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Abstrakt

Disertaéni préace je vénovana studiu matematickych problémt Navierovych -
Stokesovych rovnic v kontextu rigorézniho matematického odvozeni modela
a jejich matematické analyzy. Zejména je prace zaméfena na problematiku
singularnich limit v mechanice tekutin pro stlacitelné tekutiny (reZim malého
Machova ¢isla, velkého Reynoldsova ¢isla, redukce dimenze) a problematice reg-
ularity pro nestlacitelné tekutiny.

Klicova slova

Navierovy-Stokesovy rovnice, stlacitelné tekutiny, Navierovy-Stokesovy-Fourierovy
rovnice, singularni limity, slabé feSeni, silné feseni, Eulerovy rovnice, teorie reg-
ularity, nestlac¢itelné tekutiny, anisotropni Lebesgueovy prostory.






Abstract

The present thesis is devoted to the study of mathematical problems related to
the Navier-Stokes equations in the context of mathematical rigorous derivation
of models and their analysis. In particular we deal with the problem of singular
limits in fluid mechanics for compressible fluids (low Mach number limit and
high Reynolds number limit, reduction of dimension) and the problem of global
regularity for incompressible fluids.

Keywords

Navier-Stokes equations, compressible fluids, Navier-Stokes-Fourier equations,
singular limits, weak solutions, strong solutions, Euler equations, regularity the-
ory, incompressible fluids, anisotropic Lebesgue spaces.
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Estratto

Il presente lavoro di tesi ¢ dedicato allo studio di problematiche legate alle
equazioni di Navier-Stokes nel contesto della derivazione rigorosa di modelli
e della loro analisi. In particolare ci occuperemo dei problemi relativi ai limiti
singolari nella meccanica dei fluidi comprimibili (limite di bassi numeri di Mach e
alti numeri di Reynolds, riduzione di dimensione) e del problema della regolarita
globale per fluidi incomprimibili.

Parole chiave
Equazioni di Navier-Stokes, fluidi comprimibili, equazioni di Navier-Stokes-

Fourier, problemi ai limiti singolari, soluzioni deboli, soluzioni forti, equazioni di
Eulero, teoria della regolarita, fluidi incomprimibili, spazi di Lebesgue anisotropi.
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Preface

Navier-Stokes equations is a challenging problem in mathematical analysis. Dur-
ing the years several authors have faced different problems related to these equa-
tions. Some of these problems concern variations of the Navier-Stokes equations
depending on the properties of the fluid and the presence of external forces. The
present work deals with the so-called problem of singular limit in fluid mechanics
for compressible fluids and the problem of global regularity for an incompressible
fluid. The following articles are the result of this work:

e Guo Z., M. Caggio, Z. Skalak, Regularity criteria for the Navier-Stokes
equations based on one component of velocity, Nonlinear Analysis: Real World
Application, 35, 379-396, 2017.

e Caggio M., S. Necasova, Inviscid incompressible limit for rotating fluids,
to appear in Nonlinear Analysis.
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Chapter 1

Introduction

The present work is devoted to the study of mathematical problems related to
models describing the dynamics of fluids.

A fluid is a continuous medium whose state is characterized by its veloc-
ity, pressure and density fields, and possibly other relevant fields (for example
temperature).

Most of the fluid dynamics results have been obtained starting from the
Navier-Stokes equations. These equations have many variations depending on
the properties of the fluid itself, for example compressibility, thermoconduc-
tivity, viscosity, etc., and on the forces acting on the fluid, for example the
centrifugal force, the Coriolis force, the gravity force etc. (see Nazarenko [79]).

Two kind of problems will be under consideration: the problem of singular
limits for compressible fluids and the problem of global regularity for incom-
pressible fluids.

1.1 The problem of singular limits for compress-
ible fluids

The problem of singular limits for compressible fluids can be presented in the
following way. One starts from a system of equations describing the motion of
a kind of fluid. After a scale analysis the system presents several characteristic
parameters whose asymptotic behavior determines a change in the fluid phe-
nomenology and consequently, at least at a formal level, a different system of
equations compared to the starting one. The singular limit problem requires to
show that the solution of the starting system converges to the solution of the
limit (or target) system when these parameters tend to zero or infinity in some
sense.

In the following we would like to briefly describe the problems we will deal
with, postponing a deeper analysis to the next chapters.

1.1.1 The inviscid incompressible limit for compressible
barotropic fluids

The motion of a compressible barotropic fluid is described by means of two
unknown fields: the density o0 = o(x,t) and the velocity u = u(z,t) of the
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fluid, functions of the spatial position 2 € R? and the time ¢ € R, and satisfying
the following Navier-Stokes system of equations. The continuity equation reads

Oro + divg(ou) = 0. (1.1.1)
The momentum equation is
O (pu) + div, (ou ® u) + Vup(o) = div,S (Vyu) + of, (1.1.2)

with the stress tensor given by the following relation

2
S=5V,u)=p (Vzu +Viu— 3divf,3uI> +ndivgul, p>0, n>0.

(1.1.3)
The system above presents two parameters: the shear viscosity coefficient u
and the bulk viscosity coeflicient 1. The scalar function p is the pressure, given
function of the density, and of represents an external forcing.
For each physical quantity X present in the Navier-Stokes system (1.1.1)
- (1.1.3), we introduce its characteristic value X.pqr and replace X with its
dimensionless analogue X/X pqr. As a result, we obtain the scaled version of
the compressible Navier-Stokes system

[S7] 010 + div,(ou) = 0, (1.1.4)

1 1
[S7] 0¢ (ou) + div, (ou ® u) + V.p(0) = ——div,.S + ng. (1.1.5)

1
[Ma)? [Re]
The above system presents several characteristic numbers. The Strouhal number

lengthchar

[Sr] =

timecharvelocitychar

The Strouhal number plays a role in oscillating, non-steady flows, as the Karméan
vortex street. It is often defined as

_JL

=T

where f is the frequency of vortex shedding in the wake of von Karman, L is the
characteristic length of the body invested by the flow and U is the characteristic
velocity of the flow investing body. The Mach number

[S7]

velocitychar

\/pressurechar/densitychar

[Ma] =

The Mach number is the ratio of the characteristic velocity of the flow to the
speed of the sound in the fluid. Low Mach number limit characterizes incom-
pressibility. The Reynolds number

_densitycharvelocitycharlengthenar

[Re]

V1SCOSILY char
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The Reynolds number is the ratio of the inertial to the viscous forces in the fluid.
High Reynolds number is attributed to turbulent flows. The Froude number

B velocityehar
\/lengthchar frequencychar .

[Fr]

The Froude number is the ratio of the flow inertia to the external field. The
latter in many applications simply due to gravity.

Redefining the Reynolds number and the Mach number in terms of a non-
negative parameter ¢, namely Re := ¢! and Ma := ¢, and setting the other
characteristic numbers equal to one, the inviscid incompressible limit aims to
show the convergence u — v and ¢ — 1, for € — 0, where v is the solution of
the incompressible Euler system

Ov+v -Vyv+V,II=0, divy,v=0 (1.1.6)

and u is the solution of the compressible Navier-Stokes system. Indeed, in the
high Reynolds number limit the viscosity of fluid becomes negligible and in the
low Mach number limit the fluid becomes incompressible. The inviscid and/or
incompressible limit problem was investigated by several authors in similar and
different contexts: in bounded, unbounded or expanding domains, in presence of
external forces and for barotropic or heat conductive fluids. For more details we
refer to the works of Bardos and Nguyen [2], Feireisl [39], Feireisl and Novotny
[44], Feireisl, Jin and Novotny [46], Feireisl, Ne¢asova and Sun [47], Lions and
Masmoudi [72] (see also [73, 74]), Masmoudi [75], Sueur [104] and references
therein.

In the context described above, we will deal with the inviscid incompressible
limit for a compressible barotropic fluid in a "fast" rotating frame occupying the
whole space R3. More precisely, we would like to show the convergence of the
solution of the compressible Navier-Stokes system

0o + divy(pu) =0, (1.1.7)

1
O (ou) + divy (pu® u) = —gvxp(g) +edivyS(Veu) — (ou xw),  (1.1.8)

2
S=85(Vzu)=pu <V$u +Via— divqu> +ndivyul, p>0, n>0.

3
(1.1.9)
towards the solution of the rotating incompressible Euler system

Ov+v-Vv+vxw+ V. II =0, divp,v =0, (1.1.10)

for large values of the angular velocity w = [0, 0, 1], namely "fast" rotating frame.
Above, the shear viscosity coefficient p and the bulk viscosity coefficient 1 are
assumed to be constant. The quantity (pu x w) represents the Coriolis force.
The effect of the centrifugal force is neglected. This is a standard simplification
adopted, for instance, in models of atmosphere or astrophysics (see [54, 55, 56]).

The analysis will be based on the work of Caggio and Necasova [7]. The
problem is a particular case of the Masmoudi 75| result where we will use a
different technique (see the discussion below).
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The technique to reach the convergence will be based on the so-called rel-
ative energy method in the framework of the relative energy inequality. The
relative energy inequality was introduced by Dafermos [20] in the context of
the Second Law of Thermodynamics. In the fluid context, it was introduced by
Germain [51]. Afterwards, the method was developed by Feireisl, Novotny and
co-workers in the framework of the problem of singular limits in fluid mechanics
(see for example Feireisl and Novotny [41], [43], Feireisl, Jin and Novotny [45]
and Feireisl, Novotny and Sun [50] and references therein). In the following we
describe briefly the method, leaving the technical details to the next chapters.
The basic idea is to introduce a relative energy functional. This functional plays
the role of measuring the stability of two solutions. One with more regularity
compared to the other one. In our context, the two solutions will be the weak so-
lution of the Navier-Stokes system and the classical solution of the Euler system
respectively. Next, along with the relative energy functional, a relative energy
inequality has to be derived. This last will give us the possibility to reach the
convergence in terms of a Gronwall type inequality.

The compressibility of the fluid allows the propagation of acoustic waves de-
scribed by the acoustic system related to the Navier-Stokes model. The acoustic
waves have to decay in the incompressible limit. Therefore, the analysis requires
a technique in order to ensure this decay. In the whole space is common to use
the so-called dispersive estimates (see Desjardins and Grenier [22], Feireisl and
Novotny [42], Masmoudi [75], Schochet [95] and Strichartz [103]). We will in-
troduce the acoustic system and the dispersive estimates during our analysis.

1.1.2 The dimension reduction limit for compressible heat
conducting fluids

The motion of an heat conducting compressible fluid is described by means of
three unknown fields: the density o = g (,t), the velocity field u = u (x,t) and
the temperature ¥ = ¥(x,t) of the fluid, functions of the spatial position x € R3
and the time ¢ € R, and satisfying the following Navier-Stokes-Fourier system
of equations. The continuity equation reads

0o + div, (Qu) =0. (1.1.11) ’ cont_eps_intro ‘

The momentum equation is

Ot (ou) + div, (ou ®@ u) + Vp(e,9) = div,S (9, Vyu) + of. (1.1.12)

with the stress tensor given by the following relation

2 . . -
S (¥, Vu) = p(9) <qu +Viu— 3d1v$u1> + 1 () div,ul. (1.1.13)
The entropy equation is
¥, V0
00 (05 (2,) + div, s (0.0 +aiv, (L))

1

' Q (0, Vo) - Vo ,
-1 (s (0. Vow) : Vo - WV Vol (1.1.14)
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(Poisson)

(eps)

with
q=—k (V) V0. (1.1.15)

In the system above the shear viscosity coefficient p (), the bulk viscosity co-
efficient 7 (¢) and the heat conductivity coefficient x () are functions of the
temperature. The scalar functions p(g, ) and s(g,?) are the pressure and the
entropy respectively, functions of the density and the temperature, and of rep-
resents an external forcing.

In analogy with the arguments presented before, we can obtain the scaled
version of the compressible Navier-Stokes-Fourier system

[S7] 0o + div, (ou) = 0, (1.1.16)

[S7] 8¢ (ou) + div, (ou ® u) + {/\/llaz} V.p(o,9)

_ {ée] div,S (9, V,u) + [fH of (1.1.17)
0005 (0.0)) + div (o5 0)w) + [, (A F2)
_ % ({A%‘ﬂ S (0,V,u) : Vou — [Ple] q'Zg”ﬁ) . (1.1.18)

where the Péclet number [Pe] is defined as follows

pressurecharvelocitycharlengthenar

[Pel = heat conductivitycpq-temperaturecna,
Similarly to Reynolds number, high Péclet number corresponds to low heat
conductivity of the fluid that may be attributed to turbulent flows.

Redefining the Froude number in terms of a non-negative parameter e,
namely Fr = €’ with 8 arbitrary non-negative number, and setting the other
characteristic numbers equal to one, the dimension reduction limit aims to show
the convergence [, u,¥] — [r, w, O], for e — 0, where the couple [, u,¥] is the
solution of the three-dimensional Navier-Stokes-Fourier system and the couple
[r, w, ©] is the solution of the corresponding two-dimensional system.

Indeed, in the low Froude number limit the gravitational effects become
predominant forcing the fluid to a two-dimensional dynamics.

The analysis will be based on the work of Ducomet, Caggio, Necasova and
Pokorny [25] and it aims the extension of the result of Feireisl, Novotny and
co-workers [1].

Remark 1. For the sake of clarity, in the presence of gravity force, the system de-
scribing an heat conducting fluid is given by the Navier-Stokes-Fourier-Poisson
system of equations.

Remark 2. Tt is possible to read € as follows

l
€= —.

