoT6] Leo G Chouinard, On finite weak and injective dimension, Proceedings of the Amer-
ican Mathematical Society 60 (1976), no. 1, 57-60.

[Chro0] Lars W Christensen, Gorenstein dimensions, no. 1747, Springer Science & Business
Media, 2000.

[CK16] Lars Christensen and Fatih Koksal, Injective modules under faithfully flat ring
extensions, Proceedings of the American Mathematical Society 144 (2016), no. 3,
1015-1020.

[CKL17] Lars Winther Christensen, Fatih Koksal, and Li Liang, Gorenstein dimensions of
unbounded complexes and change of base (with an appendix by Driss Bennis), Sci.
China Math. 60 (2017), no. 3, 401-420. MR 3600932

[CSW10] Lars Winther Christensen and Sean Sather-Wagstaff, Transfer of gorenstein
dimensions along ring homomorphisms, Journal of Pure and Applied Algebra 214
(2010), no. 6, 982-989.

[EH11| Edgar Enochs and Zhaoyong Huang, Canonical filtrations of Gorenstein injective
modules, Proceedings of the American Mathematical Society 139 (2011), no. 7, 2415—
2421.

[EI15] Edgar E. Enochs and Alina Iacob, Gorenstein injective covers and envelopes over
Noetherian rings, Proc. Amer. Math. Soc. 143 (2015), no. 1, 5-12. MR 3272726

[FI03] Hans-Bjgrn Foxby and Srikanth Iyengar, Depth and amplitude for unbounded
complexes, Commutative algebra (Grenoble/Lyon, 2001), Contemp. Math., vol. 331,
Amer. Math. Soc., Providence, RI, 2003, pp. 119-137.

[FR70] Daniel Ferrand and Michel Raynaud, Fibres formelles d’un anneau local noethérien
Ann. Sci. Ecole Norm. Sup. (4), Série 3 (1970), 295-311.

[FSWO07]  Anders Frankild and Sean Sather-Wagstaff, Reflexivity and ring homomorphisms of
finite flat dimension, Comm. Algebra 35 (2007), no. 2, 461-500. MR 2294611

[Ger01] Aleksander Aleksandrovich Gerko, On homological dimensions, Sbornik: Mathemat-
ics 192 (2001), no. 8, 1165.
[GT12] Riidiger Gobel and Jan Trlifaj, Approximations and endomorphism algebras of

modules: Volume 1 — Approximations, second revised and extended ed., De Gruyter
Expositions in Mathematics, vol. 41, Walter de Gruyter GmbH & Co. KG, Berlin,
2012.

[HJO7] Henrik Holm and Peter Jgrgensen, Cohen-macaulay homological dimensions, Rendi-
conti del Seminario Matematico della Universita di Padova 117 (2007), 87-112.

, Cotorsion pairs induced by duality pairs, J. Commut. Algebra 1 (2009),
no. 4, 621-633. MR 2575834

[HNSQQ] Michal Hrbek, Tsutomu Nakamura, and Jan Sfovitek, Tilting complexes
and codimension functions over commutative noetherian rings, arXiv preprint
arXiv:2207.01309 (2022).

[HJ09]

[Hol04] Henrik Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra 189 (2004),
no. 1-3, 167-193. MR 2038564
[IKO06] Srikanth Iyengar and Henning Krause, Acyclicity versus total acyclicity for complexes

over Noetherian rings, Doc. Math. 11 (2006), 207-240.

[ILL*22] Srikanth B Iyengar, Graham J Leuschke, Anton Leykin, Claudia Miller, Ezra Miller,
Anurag K Singh, and Uli Walther, Twenty-four hours of local cohomology, vol. 87,
American Mathematical Society, 2022.

[Iye99] S. Iyengar, Depth for complexes, and intersection theorems, Math. Z. 230 (1999),
no. 3, 545-567. MR 1680036




20

[Jen70]
[Mas00]

[Mat89]

[Nis12]
[Pre09)]
[RGT1]
[Rot91]
[SSY20]

[Sta]
[SWT21]

[Yas98|

MICHAL HRBEK AND GIOVANNA LE GROS

C. U. Jensen, On the vanishing of lim® | J. Algebra 15 (1970), 151-166. MR 260839
Vladimir Masek, Gorenstein dimension and torsion of modules over commutative
Noetherian rings, vol. 28, 2000, Special issue in honor of Robin Hartshorne, pp. 5783—
5811. MR 1808604

Hideyuki Matsumura, Commutative ring theory, translated from the Japanese by M.
Reid, second ed., Cambridge Studies in Advanced Mathematics, vol. 8, Cambridge
University Press, Cambridge, 1989.

Jun-ichi Nishimura, A few examples of local rings, I, Kyoto J. Math. 52 (2012), no. 1,
51-87.

Mike Prest, Purity, spectra and localisation, Encyclopedia of Mathematics and its
Applications, vol. 121, Cambridge University Press, Cambridge, 2009. MR 2530988
Michel Raynaud and Laurent Gruson, Critéres de platitude et de projectivité.
Techniques de “platification” d’un module, Invent. Math. 13 (1971), 1-89.

Christel Rotthaus, On rings with low dimensional formal fibres, Journal of Pure and
Applied Algebra 71 (1991), no. 2-3, 287-296.

Parviz Sahandi, Tirdad Sharif, and Siamak Yassemi, Cohen-macaulay homological
dimensions, Mathematica Scandinavica 126 (2020), no. 2, 189-208.

The Stacks Project Authors, Stacks Project, .
Sean K Sather-Wagstaff and Jonathan P Totushek, Complete intersection ho
injective dimension, Algebras and Representation Theory 24 (2021), no. 1, 149-167.
Siamak Yassemi, Width of complexes of modules, Acta Math. Vietnam. 23 (1998),
no. 1, 161-169. MR 1628029

(M. Hrbek) INSTITUTE OF MATHEMATICS OF THE CZECH ACADEMY OF SCIENCES, ZITNA 25,
115 67 Pracug, CzecH REPUBLIC
Email address: hrbek@math.cas.cz

(G. Le Gros) DIPARTIMENTO DI MATEMATICA “TuLLIO LEVI-CIVITA”, UNIVERSITA DI PADOVA,
Via TrIESTE 63, 35121 Papova (ITaLy)
Email address: legros@math.unipd.it


http://www.tcpdf.org