L

Here, [ is the horizontal length and L the vertical length. Consequently, the
limit can be also seen, more easily, in terms of a pure geometric reduction.
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In the context describe above, we will deal with the dimension reduction
limit for a compressible heat conducting fluid in a rotating frame occupying a
bounded domain in R® where the external forcing is given by the gravity force.
More precisely, we consider a fluid confined in a straight layer Q. = w x (0,¢)
where w is a two-dimensional domain. We rescale to a fix domain as follows

(:L‘h,e.’L'g) €N — (Z’ml‘g) S Q,

where xp, = (21, 22) € w and x3 € (0,1). Above, we denoted

v, - (vh, iam) Vi = (0a1,04)), (1.1.19)

1
diveu = divpuy, + =0 uz, up = (u1,uz2), divpuy = 0y, u1 + Oyyus, (1.1.20)
€

1
2 2 2
Ne =044 +0p0, + 6—28963963. (1.1.21)
The continuity equation reads now as follow
0o + dive (pu) =0, (1.1.22)
the momentum equation is
Ot (ou) + div, (pu ® u) 4+ pu x x + Vp(o,9)
= div.S (9, Veu) + € 2oVep + oV |z x x|, (1.1.23)
the entropy equation is
9, Vo
01 (03 (0.0) + dive o5 (0. 0) ) + div, (A7)
(50, V) v UV VI (1.1.24)
Y 9
with
2
S (9, Veu) = pu () <V5u + Via— 3diveul> + 1 (9)diveul (1.1.25)
and
q=—k () V. (1.1.26)

The quantities pu x x and oV, |z X X|2 represent the Coriolis force and the
centrifugal force respectively with x = [0,0, 1] angular velocity and

($1,$270)
Vi + a3

The gravitational force is expressed by oV ¢ where the potential ¢ satisfies the
Poisson’s equation

Velz x x| = (Vh |:c><x\2,0> =

25
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—Ap=47G(ap+ (1 —a)g) in (0,T) x Q. (1.1.27)

Here, GG is the Newton constant and « a positive parameter. The first contribu-
tion on the right-hand side of the relation (3.0.6) corresponds to self-gravitation
while in the second one ¢ is a given function modeling the external gravitational
effects. Here and hereafter, we assume that the function o is extended by zero
outside of 2. Supposing further that g is such that the integral below converges,
we have

¢(t,2)=G | K(z—y)lae(t,y)+(1-a)g(y))dy,

R
where K (z —y) = \ziyl
a = 0 the gravitation only acts as an external field, for « = 1 only the self-
gravitation is present. Since we also work with V.¢ (¢,2), we have to further

assume that

and the parameter a may take the values 0 or 1. For

/RsVEK(x*y) (o (t,y) + (1 —a)g(y))dy < oo.

In particular, the gravitational force is given by the following relation (see [25]
and [26])

Vb (t,z) = e/ ao(t, €) (1 — &1, 20 — &2, € (w3 — 63;/)2d§
e (‘xh*fh|2+62 |$3*§3|2)
_’_/‘3 (1_a)g(y) (301—y1,$2—y2,€($3—y33)/)2dy
* (\ﬂfh —ynl® + €2 |23 —y3|2)
= 6@‘1’1 + (]. - a) (I)Q. (1128)

In our analysis we will distinguish two cases with respect to the behavior of the
Froude number, namely Fr = /e for 3 = 1/2 and Fr = 1 for 5 = 0. According
to the choice of the Froude number, we have to consider the correct form of the
gravitational potential. In the former the self-gravitation, namely o = 1, and in
the latter the external gravitation force, namely a = 0. In the latter, we could
also include the self-gravitation, it would, however disappeared after the limit
passage. Taking Fr = /e for 3 = 1/2 the momentum equation reads as follow

Ot (ou) + dive (ou ® u) + pu x x + Vep(o,9)

= div.S (9, Veu) + 0@ + oV |z x x|*. (1.1.29)
While, taking Fr =1 for § = 0, we have

Ot (ou) + div, (ou ® u) + pu x x + Vp(o,9)
= diveS (9, Veu) + 0®5 + oV |z x x|*. (1.1.30)

For Fr = /e and 8 = 1/2, the corresponding two-dimensional momentum
equation reads as follows
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rOw +rw - Vpw + Vip(r,0) + 7 (w x x)
= divyS(0, Vaw) + rVidn + 1V |z x x|, (1.1.31)

with the formula ( )
r ta Yn
t, = — 7 d 1.1.32 _t_1I
on(t,zn) Ton — ol Yh ( ) |erav

and

Sh(©,Viyw) =p (Vhw + Viw — divhw) + (77 + g) div, wlj, (1.1.33) |snI

where I, is the unit tensor in R?*? in the domain (0,7) x w. While, for Fr = 1
and 3 = 0, we have

onttan) =G [ =2y (1.1.34)

2
lzh — ynl” + v3

As in the previous discussion, the technique to reach the convergence will
be based on the relative energy method in order to show the convergence of
the weak solution of the three-dimensional Navier-Stokes-Fourier system to the
classical solution of the corresponding two-dimensional system. In particular,
we will follow the framework developed in [43]. The main point of the analysis
will be the treatment of the gravitational force.

From a phenomenological point of view, this limit concerns the rigorous
derivation of the equations describing astrophysical objects called accretion disk
which are thin structures observed in various places in the universe. These disks
are indeed three-dimensional but their thickness is usually much smaller than
their extension, therefore they are often modeled as two-dimensional structures.
Indeed, if a massive object attracts matter distributed around it through New-
tonian gravitation in presence of an angular momentum, this matter is not
accreted isotropically around the central object but forms a thin disk around it.
For further details we refer to the work of Choudhuri [17], Montesinos Armijo
[78], Ogilvie [87], Pierens [89], Pringle [90] and Shore [96].

1.2 The problem of global regularity for incom-
pressible fluids

The motion of an incompressible fluid is described by means of its velocity field
u = u(x,t), functions of the spatial position € R? and the time t € R, and
satisfying the following Navier-Stokes system of equations

du+u-Vyu—pAzu+Vep =1£, divyu=0. (1.2.1)

In the system above p is the shear viscosity coefficient. The scalar function p is
the pressure, functions of the spatial position = € R? and the time ¢ € R, and f
represents a given external forcing.

An open problem in applied analysis concerns the global regularity of the
solution of the Navier-Stokes equations in the whole space R3. Over the years,
several authors have faced the problem (see, for example, [18], [19], [24], [63],

27



[64], [66], [70], [71], [92], [102], [107], [108], [109]). It is known that for the initial
data ug € L2 (solenoidal functions in L?) the problem (1.2.1) possesses at least
one global weak solution u satisfying the energy inequality

T
I\U(T)|\§/2+/O IVau(t)][3 dt < [[uoll3/2 (1.2.2)

for every T > 0 (see [53], [67] and [93]). Such solutions are called Leray-Hopf
solutions.

More precisely (see [93]), given ug € L2, a weak solution of (1.2.1) on [0,7)
is a function u € L™ (O,T; Lg) N L? (O,T; W1’2) such that

T
/0 (. 01) — (V1, Vo) — (u- V) u, ) = — (. 0) (12.3)

for every ¢ € D ([0,T)),R?), the set of all functions in C§° ([0,7") ,R?) that are
also divergence free, and the following existence Theorem holds (see [93]).

Theorem 3. For anyug € L2 there exists at least one weak solution of (1.2.1).
This solution is weakly continuous into L?, namely for any v € L?,

lim (u(t).v) = (u(to).v)

—tlo

for all tog € [0,T), and in addition it satisfies the energy inequality (1.2.2) for
every t € [0,T). Moreover, u(t) — ug in L* ast — 0.

Remark 4. Above we used (-) to denote the inner product in L.

Nevertheless, the uniqueness, regularity, and continuous dependence on ini-
tial data for weak solutions are still open problems ([10]).

If up € W22 (solenoidal functions from the standard Sobolev space W1:2),
then strong solutions exist for a short interval of time whose length depends on
the physical data of the initial-boundary value problem. Moreover, this strong
solution is unique in the larger class of weak solutions ([19], [63], [102], [107]).
In fact, a strong solution is a weak solution with the additional regularity ([93])

ue L™ (0,7;Wh) N L*(0,T; W*?).

From the pioneer works of Prodi [91] and of Serrin [98], many results were
presented in providing sufficient conditions for the global regularity (see for ex-
ample Chae and Lee [13], Constantin [18], Doering and Gibbon [24], Ladyzhen-
skaya [63, 64|, Lemarié-Rieussett [66], Lions [70, 71], Sohr [102] and Temam
[107, 108, 109] and references therein).

Some of these conditions provide regularity criteria for the velocity field (see
for example Escauriaza, Seregin and Sverak [31], Fabes, Jones and Riviere [32]
and Serrin [98]): if a Leray-Hopf weak solution u satisfies

. 2
uc L"(0,T; L°(R?)) for some 7+§ <1, 3<s<x
ros

then u is regular.

Others involve analogous criteria for the pressure (see for example Berselli
[5], Berselli and Galdi [6], Cao and Titi [9], Kukavica [59], Seregin and Sverdk
[97], Zhou [115]): if the pressure p satisfies
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or
2
Vp € L7(0,T; L*(R®)) for some - +>-<3, 1<s<o0
ros

then u is regular.
An analogical situation occurs for Vu. It was proved in [3] that u is regular
if

Vu € L"(0,T; L*(R?))
where s € (3/2,00) and

4=
T S

Still others state sufficient conditions for regularity in terms of the vorticity
(see for example Beirao da Veiga [4]): if the vorticity w = V x u of a Leray-Hopf
weak solution u belongs to the space

2 3
L"(0,T; L*(R?)) for some = +=<2 s>1
ros

then u is regular. The result above concerns the regularity of the solution u
when conditions are imposed on all the components of the vorticity vector. Chae
and Choe [12] obtained regularity by imposing the conditions

2 3
wj € L"(0,T;L%), j=1,2, for some ;—l—gSQ, s € (3/2,00)

namely, on only two components of the vorticity vector, while the problem with
one vorticity component is an outstanding open problem.

1.2.1 Regularity criteria in terms of one velocity compo-
nent

The above mentioned criteria are based on the entire velocity vector or on the
entire gradient. In the last two decades many authors have studied the regu-
larity criteria where additional conditions were imposed only on some velocity
components or on some items of the velocity and pressure gradients. The first
contribution in this direction was done by Neustupa and Penel [81]. After,
over the years, several authors have obtained important results in that direction
(see for example Kukavica and Ziane [61], Zhou and Pokorny [116], [117] and
reference therein).

In this context described, we are interested in criteria based on only one
velocity component. More specifically, we will study criteria based on uz, Vus
and V2us, and prove, for example, that the condition

Vus € LP(0,T; LP),
where p € (2, 00] and

2/B+3/p="T/4+1/(2p),
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yields the regularity of u on (0,7].

The analysis will be based on the work of Guo, Caggio and Skaldk [52] in
the framework of anisotropic Lebesgue spaces.

The anisotropic Lebesgue spaces framework seems to be convenient for our
purposes, since it differentiates between different directions. It can be useful in
the situations where regularity conditions are imposed only on one velocity com-
ponent. Indeed, in Theorems 38 - 42 we will see that the use of the anisotropic
Lebesgue spaces framework can improve some results from the literature.
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Chapter 2

Inviscid incompressible limit
for rotating fluids

We consider the scaled compressible Navier-Stokes system for a barotropic ro-
tating fluid in the whole space R? already mentioned in Introduction. The
continuity equation reads

0o + div,(ou) =0, (2.0.1)

the momentum equation is

1
0¢ (ou) + div, (pu®@ u) = —?Vggp(g) +edivyS(Veu) — (ou x w),  (2.0.2)

with the stress tensor given by the following relation

2
S=5V,u)=p <Vmu+ Viu-— 3diVIuI) +ndivgul, p>0, n>0.

(2.0.3)
The system is supplemented by the initial conditions

0(x,0) = 0o (z), u(x,0) =ug () (2.0.4)
and by the following far field conditions for the density and the velocity field

lim o(xz,t) =1, lim wu(z,t)=0. (2.0.5)

The first relation in (2.0.5) means the mass of the fluid is infinite.

As mentioned in the previous chapter, we want to show that the weak so-
lution of the Navier-Stokes system converges to the classical solution of the
corresponding rotating incompressible Euler system

Ov+v -Vv+vXxw+V,II=0, div,v=0, (2.0.6)

for large values of w, namely "fast" rotating frame.
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2.1 Weak and classical solutions

In the following, we introduce the definition of weak solutions for the com-
pressible Navier-Stokes system (2.0.1 - 2.0.3) and we discuss the global-in-time
existence. In particular, we define the so-called bounded energy weak solution
(see [38], [48] and [86]) and we discuss the global-in-time existence. Then, we
discuss the global existence of the classical solution of the incompressible Euler
system (2.0.6). For the discussion on weak solutions we will consider an arbi-
trary open set £ C R3.

The introduction of the bounded energy weak solution is motivated by the
following discussion. In [21] it was shown the existence of weak solutions to
the compressible Navier-Stokes equations on unbounded domain satisfying the
differential form of the energy inequality (and consequently the integral form)
for a barotropic fluid with finite mass. While the existence of weak solutions for
a fluid with infinite mass remains an open question. Weak solutions satisfying
the differential form of the energy inequality are usually termed finite energy
weak solutions (see [2], [45], [49], [62] and [86]), while weak solutions satisfying
the integral form of the energy inequality are usually termed bounded energy
weak solutions (see [38], [48] and [86]).

Because our analysis will be performed in the whole space R3 under the
condition that the mass of the fluid is infinite (see relation 2.0.5), we have to
use the integral form of the energy inequality and consequently to deal with
bounded energy weak solutions.

2.1.1 Bounded energy weak solutions

Multiplying (formally) the equation (2.0.2) by u and integrating by parts, we
deduce the energy inequality in its integral form

T
E(T)+ 5/ / S (Vzu) : Vyudedt < Ey (2.1.1)
o Ja

where the total energy F is given by the formula

B = Eoul(t) = /Q %g\u\Q + Ha(f) dr, (2.1.2)

with Ej the initial energy, and

H(o) = /19 p(),, (2.1.3)

52
the Helmholtz free energy (see [41] and [86]).

Remark 5. Here and hereafter the Helmholtz free energy will have the following
form (see Novotny and Straskraba [86]):

1
H(p)=—— (0" — —1).
(o) po— (" —7vo+v-1)
The parameter v is the adiabatic index or heat capacity ratio.

Now, we define the so-called bounded energy weak solution of the compress-
ible Navier-Stokes system (2.0.1 - 2.0.3) (see Feireisl, Novotny and Petzeltova
[48] and Novotny and Stragkraba [86]).
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Definition 6. (Bounded energy weak solution) Let Q@ C R? be an arbitrary
open set. We say that [, u] is a bounded energy weak solution of the compress-
ible Navier-Stokes system (2.0.1 - 2.0.3) in the time-space cylinder (0,7) x §2
if

0€ L™ ((0,T),L]. (), 0>0 ae in (0,7)x €,

loc

H(o) € L>((0,T),L*(2)),

ue L ((o,T) : (Dé’Z(Q))S) . oluf? e L ((0,T), LM9)).

The continuity equation (2.0.1) holds in D’((0,T') x2). The momentum equation
(2.0.2) holds in (D'((0,T) x Q))*. The energy inequality (2.1.1) holds for a.a.
t € (0,T) with E defined by

1 |ou/” H(o)
E:/9571{m;9>0}+ o (2.14) [ex
and Ey defined by
1 |oouo|® H(oo)
By — - 1y dzx. 2.1.5 _r0
0 /Q 2 g meo>0 + 2 ( ) Lex

Remark 7. Here, the space Dy*(2) is a completion of D(£2), the space of smooth
functions compactly supported in €2, with respect to the norm

2 2
iy = [ 1Vufde

Now, the following theorem concerns with the global-in-time existence of the
bounded energy weak solution (see [38] and [48]).

1| Theorem 8. (Global-in-time existence of bounded energy weak solution) Let
Q C R3 be an arbitrary open set. Let the pressure p be given by a general
constitutive law satisfying

1
peC'0,00), p(0)=0, a@”“ —b<p(o)<ag” ' +b, for all 0>0
215)

with

3
a>0, b>0, 7>§.

Let the initial data 09, ug satisfy

0o € LI(Q)7 H(QO) € LI(Q)v 00 2 0 ae in 97

2
ooup € (L' (Q))3 such that |0t

Liz00>0} € L' Q)
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and such that goug =0 whenever x € {go=0}. (2.1.7)

Then the problem (2.0.1 - 2.0.3) admits at least one bounded energy weak solu-
tion [o,u] on (0,T) x Q in the sense of Definition 6. Moreover o, u] satisfy the
energy inequality (2.1.1).

Remark 9. The first existence result for problem (2.0.1 - 2.0.3) was obtained
by Lions |71] on condition that 2 C R? is a domain with smooth and compact
boundary and that p(p) =~ 07 with v > %. This result was relaxed to v > % by
Feireisl, Novotny and Petzeltova [49] on condition that € is a bounded smooth
domain. Existence for certain classes of unbounded domains was shown in
Novotny and Straskraba [86] (see also Lions [71]).

Remark 10. The existence result in Feireisl [38] and Feireisl, Novotny and Pet-
zeltové [48] holds in the presence of the Coriolis force (see for example Feireisl
and Novotny [44] and Feireisl, Jin and Novotny [46] and reference therein).

2.1.2 Classical solutions

For the solvability of the system (2.0.6) with the initial data v(0) = v, we
report the following result (see Takada [105]):

Theorem 11. Let s € R satisfy s > %—l— 1. Then, for 0 < T < oo and
vg € W#2 (R3) satisfying divy,vg = 0, there exists a positive parameter oy =
Qo(s, T, |Vollys2) such that if |w| > Qo then the system (2.0.6) possesses a
unique classical solution v satisfying

v eC(0,T]; W**(R%R?)),
v € C([0,T]; W 2(R%R?)) ,

VIL € C ([0,T]; W*?*(R* R?)) . (2.1.8)

Remark 12. The global existence stated above was proved by Kho, Lee and
Takada [57] for the initial data in W*? (R3) with s > 7/2.

Remark 13. Theorem 11 deals with inviscid flows in a rotating frame under the
condition of fast rotation. In terms of scale analysis (see Nazarenko [79]), if we
define by U and L the characteristic velocity and length scale of the fluid, we
can estimate the order of magnitude of the non-linear term and the rotational
term in the equation (2.0.6) as follows

U2
v-Vv~O <L> , (2.1.9)
vxw~O0(QU), (2.1.10)
where
wwO(Q)wO(i) , (2.1.11)

with Q characteristic angular velocity. Comparing (2.1.9) and (2.1.10), we have
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=S

~ Q. (2.1.12)

Fast rotation implies

U
or <! (2.1.13)

and we can neglect the non-linear term in (2.0.6), obtaining

Ov+vxw+V,II=0, div,v=0. (2.1.14)

These are linear equations. In other words, fast rotation leads to averaging
mechanism that weakens the nonlinear effects. This of course prevents singu-
larity allowing the life span of the solution to extend (see Chemin, Desjardines,
Gallagher and Grenier [16] and references therein).

2.2 Acoustic waves

In the following, we introduce the acoustic system related to the equations
(2.0.1) and (2.0.2). Then, we briefly discuss the acoustic energy introducing
appropriate energy estimates. Finally, we discuss the decay of acoustic waves
in the limit of Mach number tends to zero introducing the dispersive estimate
mentioned before.

We assume the perturbation of the density of the first order and small com-
pared to the given ambient fluid density. Therefore, we can write the acoustic
system related to the equations (2.0.1) and (2.0.2) by the following linear rela-
tions (see Feireisl and Novotny [41], Feireisl, Nec¢asova and Sun [47] and Lighthill
(68, 69]):

eds + AV =0, ed,VV +aV,s=0, a=p'(1)>0, (2.2.1) |ac_t1
with the initial data

5(0) = Q(()l)v VI\I/(O) =V,.¥y=ug— vy (2.2.2) ac_2

where vo = H[ug] and H denotes the Helmholtz projection into the space of
solenoidal functions and ¥ is a potential. Here, s is defined as the change
in density for a given ambient fluid density. In other words, the density per-
turbation. The sound velocity squared is represented by a. For more detail
physical discussion concerning acoustics, we refer to the book of Falkovich [33]
and Landau-Lifshitz [65].

2.2.1 Energy and dispersive estimates

The total change in energy of the fluid caused by the acoustic wave is given by
the integral

1 1
/. <2a P42 |mf|2) dr, (22.3)
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where the integrand may be regarded as the density of sound energy (see
Landau-Lifshitz [65]). It is easy to verify (see Landau-Lifshitz [65]) that the
density of sound energy is conserved in time, namely

t=T

[/]R (;a s+ % V"‘I’|2> (*, ')dx} =0. (2.2.4)

t=0

In addition, we have the following energy estimates (see Feireisl and Novotny

[42])

IVa® (& )2 rerey + 18 (&) lwez s

<c (Hvx\I/O”WkJ(Rs;Re,) + HQSDHW’C&(RS)) s k= 0,1,..., (2.2.5)

for any ¢ > 0. Instead, concerning the decay of the acoustic waves in the
incompressible limit, the following dispersive estimates hold

IV 0 (8, Moy or o + 115 () pn e,

t._(1_1 1
S C(l + g) (q P> (|V1‘\I/0||kaq(]R3;R3) + Hgg )HW’G,Q(R-'i)) 5 (226)
1 1
2<p<oo, —+-=1,k=0,1,...
P q

For the purpose of our analysis and the use of the estimates (2.2.5) and
(2.2.6), it is convenient to regularize the initial data (2.2.2) in the following way

Qg)l) = 96%1)7 = Xn* (71}71981)) o Vol = VoW, =xp* (¥ Valo), n>0,
(2.2.7)
where {x,} is a family of regularizing kernels and v, € C§°(R?) are stan-
dards cut-off functions. Consequently, the acoustic system possesses a (unique)
smooth solution [s, ¥] and the quantities V,¥ and s are compactly supported
in R3 (see Feireisl and Novotny [42]).

2.3 Convergence analysis
For the purpose of the convergence analysis, we introduce the relative energy

functional and the relative energy inequality associated to the system (2.0.1 -
2.0.3) already mentioned in the Introduction.

2.3.1 Relative energy inequality

The relative energy functional associated to the system (2.0.1 - 2.0.3) is given
by the following relation

fenlnv)= [ [Golw-0)

R
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—|—§ (H(o)—H' (r)(o—7r)—H (r))} dz (2.3.1)

along with the relative energy inequality

[E(o,u | r, U=

T T
e / S (Vo — V,U) ¢ (Vou — V,U) dedt < / R(o,u,r, U)dt,
0 Jm3 0
(2.3.2)
where the remainder R is expressed as follows

R(Qv u,r, U) = / Y% (atU +u- sz) . (U — u)dx
R3

+E/ S(V.U): (V. U=V, u)dz
R3

—&—Eiz . ((r—20)0H'(r)+ V,H'(r)- (rU — pu)) dx
= [ 0le) ~ pr)) div. U
R3
+/ (ouxw) - (U—-u)de:=1I1 +...+ I (2.3.3)
RS

Here, » and U are sufficiently smooth functions such that

r>0, r—1€Cx([0,T]xR*), UeCx([0,7] x R*R?). (2.3.4)

It can be shown (see Feireisl, Jin and Novotny [45] for different type of do-
mains and boundary conditions) that any weak solution [g, u] to the compress-
ible Navier-Stokes system (2.0.1 - 2.0.3) satisfies the relative energy inequality
for any pair of sufficiently smooth test functions r, U as in (2.3.4). The partic-
ular choice of [r, U] will be clarified later.

2.3.2 Main results

The following theorem is the main result of this chapter.

Theorem 14. Let M > 0 be a constant. Let the pressure p satisfy
1
p € C0,00)NC3(0,00), p(0) =0, ng_l —b<p'(p) <a’ ' +b, (2.3.5)

for all o > 0, with

a>0, b>0, v>—.
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Let the initial data [go, up) for the Navier-Stokes system (2.0.1 - 2.0.3) be of the
following form

0(0) = 00,e = 1 +c0{), u(0) = ug ., (2.3.6)

L2N Lo (R3) + Hu075”L2(R3;R3) <M. (237)

Let all the requirements of Theorem 11 be satisfied with the initial datum for
the Euler system vo = Hlug|. Let [s, U] be the solution of the acoustic system
(2.2.1) with the initial data (2.2.7). Then,

[ve(u—v—V¥)(t, ')”iz(RS;RB)

2

o—1 o—1 S(t, ) 7
+H €)= ott) o ()~ e
¢ L2(R?) ex e L7 (R3)
< e uoe — uolZamams + Hg(” - g(”‘ : tefo,T] (2.3.8)
> 5 L2 (R3;R3) 0,e 0 L2 (R3) i ) )

for any weak solutions [o,u] of the compressible Navier-Stokes system (2.0.1 -
2.0.8).

Remark 15. The first relation in (2.3.6) refers to the first-order perturbation of

the density, namely 5982, respect to the ambient fluid density settled equal one.

A consequence of the above Theorem is the following Corollary.

Corollary 16. Let all the requirements of Theorem 14 be satisfied. Assume
that

Qé}gﬁggm in L*(R?), uge —ug in L*(R*R?) when &— 0.

Then

ess sup |[[y/o(u—v)(t, -)H;(Rg_w) — 0 when ¢ — 0,
te[0,T) ’

ess sup |lo— 1”%2(]1@3) — 0 when ¢—0,
t€[0,T]

ess sup [[o — 1|7 (gs)y = 0 when € —0,
te[0,T]

for any weak solutions [o,u] of the compressible Navier-Stokes system (2.0.1 -
2.0.3) and [r, U] sufficiently smooth test functions.
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2.3.3 Convergence

The following discussion is devoted to the proof of Theorem 14. Here and
hereafter, the symbol ¢ will denote a positive generic constant, independent by
€, usually found in inequalities, that will not have the same value when used in
different parts in the analysis.

We start with the a priori bounds. In accordance with the energy inequality
(2.1.1), we have

ess sup_ [0t )l rropagas) < (M), (23.9)
t€[0,T]

ess sup H\/éu(t,-)||L2(R3;R3)§C(M). (2.3.10)
t€[0,T

From (2.3.9) and (2.3.10), we obtain

lou(t, )l Lo(rs sy = [Veveult, ‘)HLq(W;RS)

< [IVe(t, )l pavgsy IvVoult, )l L2 s gy » (2.3.11)
with
2y
== 2.3.12
SRS (2.3.12)
We conclude that
ess sup_[lou(t, )| < (M), q= L (2.3.13)
te[0,T7] P TLeRGRS) = 7 Y41 o

Moreover, introducing (see Germain [51])

I(o,r)=H (o) —H'(r)(e—r)— H(r), (2.3.14)

we observe that the map o — I(p,r) is, for any fixed r > 0, a strictly convex
function on (0,00) with global minimum equal to 0 at ¢ = r, which grows at
infinity with the rate 7. Consequently, the integral [, I (0,7) (¢, ) dz in (2.3.2)
provides a control of (o —7) (t,) in L? over the sets {z : |0 — 7| (t,z) < 1} and
in L" over the sets {x : |0 — 7| (¢,2) > 1}. So, for any r in a compact set (0, 00),
there holds

I(,Q,T‘) ~ |Q - T|2 1{|.Q—7“\<1} + ‘Q - T'|’y 1{|Q—T|21}7 Vo >0, (2315)

in the sense that I(p, r) gives an upper and lower bound in term of the right-hand
side quantity (see Bardos and Nguyen [2], Feireisl, Novotny and Sun [50] and
Sueur [104]). Indeed, is possible to show (see Bardos and Nguyen [2], Lemma
2.2) that for the quantity I(p,r) the following approximation holds

I(o,r)~ o(H'(0) — H'(r)) —r (0 —r)H"(r),

where the right-hand-side is of order |0 —r|> when |0 —r| < 1, and of order
lo — r|” when |g — r| > 1. Therefore, we have the following uniform bounds
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ss s (0= 1) (N ggorien ey SO0 (2316)  [snit vouad]

te[0,T)

ess s (lte= 16N omrznlyngen) SCONT, (2317)  [onit soumas]

te[0,T)

where we have set r = 1 and U = 0 in the relative energy inequality (2.3.2).

Now, the basic idea is to apply (2.3.2) to [r,U] = [1 +es,v+ V,¥]. The
particular choice of the test functions is motivate by the regularity of the solu-
tions of the Euler (2.0.6) and acoustic (2.2.1) system. In the following, n will
be fixed. For the initial data we have

1
o [ UNO = [ Foncluoe— ol ds
R3

1
4 / 2 [ (14 2f) —er (120 () — o) — # (14 20") ] d,
R3

(2.3.18) ’initial data conv
where ug = H[ug] + V¥q. Given (2.3.6) and (2.3.7), for the first term on the
right hand side of the equality (2.3.18), we have

1

/3 500, lug - — ug|* da
R

1
g/ 5 |1+ eef
R3 2 ’
1 1
S/ f\u078—u0\2d33—|—/ f‘eg(()lg
R3 2 R3 2 ’

1 2 1 1 2
< [ gl e o], [ g e —wl e

2
|ug,e — up|” dx

[ug e — u0|2 dz

<ce(M)(1+¢)|luge — uO”iz(Rg;Rg) . (2.3.19) ’ initial data convl

For the second term on the right hand side of the equality (2.3.18), setting
(

a=1+ €Q82 and b=1+ 5@01), and observing that
1
H(a) = H(b) + H'(b)(a =) + SH"(§)(a = b)*, €€ (a,b),

|H(a) = H'(b)(a — b) = H(b)| < cla— b,

we have
1 1) / WY (1 @) (1)
o [H(1reehl) —er (1 eof) (ob) — o) — # (14 cof”)] do
R

1 O\
<con [ (’5(90»690 )| )aa
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(1) (1)
< (M) Hgo ) ol ‘ . (2.3.20)
Finally, we can conclude
€0 | 7, U)0) < e+ 2) o — ol oy + |06 — o .
Now, we decompose [ into
T T
/ Lt :/ / 0[(BU+U-V,U)- (U - u) dedt
0 o Jrs
T
—/ / oV,U- (U —u)- (U — u)dzdt. (2.3.21)
o Jrs

For the second term on the right hand side of (2.3.21), thanks to the Sobolev
imbedding theorem, the Minkowski inequality, (2.1.8) and the dispersive esti-
mate (2.2.6), we have

/OT/RSQV,@U(Uu)'(Uu)dxdt

T
é/ / 0|V, U (U — u)[ dadt
0 R3

T
< / E(|Vav + V2| o oy

T T
< /0 E | Vvl oo ops) A + /0 ENVEU] e po sy

T
< c/ gdt (2.3.22)
0

The first term on the right hand side of (2.3.21) can be rewritten as follows

/T/ 0[(0,U+U-V,U) - (U - u)] dadt
0 R3

/ / (Opv 4+ v - Vv)dadt
R3
/ / ) - 0V, Udadt
R3

/ / U-—u)®V,¥:V,vdadt
RS

/ / U-—u)®v:Vildzdt
Rs
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/ / -V, |V, | dadt. (2.3.23)
R3

In view of uniform bounds (2.3.13), (2.1.8) and dispersive estimate (2.2.6), the
last three integrals can be estlmated as follows

T T
/ o(U—-u)®V,V: V,vdzdt = / / o(v+ V¥ —u)@V,V: V,vdedt
R3 0 R3

T
= / / (ov) @ V¥ @ Vyvdadt
o Jrs

T
+/ / (0V,0) @ VU : V,vdadt
0 R3
T
—/ / (ou) ® V¥ : V,vdadt
0 R3
T
<e / lolpe (¥l o Vo ®ll e [Vav] e dt
T
te / Lol (V0¥ [V [V

T
ve [ lloul 2 19291, 2, V]
0

[ —1/v
< c(M) le(log(eJrT)log(s))Jr(g e )+<7(6+T>(ET) Te

e+T v—1 v—1
(2.3.24) |[1th
Similarly to (2.3.24),
/ / U-—u)®v:Vildzdt = / / (V4 VU —u)®@v: ViUdedt
R3 R3
—1/v
g2 v(e+ T) (=£%) ! e
< — _ e _
< (M) l&(log(a—i—T) log(s))—i—(a 5+T>+< — po—
(2.3.25) [2wh

and

T T
/ g(U—u)~Vm|Vx\I/\2d9:dt:/ / o(v+ VU —u) -V, |V, ¥ dadt
R3 0 R3

conl(c-2E0)+ - zetae) eem (59) )]

(2.3.26) [3tn
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Using (2.0.6), for the first term of (2.3.23), we have

/oT/Rs o(U—u)-(9v +v-Vyv)dzdt
:—/OT/RBQ(U—u).vmndxdt_/OT/Rs(U_u)_(wxQv)dxdt

T T T
:/ / gu~V$dedt—/ / QU-vszl‘dt—/ / (U—-u)-(w x gv) dadt.
o Jrs 0 JRrs 0 JRrs
(2.3.27)

Regarding the first integral on the right hand side of (2.3.27), as a consequence
of the estimate (2.3.13), we have

ou — w weakly-(*) in L™ (0, T; L2/ 7+ (R? R3)) : (2.3.28)

where w denotes the weak limit of the composition. Now, taking the limit in
the weak formulation of the continuity equation

T -1 T
I (Q)agpdxdﬂ— | [, euVapdaat =0 (2.3.20)
0 JR3 € 0 JR3

for sufficiently smooth ¢, thanks to the estimate (2.3.16) and (2.3.17), we deduce
that

T
/ w - Veedadt =0 (2.3.30)
0o Jrs

when € — 0. We may infer that

T T
/ / ou -V, Ildzdt — / w - VIIdzdt = 0. (2.3.31)
0o Jr3 o Jrs

For the second integral on the right hand side of (2.3.27), we have

T T
/ / oU -V, IIdxdt / / (0—1)-U-V,IIdzdt
0o Jr3 0o Jrs

T
/ U -V, IIdzdt
0o JR3

<

+ : (2.3.32)

For the first integral on the right-hand side of (2.3.32), thanks to (2.1.8), the
estimate (2.2.6) and the uniform bounds (2.3.16) and (2.3.17), we have

T
/ / (0—1)-U-V,IIdzdt
0o Jrs

o
[ 11{0=11<13 Y+ VoVl 2 g psy - IVallll po (psrsy i

e

T
SCE/
0

‘L?(RS)

43

convé4

press_conv2

weak_cont

weak_cont_0

conv_0

split



1

T
Sce/
0

T
+ce/
0

and

[~

]1{\971|<1} Lo (R ) ||VHL2(1R3;R3) ) ||VIHHL°°(R3;R3) dt

(<

V2Vl L2 R3;R3 IVl o R3;R3) dt < ¢(M)e
( ) (

R3)
2339

T
/ / (0—1)-U-V,IIdzdt
o Jrs

T
< C/o H[Q - 1]1{\9—1|21}HL7(R3) v+ V) - VI

11go-11<ny
2

dt
LT (R3;R3)

T
<o [ o= im0 IV VT, 2y g

T
+c/0 |le — 1)1, 1|>1}Hm(w> IV @ - VoI I(RSRS)dt. (2.3.34)

Thanks to the following interpolation inequalities

y— 1

=1 1—2x=1
IVl DTty s < IV DTl Ty V29 - VT G

~y—1 y—1

= e 1
S Hvzq}”Lg(Rg;H@) HVIH”L;(RS;]]W) ||V’E\II N VIEHHL/OZ(]RS;RB)

< (M) [Va¥ - VoTT 12 sy < M) V2P s - VT o)

< (M) ||V \I/HLoo(RsRa), (2.3.35) [int_1

y=1 1=t
v Vallll 22 oy S IV VTl s sy 1V - Vallll o s

—1 ~—1

= = 1
< HV”L;(RS;RS) HvzH”Lg(Rs;ﬂ@) ”V . VIHHL/O’CY(]RS;RS)

1 )
<V VIl 2 ooy < VI oy - [VaTTI L sy <€ (2:3.36) [imt_2

and the estimate (2.2.6), for the integral in (2.3.34) we have,
T
[ e = 0 aim0) I VTl g
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T
+/0 H[Q - 1]1{|Q_1|21}HL’Y(R3) ’ ||VI\I/ ’ VmH”Lﬁ(RS;RS)

T
SC(M)€2/’Y+C(M)€2/’Y/ ||VI\IJ||1L/OZ(R3;R3)dt
0

T e+T -1/~
< oMY 1 (M) (WH VEF) T2 ) e
7= Y-

For the second integral on the right-hand side of (2.3.32), we have

T T T
/ UV, Idzdt = / / v-V, Ildzdt+ / V.UV, dzdt. (2.3.38)
0 R3 0 R3 0 R3

Performing integration by parts in the first term on the right-hand side of

(2.3.38), we have
T
/ / div,v - IIdadt =0
o Jrs

thanks to incompressibility condition div,v = 0. For the second term on the
right-hand side of (2.3.38) using integration by parts and the acoustic equation
(2.2.1), we have

T T
/ V.V -V, Idzdt = —/ AV - TIdxdt
0 R3 0 R3

T
=€ / Oys - Ildxdt
0 Jm3

t=T T
=c 5 - de] = 6/ / s - OyIldadt, (2.3.39) |phi_p
TR R A R

that it goes to zero for ¢ — 0. For the second term of (2.3.23), we have

T
/ / o(U —u) -0,V ¥dadt
o Jrs

T T
= - / / ou- 0V, Vdzdt + / / ov - 0,V Wdxdt
0 JR3 0 R3

1 [T ) |
#3 ) [ onrva 240

T
/ / ov - 9,V Udxdt
0 R3

where

45



T T
:/O /11{3(9—1)v-atvw\pdxdt+/o Agv-atvxq/dxdt. (2.3.41)

We use the acoustic equation (2.2.1) to rewrite the first term above as follows

/ / (0—1)v-0,V,¥dadt
RS

_ _ o—1 -
= a/ . (2.3.42)

where, thanks to (2.1.8), (2.2.6), (2.3. 16) and (2.3.17), we have

o—1

T
/ zsdxdt
o Jrs
o—1
3/ [ 11410~ 1<1}‘ VIl L2 g gy [ Vasll oo s ps) dt
0 L2(R3)
<c(M)e(log(e+T) —log(e)) (2.3.43)
and
[ L
o Jrs
Q—l
S/O [— 11 1>1}‘ W(RB)”V”L%(W;RS) Va8 oo e ey A

< (M) (log(e + T) — log(e)) , (2.3.44)
where we used the following interpolation inequality for v

y—1 y—1

=1 1—
Hv”Lﬁ(R%R?’) = HVHL?(W;Ra) HVHL“(HWW;R:‘)

y—1
— — 1
< VIl 3 gy V113 g gy VI oy < e

For the second term in (2.3.41), performing integration by parts, we have

T
div,v - 0;¥dxdt = 0 (2.3.45) |div_phi
/L ]

thanks to incompressibility condition, div,v = 0. Regarding I, we have
T P
/ Ldt < & / / (S(V.U) = S(Vaw)) : (VoU — Vo) dadt
0 2Jo Jrs

T
—|—cs/ |S(V,U)|? dadt, (2.3.46)
0 R3
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where we used the Young inequality and the following Korn inequality

/ V.U — Vyul* dz < c/ (S(V,U) — 8(Vzu)) : (VU — V,u)de
R3 R3

The first term on the right-hand side of (2.3.46) can be absorbed by the second
term on the left-hand side in the relation (2.3.2). For the second term on the
right-hand side of (2.3.46), in view of (2.1.8) and (2.2.5), we have

T
ce / |S(V,U)[>dzdt < ¢(M)e. (2.3.47)
0 R3

Regarding the terms I3 and I, we deal with the following analysis. First, we
have

V. H'(r) - rUdx = —/ p(r)div, Udz (2.3.48)

R3 R3

that it will cancel with its counterpart in I;. Next,

62/ / V.H'(r) - (ou)dzdt = / / H"(r)Vzs - (ou) dzdt
R3 R3

T 1 _ 1" T
:/ 022 2T g, 5. (ou) dxdt+1/ / P (1)Ves- (ou) dzdt.
0 JRs ©Jo Jre

g
(2.3.49)

Observing that

H"(1+es) — H'(1)
13

= H"l(ﬁ)s, £e(l,1+es),

< cs,

‘H”(l tes)— H”(l)‘
g

the first term on the right-hand side of (2.3.49) can be estimated in the following
way

T "1 — H"(1
/ H'(1+es) = HY )st-(gu) dzdt
0 R3

g
T
Vs 2 dt
= RPN 2 B P
T _1/7
< (M) (7 (coT) (542 ) B 67) _ (2.3.50)

For the second integral on the right-hand side, using the acoustic equation

(2.2.1), we get
/ / - (ou) dzdt
R3
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T
f/ / (ou) - 9,V Vdzdt (2.3.51)
0 R3

that it will cancel with its counterpart in (2.3.40). Now, we write

1 /T , |
= /0 /Rs [(r = 0) 9:H'(r) — p(0)div, U] dzdt

1 /T
= 7/ / (r — o) H" (r)0ysdzdt
gJo R3
1 T
—8—2/0 /RS p(0)AWdzdt
T (1 _ Q) T
:/ / 7H”(r)8tsdxdt—|—/ / sH" (r)0ysdxdt
o Jrs € 0o Jrs

1 /7
—6—2/ / p(0) AVdzdt. (2.3.52)
o Jrs

The last term on the right-hand side can be split as follows

1 T
i AUdgdt
= /0 /R 3‘”(9) T
/ / )] AWdzdt
RS

1 T
78—2/0 /R3 p(1)A¥dzdt. (2.3.53)

Using integration by parts, we have

1 T
——2/ V.p(1)V,¥dzdt = 0. (2.3.54)
RS

/ /R )] AUdadt
/T/ [p(@)*p’(l)(gfl)*p(l)]Aq,dxdt
0o Jmrs €

_/T/ p/(Lg_l)qudxdt, (2.3.55)
0o JRs €

Then, the following estimates hold

Now, we have

Die—1)—
R3 52

T
P A gdzat] < e / IS F——
0

(2.3.56)
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Now, we have

17 2
- 00, |V, U2 dedt
2 0 R3
/ / (0—1)0, |V dedt + - / / 0, |V, 0| dadt

t=T

// (0—1)0; |V, V| dxdt+[ / IV, 0| dx] . (2357) [pni

t=0

where, using (2.2.1) in the first term on the right-hand side, we have

/ /RS at|v U dzdt = / /RS v U -V, sdzdt. (2.3.58)

Now, using (2.2.6), (2.3.16) and (2.3.17) in (2.3.58), we have
[ L

11410-11<1)

V V.V, sdxdt

(e—1)
g

[

T
</
0

e ¥ 19l oy
L2(R

< ce(M)e (log(e + T) — log(e)) (2.3.59)

[

1 o-1121y

and

V V.V, sdxdt

[(9_1)

€

T
</
0

LManwhqunvﬁmﬂmwt

T =1/~
< (M) (V (et ) _7>7 (2:3.60)

where we have used the following interpolation inequality for V,W¥

-1 1—2=1
AT VoW s ) [V @ o s

L7~T (R3;R3) <

1
<V gy VW gy IV W1 gy < M) (V2 g

Now, collecting the remained terms, we write

/ / H" (r)0y sdxdt—i—/ / sH" (r)0;sdzdt
RS RS
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/T/ wﬁqjdzdt, (2.3.61)
o Jrs €

For the first integrals in (2.3.61), it is possible to show (see Feireisl, Necasova
and Sun [47]) that

H "(r)0ysdxdt
R3

1) AUdadt + ¢(M /8||A\I'||LOO(R3R3)dt (2.3.62)
RB

where the first term on the right hand side of the inequality it will cancel with
its counterpart in (2.3.61). While, for the second integral in (2.3.61), we have

t=T
sH" (r)0ysdxdt

R3
(2.3.63)
From (2.3.56), (2.3.62), (2.3.63) we need to estimate the following term

T T
/ E U] e s < (M) / £dt. (2.3.64)
0 0

Finally, regarding I5, we have

ATA3(QUXW).(Vu)dxdt/OTA3(QVXM).(Vu)dxdt
:/()T/Rg<qu‘*’)'dedtJr/oT/RS(Q"xw)'“dxdt

T T
= / / (ou X w) - vdzdt — / / (ou X w) - vdzdt =0 (2.3.65)
0 JR3 0 JR3

and, thanks to (2.1.8), (2.2.6), (2.3.9) and (2.3.13), we have

T
/ / (ou X w) - V,Udzdt
0o Jrs

< [ el 19

e —1/y
< (M) (ﬂHT) S R ) (2.3.66)

v—1 v—1

and
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T
/ / (ov X w) - V,Udzdt
0o Jrs
T

< [ el IV sy 1l e

< c(M)e (log(e + T') — log(e)) - (2.3.67)

Combining the previous estimates and letting ¢ — 0 we can rewrite (2.3.2) as

T
[5(g,u|r,U)](T)§[S(Q,u|r,U)](O)+c(M)/O £dt (2.3.68)

In virtue of the integral form of the Gronwall inequality, we have

[E(e.u| 7 ONT) < ([, u] r, W)O) (1+c(M)Te™T) for ¢ € [0,7],
(2.3.69)
where the quantity (1 + c¢(M)Te“®)T) is bounded for fixed ¢ € [0,T]. Theorem
14 is proved and, consequently, Corollary 16.

2.4 Conclusions

The problem we faced above has focused on the inviscid incompressible limit
for a compressible barotropic fluid in a "fast" rotating frame. The problem was
analyzed in the whole space R3. However, a possible extension for a fluid in a
bounded domain can give light to the interesting analysis of the formation of the
boundary layers. Moreover, it is not excluded that the "fast" rotating frame can
develop a particular phenomenology in the fluid that can be of some interest,
from the mathematical view point, in the analysis of other kind of models in
bounded domains or in the whole space.
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Chapter 3

Dimension reduction for
compressible heat conducting

fluids

We consider the scaled compressible Navier-Stokes-Fourier-Poisson system de-
scribing the motion of an heat conducting fluid in a rotating frame confined in
a straight layer Q. = w x (0, ¢) where w is a two-dimensional domain and in the
presence of the gravity force already mentioned in Introduction. The continuity
equation reads

0o + dive (ou) = 0, (3.0.1)

the momentum equation is

Ot (ou) + div, (ou ® u) + pu x x + Vp(o,9)

= div.S (9, Veu) + € 2oV ¢ + oV, |z x X\Q , (3.0.2)

with the stress tensor given by the following relation
2
S (9, Veu) = pu(9) <V€u + Viu - 3div€ul> + 7 (9) diveul. (3.0.3)
The entropy equation is

d: (05 (0,9)) + dive (0s (0,9) u) + div. (q(ﬁ,Veﬁ))

v

1

= <S (9, Veu) : Vou — (3.0.4)

9

q (9, V) - Vo )
19 b

with

q=—r(9) V. (3.0.5)

The gravitational force is given by the following relation
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(1 — &, 20 — &2, € (w3 — &3))

Ves(ta)=c [ aclt,d) ) e
/2
e (\xh—€h|2+62 |23 —§3|2>
+/3 (1— a) gly) 2= yl’? el _2%:3/)2 dy
® (\mh*yh| + €% |13 — y3| >
=ea®; + (1 — a) ®. (3.0.6) |phi_grav

The system (3.0.1) - (3.0.4) is completed with the initial conditions

0(z,0) =00 (z), u(z,0) =ug (z), J(z,0) =9 (z), z € (3.0.7) |ic

and the boundary conditions

oy 0.1y = 0 (3.08) [o
u- n|wx{0)1} =0, [S-n]x n|wx{0y1} =0, (3.0.9) |b2
V9 nl,y 0. = 0. (3.0.10) [b3
q-nfy, =0. (3.0.11) [flu

Remark 17. The first condition in (3.0.9) can be written as
ug =0onw x {0,1}.

Remark 18. We consider the no-slip boundary condition holds on the boundary
w % (0,1) (on the lateral part of the domain) and the slip boundary condition
on the other parts of the boundary w x {0,1} (the top and the bottom part of
the layer).

Remark 19. We would like to emphasize that we imposed a slip condition on
the boundary w x {0, €} in order to avoid difficulties in passing to the dimension
reduction limit.

As already mentioned in the Introduction, we will consider two cases: 3 =
1/2 and 8 = 0. In the first case we will take o« = 1, assuming only the self-
gravitation. In the second case, we will take o = 0, assuming only the gravita-
tional force due to external effects.

We want to show that the weak solution of the Navier-Stokes-Fourier-Poisson
system converges to the classical solution of the corresponding two-dimensional
system in which the continuity equation reads

Or + divy, (rw) =0, (3.0.12)

the momentum equation is

rOwW + 1w - Vpw + Vip(r,0) + 7 (w x X)
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= div,S(0, V,w) + rVidn + Vi [z x x|?, (3.0.13)
with the stress tensor given by the following relation
_ : . B .
Sh(©,Vrw) =p (Vhw +V,w— lehW) + (n + 5) divy, wlj,. (3.0.14)

where Ij, is the unit tensor in R?*2 in the domain (0,7) x w. The entropy
equation is

70t +rw - Vs + divy, (qh(e’@W@))
1 .
=—(S5,(0,Vyw):V,w— (6, V) - V1O , (3.0.15)
€] S
with
an(0,V,0) = —k(0)V,,0. (3.0.16)
Above,
on(t,zp) = G/ Mdyh for a=1 (3.0.17)
w h — Yh
|Zh — Ynl
and
on(t,xp) = dy for a=0. (3.0.18)

G/ 9(y)
R \ |zp, — yh|2 + 3

Moreover, qp, - n|awx(o,:r) =0 and W|6w><(07T) =0.

3.1 Thermodynamics

The physical properties of heat conduction flows are reflected through various
relations which are expressed as typically non-linear functions relating the pres-
sure p (0,1), the internal energy e(p, ), the entropy s (o,) to the macroscopic
variables g, u and 9. The following discussion is based on the general existence
theory for the Navier-Stokes-Fourier system developed in [41].

According with the fundamental principles of thermodynamics, the internal
energy e is related to the pressure p and the entropy s through Gibbs’ relation

1
¥Ds = De + pD <Q> ; (3.1.1)

where D denotes the differential with respect to the state variables p,¢. We
consider the pressure p and the internal energy e in the form

a
p(e.9) = pi(e.9) + 30", (3.1.2)
194
e(0.9) = e1 (0,9) + %; (3.1.3)

where
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p1(0,9) = (v—1)e(o,9) (3.1.4)

with v > 1. The component %194 represents the effect of "equilibrium" radi-
ation pressure (see [28| for the motivations). Gibbs’ equation (3.1.1) can be
equivalently written in the form of Maxwell’s relation as follows

de(0.9) 1 dp (0,7)
78@ = ? (p (0,9) =9 59 > . (3.1.5)

It follows, under some regularity assumptions on the functions p; and e,
that

p1(o.0) =971 P (19@1> (3.1.6)

where P : [0,00) — [0,00) is a given function with the following properties

P e C([0,00))NC?((0,00)), P(0)=0, P'(Z)>0 for all Z>0,

(3.1.7)
VP (2) - P (2)Z _Pz)_
0< Z <c< oo for all Z>0, ZIEEOT—;DOO>O.
(3.1.8)

Condition (3.1.8) reflects the fact that the specific heat at constant volume
is strictly positive and uniformly bounded. Recalling the Maxwell’s relation
(3.1.5), for the internal energy we have

1 977 0
,9) = P . 3.1.9
e1(e.9) v-1 o (ﬂwll) (3.19)
Due to the form of the pressure and the internal energy, the entropy is given by
4 93
S(Qaﬁ) =35 (9519)+§a5’ (3110)
with
0 / 1 yP(2)-P(2)Z
9) =M M (Z)=— 0
Sl(Qa) (&)7 () ’Y—]. 22 <0,
lim M (Z) =0. (3.1.11)
Z—00
Note, that it is possible to show that
s1(0,9) <c(1+|Ingl) (3.1.12)
in the set ¢ € (0,00), ¥ € (0,1), and
s1(0,9) <c(l+|lng|l+1nv) (3.1.13)

in the set ¢ € (0,00), ¥ € (1,00).
The coefficients p, n and x are continuously differentiable functions of the
temperature, such that
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0<cr(149)<p®), @) <c, 0<n) <cs(1+9), (3.1.14) [mu_nu

0<ecs(1+9%) <k(¥) <es (1+97) (3.1.15) [xappa

for any ¥ > 0. For the sake of the simplicity, we consider the particular case

p(9) = po + g, po,p1 >0, =0 (3.1.16) [mu

and

K (9) = ko + Ko¥? + K39%, K; >0, i=0,2,3. (3.1.17) |xappa_1

3.2 Weak and classical solutions

In the following, we introduce the definition of weak solutions for the compress-
ible Navier-Stokes-Fourier-Poisson system (3.0.1) - (3.0.4) and we discuss the
global in time existence. Then, we discuss the global existence of the classical
solution of the two-dimensional heat conducting system (3.0.12) - (3.0.18).

3.2.1 Weak solutions

To present the weak formulation, we consider the functional space

Wolj (Q;Rg) = {u e Wwh? (Q;RB) ;u- n|wx{071} =0, u|8wx(071) = 0} .

NSFP_weak_sol_def | Definition 20. (Weak solution) We say that [0, u, 9] is a weak solution of the

system (3.0.1) - (3.0.4) if

0>0, 9>0, ae in (0,7)xQ,

Y S Cweak ((O»T) 9 L’Y (Q)) ) ou € Cweak ((OaT) 7L% (97R3)> )
we 22 ((0,7), Wy (U RY))

¥ e L>®((0,7),L* ()N L*((0,T), W"?(Q)),
and if [p, u, Y] satisfy the following integral identities:

T
/O /Q (0+b(0) 0o+ (0+b(0)u-Vep+ (b(0) — b (0) 0) diveup dadt

=- /Q (00 +b(00)) ¢ (0,-) dz (3.2.1) ’ weak_continuity

for any ¢ € C°([0,T7) x Q) and b € C*([0,00)), b’ € C([0,00)), where
(3.2.1) includes as well the initial condition o (x,0) = g¢ (2);
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T
/ /Qu-atso+(9u®u) :Vep + (oux x) - ¢ +p(0,9) divep dzdt
0 Q

T
_/ / S (197 veu) : VeSO - E_QBQveqb L Qve ‘LL‘ X X|2 2 dadt
0 Q

= _/ ooug - ¢ (0,-)dx (3.2.2) |weak_mom
Q

for any ¢ € C° ([0,T) x & R?), @l rixowx01) = 05 P3ljo71xowx (01} = O
where (3.2.2) includes as well the initial condition gu (z,0) = goug (x);

T
9,V .0

//QS(Qvﬂ)at<P+QS(Qﬂ9)U'Ve<P+%-Vegodxdt

0 Q

< [ avslendo) o (0. do
Q
T

—/ /l S, V) : Vou— LV VAN e (3.2.3) [weak_s

o Ja¥ )

for any ¢ € C° ([O, T) x ﬁ), @ > 0; together with the total energy balance
1 2
g0 ul” +ee(e,9) ) (t,) dz
Q

1 T
= / < oo + Qoe(Qo,ﬂo)) dz +/ / 0®; -u+ oV, |z x x| - u dadt
o \ 200 o Jo

(3.24) |teb
with j = 1,2, and the integral representation of the gravitational force (3.0.6).

Remark 21. In the weak formulation above, we replace the weak formulation of
the continuity equation (3.0.1) with its (weak) renormalized version in the sense
of DiPerna and Lions [23].

Remark 22. The concept of weak solution to the Navier-Stokes-Fourier system
based on the Second Law of thermodynamic presented above was introduce in
[27]. In order to compensate the lack of information resulting from the entropy
inequality, the system is supplemented by the total energy balance. Under these
circumstances, it can be show (see [41]) that any weak solution of (3.0.1) - (3.0.4)
that is sufficiently smooth satisfies the entropy equality (3.0.4).

Remark 23. Concerning the weak formulation introduced above, there are at
least two alternative ways by which to replace the entropy balance (3.0.4),
namely the total energy balance

1 1
o0 (gelul + e (0.0) ) +aive | (Golul + ee (2.0) + p(0.0) ) u] +aivia (0.9.)
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= div [S (¥, Veu) u] (3.2.5)

or by the internal energy balance
9 (0e (0,9)) + dive (e (0,7) u) + diveq (¥, V)

=5(9,Veu) : Veu — divep (0, 9) u. (3.2.6)

Although relations (3.2.5) and (3.2.6) are equivalent to (3.0.4) for classical so-
lutions, this is, in general, not the case in the framework of weak solutions.
Moreover, as mentioned in [43], it is precisely the entropy balance (3.0.4) that
gives rise, in combination with the total energy balance, to the relative energy
inequality yielding the weak-strong uniqueness property and the convergence we
are asking for.

It should also be noted that the term S (9, Veu) u in the total energy balance
(3.2.5) is not controlled on the (hypothetical) vacuum zones of vanishing density.
Replacing (3.2.5) by the internal energy equation (3.2.6), dividing (3.2.6) on
1/9 and using Maxwell’s relation (3.1.5), we may rewrite (3.2.6) as the entropy
equation (3.0.4) we already introduced in the beginning of the chapter.

The next Theorem concerns with the global-in-time existence of weak solu-
tions for the Navier-Stokes-Fourier-Poisson system (3.0.1) - (3.0.4).

Theorem 24. Let Ey and Sy be non-negative constants. Suppose the ther-
modynamic functions p, e, s satisfy relations (3.1.2) - (3.1.11), the transport
coefficients p, n, k comply with (3.1.16) - (3.1.17). Let v > 3/2 if « = 0 or
v > 12/7 if « = 1. Let g be such that g € LP(R3) forp=14f~v > 6 and
p =067/ (7Ty—6) for 3/2 <~y < 6. Suppose the initial data satisfy

1 1
/ (9 lu|® + 96(9719)> (0,-) dor = / ( loouo|” + 906(Q07190)> dx < Ey,
o \2 a \ 200

/ 05(0,0) (0, ) du = / 005(00, 90)dz > So. (3.2.7)
Q Q

Then, the system (3.0.1) - (3.0.4) with boundary conditions (3.0.8) - (3.0.10)
admits at least one weak solution in the sense of Definition 20.

Proof. The existence of weak solutions to the above problem can be deduced
from the works of Feireisl et al. [29], [35], [40] and [45]. In fact, we fix € > 0, we
construct a weak solution in 2, and then we rescale the solution. O

3.2.2 Classical solutions

The next Theorem concerns with the existence of classical solution for the two-
dimensional heat conducting system (3.0.12) - (3.0.18). From classical results of
Matsumura and Nishida [76], we know that the target system admits a unique
global strong solution provided the initial data are close to a stationary solution.
Another possible result is the existence of local-in-time smooth solution (see for
example Tani [106]). More precisely
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Theorem 25. Let E be a given positive constant. Suppose thatp € C? ((O, 00)2),
w,n, k € C(0,00) and that

ro € W22 (w), infrg >0, wog € W32 (w;RQ) N Wol’2 (w;RZ) ,

Qo € W32 (W), infQ > 0. (3.2.8)

Moreover, assume that the following condition holds

1 .
- (Vhp (r0,©0) + 10 (Wo X X) — divp,S(O0, Vawo) — roVipon — 1oV |2 % X|2)‘

0
(3.2.9)
Then:
1) (Local solution) There exists a positive parameter Ty, such that [r, w, O] is
the unique classical solution to the problem (3.0.12) - (3.0.18) with the boundary
conditions

w|,, =0, (3.2.10)
00

- = 211
on |, 0 (3 )

and the initial conditions [ro, wo, O] in (0,T) x w for any T < T such that

reC([0,7]; W (w))nC* ([0,T]; W*?* (w)) , (3.2.12)
w e C ([0,T]; W2 (w;R*)) nC* ([0,T]; WH? (w; R?)) (3.2.13)
© e C([0,T];W*?(w))ncC* ([0,T]; W"? (w)) . (3.2.14)

2) (Global solution) Let [ro,wo,©¢] and x be such that for a sufficiently
small e >0

[[ro =7, wo,80 — O], , + x| <<, (3.2.15)

where [7,0,0)] is a stationary solution to (3.0.12) - (3.0.18) with the boundary
condition

006
= =o. 2.1
o, 0 (3.2.16)

Then, for any T, < +oo there exists a global unique strong solution to to (3.0.12)
- (3.0.18) with the boundary condition (3.2.10) - (3.2.11) and the initial condi-
tions [ro, wo, ©o] in the class (8.2.12) - (3.2.14).

Proof. 1t follows from [76, Theorem 1.1] and [106] with slight modifications due
to the rotation and the self-gravitation. O
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3.3 Convergence analysis

For the purpose of the convergence analysis, we introduce the relative energy
functional and the relative energy inequality associated to the system (3.0.1) -
(3.0.4) already mentioned in the Introduction.

3.3.1 Relative energy inequality

The relative energy functional associated to the Navier-Stokes-Fourier-Poisson
system (3.0.1) - (3.0.4) is given by the following relation

T(o,w, 9 | 7,%,0) = /Q (;g =2+ (0,0 | 7, é)) 4,9z (33.1)
where for the Helmholtz potential
Hg(0,9) = oe(o,9) — Ops(o,9) (3.3.2)
we have
E(0,9 | 7,0) = Hz(0,9) — 8,Hz(7,0)(0 — 7) — Hg(7,©). (3.3.3)

While, the relative energy inequality reads as follows

=T
[Z(0,u,0 | 7.%,6)
t=0
o~
+/ / o <S(197V6u) :Veu — W) dadt
0o Ja v
T ~
§/ R(o,u,v,7,w,0)dt (3.3.4)
0

where the reminder R is expressed as follows

R(o,u, 9,7, W,0)
:/S)Q(u—VV)-VEGV-(VTI—u)dx
+ /Q 0 (5(0,9) — 5(7,6)) - (% —u) - VB
+/Qg(atv~v+v~v V) - (% — w)dz
- [ o(ste.0) ~ 5(.6)) 0:6as
- /Q o (s(0,9) - 5(7.6)) W+ V.6dx
+ [ ((1-2) 0(7.8) — 2u-Vip(7.8)) o
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+/QQ(X><U)-(V~V—H)—QVE|x><a:|2~(v~v—u)dx

—/ (eQﬁQVe¢~ (W—u)+ —q(197 Veg) : VE@) dx
Q

—/ p(o,V)divew + S(9,Veu) : Vewdr .= I + ... + I13. (3.3.5)
Q

Here, 7, W and © are sufficiently smooth functions. Moreover, 7 and O are
bounded below away from zero in [0, T] x €, W|6w><(0 1) = 0and @E|wx{0 13 =0.

The particular choice of 7, W and © will be clarified later.

Remark 26. Any weak solution of the Navier-Stokes-Fourier-Poisson system
(3.0.1) - (3.0.4) satisfies the relative energy inequality (3.3.4).

3.3.2 Main results
Our main result reads

Theorem 27. Suppose that the thermodynamic functions p, e and s satisfy the
hypothesis (3.1.2) - (3.1.11), the transport coefficients p, A and k comply with
(8.1.15) and (8.1.16) and the stress tensor is given by (1.1.25). Let [ro, wo, ©g]
satisfy assumptions of Theorem 25 and let T, > 0 be the time interval of exis-
tence of the strong solution to problem (3.0.12) - (3.0.14).

Let

o cither Fr =1, 6=0,a=0,v>3/2 and g € LP(RS) with p = 1 for
v > 6 and p = 6vy/ (7y — 6) for vy € (3/2,6], and

/ 9)ys dr =0 (3.3.6)
R

3
3
<\/ |z —yn* + Z/g2,>
for all xp, € w.

eor Fr=+c 3=1/2, a=1 and vy > 12/5.

Let [0,u,9] be a sequence of weak solutions to the three-dimensional com-
pressible Navier-Stokes-Fourier-Poisson system (58.0.12) - (3.0.14) with (3.0.6),
emanating from initial data [0, ug, Vo).

Suppose that

[Z(00, 10,90 | 70, W0, Op)] — 0. (3.3.7)

Then,
[Z(o,u,d | r,w,0)](t) = 0, when e€—0 for te][0,T], (3.3.8)
u—w strongly in L* (0,T; w2 (Q;RB)) , (3.3.9)
¥ — © strongly in L* (0,T;W"?*(Q)), (3.3.10)
log®¥ — log® strongly in L* (O,T; w2 (Q)) , (3.3.11)

where the triple [r,w, 0] satisfies the two-dimensional Navier-Stokes-Fourier-
Poisson system (3.0.12) - (3.0.14) with the boundary conditions (3.0.8) and
(5.0.10) on the time interval [0,T] for any 0 < T < T,
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Remark 28. For § = 0 we may also include the self-gravitation of the fluid.
However, passing with ¢ — 0, this term tends to zero. Therefore we do not
consider here as it would lead to an additional restriction to ~.

Remark 29. Condition (3.3.6) is the necessary condition for the validity of the
two-dimensional system, as it means that the gravitational force in the x3-
direction in w is zero.

Remark 30. From (3.3.8) it follows
0— 7 in Cuyear ([0,T]; L7 (), o—r aa. in (0,7) x Q.

Remark 31. For « = 1 and § = 1/2, we assume more stronger assumptions then
in Theorem 24 since we need a priori estimates independent of e.

As a consequence, we have the following Corollary.

Corollary 32. Suppose that the thermodynamics functions p, e and s satisfy hy-
pothesis (3.1.2) - (8.1.11), that the coefficients p, A and k comply with (3.1.16)
and (8.1.17) and the stress tensor is given by (1.1.25).

Assume that [0, ug, 99, 00 > 0, Yo > 0 satisfy

1
/ 00 () drs — ro weakly in L' (w),
0
1
/ ooug (2) deg — wqo weakly in Lt (w;R2) ,
0

1
/ O () drz — ©g weakly in L' (w),
0

where [ro, wo, ©g| belong to the regularity class (3.2.8), and

1 1
/ (2Q0 luo|? + 906(Q07190)> dr — / (27"0 lwol® + roe (To,@o)) dxp,.
Q w

Let [o,u, 9] be a sequence of weak solution to the three-dimensional compress-
ible Navier-Stokes-Fourier-Poisson system (8.0.1) - (3.0.7) emanating from the
ingtial data [00,10,Y0]. Then (3.3.8) - (3.8.11) holds.

3.3.3 Convergence

The following discussion is devoted to the proof of Theorem 27. Here and
hereafter, the symbol C' will denote a positive generic constant, independent by
€, usually found in inequalities, that will not have the same value when used in
different parts in the analysis.

We start with the a priori bounds. It is easy to verify that

2
S(0,Vev): Vov = <n (@) - 5n (19)> \divev])? + 10 (9) (|v5v|2 F Vv vzv)
(3.3.12)
for any v € W2 (Q;R?’). As for any v € W&’S (Q;R3),

/ Vev: Vivder = / (divev)® da
Q Q
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we have

/Q S(9,9.v) : Vevde > C ¥ )2 1aguss) - (3.3.13)

1
/ 559, Vev) s Vevda > C V1.2 gy » (3.3.14)
Q

provided g fulfills (3.1.16), =0, ¢ <1 and ¥ > 0 in (0,7) x Q. Moreover, we
have

/ S (6, V1w) : Vawda > C W[y o) (3.3.15)
Q
1
/ 551 (0, Viw) : Viewds > € [[w sz (3.3.16)
Q
and the Poincaré inequality in the form
W0l 2 ey < C IV Wl 2oy (3.3.17)

for any w € I/Vol’2 (w;RQ) and © > 01in (0,7T) X w.
Due to the energy equality (3.2.4) combined with the entropy inequality
(3.2.3) and the inequality (3.3.14), we have the following estimates for [g, u, 9

lell Lo 0,752 () + VOl Lo (0 12203y + 1l 20,01 2 (0.3

1M 20,7 12002y + 101 Lo 0.1 000)) T 19l La0,mi00(0)) £ € (3:3.18)

with the constant C' independent by e. These estimates hold if v > 12/5 (if
a = 1) or under the assumptions on g from Theorem 27 (if & = 0), for any
v > 3/2. The limit on v comes from the gravitational potential, as

y < CllellLr (o

/ o) (x1 —y1, 20 — Y2, € (w3 —y3))d
3
@ <\/($h —yn) + e (r3 — y3)>

for 1 < p < oo, with C' independent of €. Thus

T
/ / o®, - udadt
0 Q
2
< llollzo 0,725y 1l 20,720 (:r2)) (3.3.19)

if v > 12/5. On the other hand,

T
/ / o®; - udxdt
o Ja

< lloll oo 0,752« 1l 220,725 (:r3)) 191l Lo Ry (3.3.20)
with p from Theorem 27, as

Lr(;R?)

< HQHLOO(O,T;LW(Q)) ”uHL?(O,T;L@(Q;R?’)) ||‘I’2||Lm(

< lloll zoe 0,727 () 18ll 20,7, 20 (2m9)) ||‘}1||Lw(

Y <cC ||g||LP(Q) (3.3.21)

_6y
L57-6 (Q;R3)

/ g (y) (x1 —y1, 22 — Y2, € (23 — y?’))d
3
R <\/(1'h —yn) + € (z3 — y3)>
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where we used the embedding WP — L5,
Following [41], it is convenient to introduce the set of essential values Q.55 C
(0,00)%,
Oecss = {(0,9) ER?;9/2 < 0 < 20, ¥/2 <V < 20} (3.3.22)

and the residual set

Ores = (0,00)° N O, (3.3.23)
We next define the essential and residual set of points as follows
Mess C(0,T) x Q, (3.3.24)
MGSS = {($,t) € (OaT) X Qa (Q(I,t) 719 (ZL',t)) S Oess}y (3325)
Mies = ((0,T) x Q) N (Mess)© . (3.3.26)
Finally, each measurable function g can be decomposed as
9= [9less + 9)res (3.3.27)
and we set
[g]ess = glMess’ [g]res - g]‘Mres = g - [g}ess * (3328)

Now, we need to investigate the structural properties of the Helmholtz func-
tion. More precisely, we would like to show that the quantity (3.3.3) is non-
negative and strictly coercive, attaining its global minimum zero at (@, 5). The
structural properties of the Helmholtz function follow as

Lemma 1. Let Hy(0,7) be the Helmholtz function defined in (3.3.2) and 0 > 0,
9 be constants. Let Opgs, Ores be the sets of essential and residual values in

(3.3.3) and (3.8.3). Then, there exists ¢; = ¢;(9,7), i = 1,...,4, such that

er (le— 2> + |9 = 9]") < Hyle, ) — 0, Hy(2.9)(e — ) — Hy(e. D)

< (\g—§\2+ w—ﬁf) (3.3.29)
for all (0,9) € Ocss
Hy(0,9) — 9,Hy(r,9)(0 — 0) — Hg(o,9)
> (n@)i&go“s Hy(r,©) — 0,H5(0,9)(r — 0) — Hy(0,9) = c3 (@, 5) >0 (3.3.30)

for all (0,9) € Opes

Hy(0,9) — 8,Hy(2,9)(0 — 8) — Hy(2,7) = c1 (e (0,9) + o5 (0,9)]) (3.3.31)
for all (0,9) € Opes
Proof. See [41] Lemma 5.1. O

As a consequence we have the following lemma
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Lemma 2. There exists a constant C = C (@, 0 1, ﬁ) > 0 such that for all
0€[0,00), 1€ [Q/Q,ZE], ¥ € (0,00) and © € [Q/Q,Zm

5(95 J | r, @)(t7 )
+ 310, +(0—1)lo,,, + (I —0)lo.,) (3.3.32)

res

>C (lo,.., +0"1lo

The lemma yields the lower bound of the relative energy functional
Z(o,u,9 | r,w,0)

2 C/ (Q |11 - W|2 + 17"68 + [Q’Y]res + [Q - Tﬁss + [ﬁ]ess [19 (—)}ess) de
Q
(3.3.33)

Now, the basic idea is to apply (3.3.4) to [ﬁVv, @)} = [r,w,0]. We assume
that [r,w,0], w = (W,0), is such that [r,w, ©] solves the two-dimensional
Navier-Stokes-Fourier-Poisson system (3.0.12) - (3.0.14) in (0,7) X w. In order
to integrate over €2, we assume that the functions defined only on w are extended
being constant in z3 for 0 < z3 < 1. Moreover, we write w instead of W
when we need to use a vector field with three components. Finally, we denote
o=1infrxar, @ =supgrxa” ¥ =infr)xq 0, ¥ = supg r)xo© and use
these numbers in order to define the essential and residual sets defined above.

Now, we have

I, = / olu—w) -Vow - (w—u)de <CDt)Z(o,u,d | r,w,0) (3.3.34)
Q

with
D(t) = ||VhW||LOO(Q;R2><2) eL! (O,T) .
Next
Q
< ||Vh®||Loc (;R?)
{2@/ |[s (0,9 (r,0)] 5] - W — u|dx+/ 15 (0,9) — 5 (r,0)], .| - [W — u| d

(3.3.35)

Lemma 2 together with the properties of entropy (3.1.12) and (3.1.13) yields

lﬁﬂ@mfd )], lw — ulde < & |[w - w;@m+aaﬁsmﬂw@mm

for 6 > 0, and
/W (0.9) — 5 (r,O)],..] - W — u| da

smw—uhmmg+c@mw@m—smemwmmmy

Using again the properties of the entropy (3.1.12) and (3.1.13) together with
the fact that the mapping t — [, £(0,9 | r,©)dx € L> (0,T), we conclude that

5 0:9) = 5 Ol < € | Ele0 | 7.0
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Finally, we end up with
I <6|lw— u||‘;‘Vg,2(Q;R3) +C(6;7,W, @)/ E(o0,9 | r,0)d.
Q

Next, using the fact that [r,w, O] solve the two-dimensional Navier-Stokes-
Fourier-Poisson system, we have

I3 = / 0w +w-Vpw) - (u—w)der =I5 + I3,
Q

where

Isy = / 2 (w —u) - (diveS (6, Vew) — Vop (1, 0)) da,
Q

3
1372:/ g(w—u)«(—(Xxw)+ve\xxx|2+vh¢h) d$:ZK¢-
Q

i=1

We write

Ly = / 2 (w =) (diveS (6, Vow) = Vop (r,0)) da
Q

+I31 = /Q (w—u) - (diveS (©,Vew) — Vep (1, 0)) de.

Similarly to Is, we have

/Q 077 () - (diveS (O, Vow) — Vop (r, ©)) dz

r

— 2 2
<C (5;T7W7 6) ||[Q - T]ess”LQ(Q) +4 HW - uHL2(Q;]R3)

— 2 2 2
+C (6;7, W, ©) (H[Q]m\lmw(g) + ||[1]resHL6/5(Q)) +ollw— u||L5(Q;R3) .

Integrating by parts the second integral of I3 ;, we have

/Q (W — ) - (div.S (O, Vow) — Vop (r, 0)) dz

= —/ (S(©,Vew) : Ve (w —u) —p(r,0) - dive (w —u)) daz.
Q
We conclude

I3 < / (p(r,®©) -divy, (W —u) —S(0,Vew) : V. (W —u)) dz+9 [|w — u||€V01,2(Q;R3)
Q

+C (6;r, W, @)/ E(0,9|r,0)dx
Q

for any 6 > 0. The terms K; - K3 will be treated below in combination with I,
and Ig. Now,

I, =- /Q o(s(g,9) —s(r,0))0,0dx
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:—/ (o—1) (8(9719)—8(7’,@))@@(1%—/T(S(g,ﬁ)—s(r,@))ﬁt@dx.
Q Q

For the first term above, we have

- /Q (0—7)(s(0,0) — 5 (r, ©)) 8,0dz

_ —/ (0—1)[s(0,9) — 5 (r.0)]... 8t@dx—/ (0—1)[s(0,9) — 5 (r.©)]... 0,Odz
Q Q
< C(0;r,w, @)/ E(0,9 | r,0)dx.
Q

Now,

- / r(s(0,9) — s(r,0)) 0,0dx
Q
= —/ r(s(0,9) —s(r,0) — 0,5 (r,0) (0 — 1) — Oys (r,0) (¥ — ©)) 9,0dx
Q
- / r (9,5 (1, ©) (0 — 1) + Dys (r, ©) (9 — ©)) 9,0,
Q
and in analogy as before, we end up with

Iy < C’(é;r7W7@)/ E(0,9|r,0)dx
Q

— /Q 7 (0ps (1,0) (0 — 1) + Jys (r,0) (¥ — ©)) 0,0dz.

For I5 we use the same procedure as for I, obtaining

== [ o(s(0.0) = 5(.0)w- V0
Q
§C(6;T,W,@)/5(g,19|r,@)dx
Q

- / r (9,5 (1,0) (0 1) + Dys (r, ©) (I — ©)) W - V4O,
Q
Moreover,

Is = /Q ((1 — g) O (r,0) — gu -Vep (n@)) dx

= /Q (1 — g) (O¢p (r,©) +W -Vpp(r,0))dr + /Qp(r’ ©) divcudz

+/Q(1—§)vep<r,@>-<u—w>dx-

Using the same argument as for I, we have

/Q<1_§) Vep (r,0): (u—w)de

< 6w — w22 ) + C (67,7, 0) / (0.9 | r,0)dz
0 ' Q
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for any § > 0. We end with

Ig < /Q (1 - Q) (Oep (r,©)+W - Vpp(r,0))dx + / p(r,0)diveudz

r Q
51w = uly 12 o) + C (57, 0) /Q E(0,9 | r,0)dz.

Finally, we have I+ K7 = 0 and Is+ K5 = 0. We consider now the gravitational
potential. We start with the case o = 0. We assumed

/ ( 9(Y)ys dy =0, (3.3.36) [g_3
R3

\l0zn — yh|2 + y%)

Therefore, we have to show that

lim [ r(w—u)-
e—01 Jq

(Th — Yn, —Ys3) (zh — Yn,€x3 — y3)
/ng(y) - 3 - =~ dy| dz = 0.
(\/wh—yh| +y§> (\/|9Uh—yh + (exs — y3) )

(3.3.37)

First, due to the estimates above, it is enough to verify

7 |dy=0

. _ (Tn —yn,—ys) (zh — yn, €x3 — y3)
e—0t Jr3 2 9 3 2 2
0z = ynl” +v3 \/Ixh—yh\ + (ez3 — y3)

for all z), € w, 3 € (0,1) and g € C (R?). As

(Th —yn.—ys) (zh —yn €r3 —ys) dy =0

lim 3 3
e—0t 2 N 2 2
(x/m — il +y3> (ﬁxh — gl + (cxs — ) )

for almost all (z5,23) € Q, (yn,y3) € R3, and

(Th — Yn, €r3 — y3) < ‘ 1
3| =
2 2
(V [wn — ynl* + (exs — y3>2> Vlon =l + (ers — o)

for all € € [0,1]. The Lebesgue dominated converge theorem yields the require
identity (3.3.37). For the case o = 1, we have to show that

€ Llloc (R?)) )

/Q(W_u), / 0(t,y) (xn —yn, € (x3 — y3)) deJrvE/ ;:t,_yzzldyh da
! ! (\/Sﬂh —ynl” + € (w5 — ys)z) ?
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<d|w—ullpsqps) +c(0;57,w,0) /Q I(o,7;9,0)dx+ H, (3.3.38)

where H. = O (€). The derivative of the integral over w with respect to x3 is
zero. For v > 12/5, as in (3.3.18), we have to verify

t, — yn, €2 (x3 — t
im [ rwe / r(t,yn) (zh — yn, € (23 93))3dy+ve/ 7 (t, yn) dyn | dz = 0,
e—0t Jq Q 9 9 2 w |$h - yh‘
|Th — ynl” + € (z3 — y3)

Again, it is enough to show

t; ) - ) 2 - t7
lir51+ / 7“( Yi ) (CUh Yh, € (xs yg))?)dy—l—ve/ ;( _yh)|dyh de = 0.
’ (\/|$h - yh|2 + €2 (z3 — y3)2) o o

First, we note that

t t —
VE/ r (t,yn) dyn = _p'v./ 7 (t,yn) (zn 3/2yh)dyh,
w [Th = ynl w o lzn =yl

where p.v. denotes the integral in the principal value sense. Therefore, we have
to verify that

. er (t,yn) (¥3 — y3) _ -
lim, i = = sdy =0 (3.3.39)
(\/L’Uh —unl” + € (23— y3) )

and

7 (t,yn) (Th — yn)

3dy:p.v./ 372 dyp,.
2) w |Th = ynl

(3.3.40) |1ima
Let us fix g € w, A > 0, sufficiently small, and denote Ba (z9) = {z € w; |z — 2| < A
and Ca (x0) = {z € |z —xo| < A,0 < x3 < 1}. We consider (3.3.39). Let
us fix & > 0. Then, there exists A > 0 such that for any 0 < ¢ < 1 and
0 < x3 < 1, we have

er (t,yn) (Tn — yn)

\/|$h —nl* + € (@3 — y3)

lim/
e—0t Q(

; _
/C er (t,yn) (3 — y3) sdy| <6
o (\/|xo —ynl” + € (a3 — 93)2>

and for this A > 0 there exists ¢y > 0 such that for any 0 < € < ¢

er (t,yn) (3 — y3)

Lo
(Gt (\/L’Eo - yh|2 + €% (w3 — y3)2)

sdy| <4,
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whence (3.3.39). We consider (3.3.40). Since (zn, —yn)/ (|xh - yh\?’) is a sin-

gular integral kernel in the sense of the Calderon-Zygmund theory, for a fixed
To €Ew, 0 <xz3<1andd >0, there exists A > 0 such that

t —_
/C r (t,yn) (o — yn) dy| <5
e (\/|$0 - yh\2 + 2 (w3 — y3)2>

and

< 4.

r(t,yn) (Th — Yn
p_v./ (t,yn) ( 3y)dyh
BA(zg) |xh — Ynl

For this A > 0, using that
1 1

3 3
Zo — Yn
(\/lxo —ynl® + €2 (a3 — 93)2> | |

for any y, € w, 0 < x3,y3 < 1, except xg = yp, there exists ¢y > 0 such that for
any 0 < e < ¢

—0 ase—0

/ eT(ty)(iE y) _dy / 7(t|y)(z | y)]yh<57
Q w/B Th —
/CA(GEO) (\/|I yh|2 2( y3)2) / A(zg) h Yn

whence (3.3.40). In conclusion, we have
Ig+ K3 < 0w — u||iG(Q;R3) + C (0; T,W,@)/ E(0,9 | r,0©)dz + H..
Q

Plugging all the previous estimates in (3.3.4), we obtain

/Q (;9|U_W|2 +&(0,9 | r,@)) (t, ) dz

T
+/ / <?S (9,Veu) :Vau—S(0,Vw) : (Veu—Vew) — S (09, Veu) : VeW) dxdt
o Ja

T
+/ /(q(ﬁ,Veﬁ) VO 0q(¥,V) Vﬁ) dds
o Jo 0 1] I

1
S/ <2Q0u0—W(O,')|2+5(Q0,190 | T(Oa)a®(07))> dx+He
Q
g 2 _ 1 2
JF/ 5||W*11||W01=2(Q;R3)+C(5§TaW7@)/ §Q\U*W| +E&(0,9[r,0))dz|dt
0 Q

T
+/0 /Q(p (r,0) —p(0,)) divpwdzdt
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+/T/ (1 - f) (Oep (r,©) + W - Vyp (1,0)) dadt

T
// 0,5 (1,0) (0 — 1) + Dys (r, ©) (I — ©)) (%0 + W - V,0) dadt

0o Ja
Using the Maxwell (3.1.5), the Gibbs (3.1.1) relations and the continuity equa-

tion (3.0.12), we write

/Q(P (T79)—p(97ﬁ))dithdx+/Q

/T 0,8 (r,©) (0 — 1) + 09s (1,0) (¥ — ©)) (0:0 + W - V,0) dadt
Q

(1 _ 7) (Oup (r,©) + W - Vyp (r,©)) dz

/ (p(r,®) —p(0,0))div,wdz + r (© — 9) 9ys (r,0) (0,0 + W - V},0) dadt
Q

- / (r—o) 3917 (r,©) divywdz.
Q

Using the same identities as above and the entropy balance (3.0.15), the second

term on the right-hand side can be rewritten as follows
70 9)0u5(r.0) (8,6 + - V,0) ds
Q

= /Qr (© =) (9 (r,0) + W Vs (r,0)) dz — /Q (© — ) Byp (r, ©) div,Wdz
/Q (©—9) {é) <Sh (0, VW) : VW — an (G’VZ)@) : V;,@) —divy, <qh(®’®vh®)>} dz

—/ (© — ) Oyp (r, ©) div,wdz.
Q

Observing that
/ (p(r,©) = p(0,9) + 0pp (r,©) (0 — 1) + Iyp (r,©) (¥ — ©)) div,Wdz
Q

< 4y [ Eled |7, O

we reduce to )
[ (Get -l + €00 110) ()0
Q

/ / ( (¥, Veu) : Vou—8S(0,Vew) : (Veu — Vew) — S (9, Veu) : V W) dzdt

—
+/ / © Sh (0, VW) : Vywdadt

ﬂVﬁ V.0 @q(ﬂ,vm)-veﬁ)dxdt

//( Y v
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r qn (@, Vh@) ) vh@ q (97 vee) ) ve (19 B @)
[ [ (- OTRT0 - ) dat

< [ (Gontu -~ w9 + E(eato [ 709,00, ) o+ B,

r _ 1
+/o [6 lw — u”?/v(}'z(Q;W) + C(0; T,W7@)/Q (2Q lu—wl|*+E(,9 | 7, @)) dm] dt.

(3.3.41)

Now, following the discussion in [43], we study the terms in the left-hand side
in order to show that the terms containing V.u and V.9 are strong enough to
control the Wh2-norm of the velocity. In accordance with hypothesis (3.1.16)
we write

S (¥, Veu) = S° (9, Veu) + S (9, Veu)

where )
SY (9, Veu) = po (Vgu + (V) — 3div€uI> ,
ST (9,Veu) = 0 (Veu + (Veu)T - gdiv5u1> .
Then
©

551 (9,Veu):Voau—S'(O0,Vew) : (Viu — Vew) — ST (9, Veu) : Vew

+ (7929@5}1 0,V W) : Vhw>

_6 S'(W,Va)  S'(0,Vw)
N 9 S}

) (Vo= Vew)

SU(0, V) S (0,Vew)\
+o—o (ST SOFW) gy,

Using the Korn inequality in the first term and the splitting in essential and
residual sets for the second one, we obtain

‘ ©—9) (Sl (ﬁ{gveu) S (eévew)) :Vew‘

<3 lw — 310 + C 0) / £(0,9 | r,0)da.
Q

Now, for 0 < © < 9, we have

% (8°(Veu) — S°(Vew)) = (Veu — Vew)+0 (; - é) SO (Vew) : (Veu — Vew)
+$ (8°(Vew) = S°(Veu)) : Vew
< %SO (Veu) : Vou— S%(Vew) : (Veu— Vew) + 8% (Veu) : Vew

72



9—0 _ _
3 S (VW) : Viw.

As (1/9) < (1/©), the term on the left-hand side of the inequality can be
controlled on the right-hand side by

S 1w =l + € 6) | Ele.0 | r0)do
Q

Now, for 0 < ¢ < ©, we have

_|_

¥
(S°(Veu) = S°(Vew)) : (Veu—V w)+@T (8°(Veu) : Veu — S)) (VW) : V, W)
O
55’ (Veu): Vau—S%(Vew) : (Veu—Vew) — 8% (Veu) : Vew
¥—0
+TS,? (VW) : Vi w
As Vau — S%(Veu) : Vu is convex, we have

0 -9
9
This term can be controlled on the right-hand side by

§|lw — u||§vol,2(Q;R3) +C(9) /Qe(g,ﬁ | 7, ©)dz

(8°(Veu) : Vau— Sp (VW) 1 VW) > ©- 1950 (Vew) : (Veu — Vew) .

Summing up, we have
1 2 T 2
§g|u—w\ +&(0,9|7r,0) ) (¢t,-)de + +k1 [Veu — Vew|” dazdt
Q 0o Jo

//( 19V19 ve@—?q(ﬁ’vf)-vﬁ)dxdt

/ /(6 5 2©: véf) V.0 , 9(6.9:0) V. (ﬂ@))dzdt
0

< [ (30— w0 + Elen 00 70,00 ) do + 1,

Q
’ 2 - 1 2

+/ 5||w_u||W1'2(Q'R3)+C(5;T3W7@)/ 5@‘11—W| +g(9719|/r$®) dz| dt
0 o Q

(3.3.42)

For the remaining terms, the procedure is exactly as in [43]. We end up with
1 T
/ (g lu—wl>+&(0, 9| @)) (t,-)dz + ky / / IVeu — Vew|” dadt
a\2 0o Jo
T T
kg/ /|V€19—V€@|2dardt+k:3/ /|Velog19—Velog@|2dxdt
0 Jo 0o Jo

1
< / (290 lug — w (0,)]> + (00, Yo | 7‘(0,-),@(0,))) dz + H.
Q
T 1
k4/0 /Q (2911 —w+ & |, @)) dadt. (3.3.43)

The positive constants k; depends on (r, W, ©) through the norms involved in
Theorem 27 and H. — 0 as € — 0. The Gronwall lemma finishes the proof.
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3.4 Conclusions

The problem we faced above has focused on the dimension reduction limit for
a compressible heat conducting fluid in which the analysis on the gravity force
has played the main role. We believe that the strategy used, or its analogue,
could be applied for other kind of models describing systems in which the dy-
namics is essentially two-dimensional due to the predominance of gravitational
effects. Moreover, further extensions of the above problem are not excluded.
For example, fluids where the magnetic field is taken into account.
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Chapter 4

Global regularity for
incompressible fluids

We consider the incompressible Navier-Stokes equations in whole space R?

du+u-Vyu—pAzu+Vep=~£f, divyu=0. (4.0.1)

The shear viscosity coefficient y is assumed to be constant and without loss
of generality we put 4 = 1. Moreover, we put f = 0 for simplicity.

In the following we will discuss some preliminary results necessary for our
analysis. In particular, we will introduce the the anisotropic Lebesgue spaces
as key tool of our analysis and the so-called Troisi inequality, proving several
Lemmas.

4.1 Preliminary results

First, we define the anisotropic Lebesgue spaces.

D:D1| Definition 33. Let p = (p1,p2,p3), pi € [1,00],i = 1,3. We say that a function
f belongs to L? if f is measurable on R? and the following norm is finite:

1f]]zr = HH||f|L?1

L%? L

1
P3 D3

= /]R</]R </Rf(x1,m2,w3)|pl dm1>ﬁdm2> N drs

Second, we introduce the Troisi inequality, which has been proved in [110].

Lemma 3. (Troisi inequality) Suppose that r,p1,p2,ps € (1,00) and
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L:L2

Then there exists a constant ¢ > 0 such that for every f € L2NC>

3
1L < eTThoufl,? (4.1.1)
1=1

Now, the following inequality generalizes the Troisi inequality.

Lemma 4. (Generalized Troisi inequality) Let r € (1,00). Suppose that o €
(1,00), v1,72,73 € (0,1) and v1 + v2 +v3 = 1. Let the following conditions be
satisfied:

-1
Gt L (4.1.2)
ayir—a—+1
r
— > 1, 4.1.3
ayar —1 ( )
r
—_— > 1, 4.14
aysr — 1 ( )
-1
la=Dr (4.1.5)
aysr — 1

Then there exists a constant ¢ > 0 such that for every f € L?> N C>

1
a+1

a—1
1
lall, < flova 2

_1
T H'a‘“’“'
ST L e L

yor+1

F=angrEl . (4.1.6)

- T
3 fr—r—073r+1

Remark 34. Let r € (3/2,00), p1,p2,p3 € (1,00), 1 +3/r = 2?21 1/p;. Then,
putting in the previous lemma o = 2, v; = (p;r + p; — 7)/(2pir), the conditions
(4.1.2) - (4.1.5) are satisfied and (4.1.6) yields (4.1.1). So, for r € (3/2,00) the
Troisi inequality can be viewed as a special case of Lemma 4.

Proof. By the use of the density argument we can suppose that f € C5°(R?).
Define

f(z1,22) = sup Ju(zy, z, 23)| ™,
T3

g(xl,l'g) = sup |u(’r1’x27x3)|72 )
T2

h(xg,x3) = sup |u(zy, o, x3)|"" .
T

Then

(/ lu(zy, z2, 23)]" d333> < (/ frg”hrdxg,)
R R

< f(@1,2) (/R gr(ﬂclaxg)hr(xz’ws)dx:s)

< f(xy,x2) </ gm(xl,xs)d%) (/ hﬂ(l’m%)d%) :
R R

It follows that

(/2 lu(xy, z2,x3)|" dl’QdI’S)
R
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r

( "(x1, 23 dx3> </f r1,12) (/hﬂ I (22,3 dx3> i dxz)
(/ (21, 23) d$3> . </ fm(th)dxz) " (/ h“1($2,$3)d$2d$3) .
R R2

(/u(x)rdx)T
< (/ hfﬁ(xz,xg)dxgd%)
RQ

1 1 v

(/R (/Rgar(x17$3)d$3>a (Af“r(x17x2)dx2)adxl)

a—1

< ( h‘ﬁ‘rl(@’x?))d@d%) - (/ gar(ﬂ?h%)dmdﬂ?z&)
R2 R2

a—1

(/R (/Rf‘”'(xl,xg)dm)alldxl) o (4.1.7)

Now, we will estimate all three terms on the right hand side of (4.1.7). We have

E E
</ go”(a:1,m3)dm1dx3) < (/ sup [u(z1, z2, 23)| 7" dmldxg)
R2 R2 x2

1

ar

ar

<C (/ [u(ay, zo, 23)|* """ |Opu(zy, o, x3)] d:c)
19

Above we used the condition (4.1.3). Analoglcally, using (4.1.2), we obtain

<, 5 ||32u|| o

ar Tar —1
ho=T (29, x3)dxodx <Clu ol o7 . . 4.1.9 :e79
([ 1 onaydoadas Jull 5 ol T @9

At last, using (4.1.4) and (4.1.5) we get

a—1

</R (/wa@lwz)d@)”ildxl) =

a1 ar
< /(/ Sup|u(x1,x2,x3)a73rdx2) dzq
R R 3
1 041—1 ar
<C /(/ la(zy, 22, 23)|“ 7" |83u($1,x2,x3)|d$2d$3> dzq
R \JR2
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a—1

aygr—1 r—avygr+1 or
(a—T)r - (a=1)r
S C </ < |11(I1, Zo, 1‘3)|r dl‘gdl‘g) </ |6311(£C1, T, 1‘3)| r—aygr+tl dIQdeg) dI1>
R R2 R2

(a—D)r—aygr+1

r—ayzr+1 o
aygr—1 . (a—Dr—avgrFl
= (f (/[ 1ovuton,a.0) 75577 daps dxl)

and
1 o
a—1
/(/ fM(Il’Iz)dez) dxy
R \/R
1
aygr—1 ar
S CHUHT_ ar HHaSulLW:‘W t 3 r st . (4110)
. Llia_ T—aqgT

It follows from (4.1.7) - (4.1.10) that

aygr—1 | ayjr—a+l | aygr—1
+ +
u < u ar ar ar
T — T

ar

: H||33U|
L

1
ar
T—argrt1

r
r—ayzr+1

a—1
X ||3111||:Ta73”+1 [|O2ul]
a—1 23

LW
and (4.1.6) follows immediately. O

The following key lemma is a slight generalization of Lemma 2.2 from [114].
We use here the Fourier transform, which is defined in a standard way, namely
F(&) = [gaeT " f(2)dz, 2, €R?, d €N.

Lemma 5. Letp,q,r € [2,00) and 1/p+1/q+1/r—1/2 > 0. Then there exists
a constant c such that for every f € L> N C™

11

r—2 a=2 =2 l+l
stsely|| - = ctoanti ouss™ nownns™ i ™
3

Lillg

Proof. By the use of the density argument we can suppose that f € C§°(R3). At
first, let us remind a well known definition of the homogeneous Sobolev spaces.
Let s € R, d € N. Then

2 3
Fof de) < oo,
where S’ denotes the space of the tempered distributions on R%. It is well known

that
g 2d d
1 o L7 56[0,2), deN. (4.1.11)

H*(RY) = H* := {f €S fe L}, and ||f|l ;7 == (/ |§|23

Define
S1f(&1, 22, 23) == /e_iflmlf(xl,x%%)dm

and analogically §; for j = 2,3. Define further the operator Af,s € R in the
following way

F1(Af) (&, ma, x3) := [&1|° F1f (&1, 22, 23)
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and again analogically we can define Af for j = 2,3. Clearly, using (4.1.11) for
d =1 and the Plancherel theorem we have

So combining (4.1.12) and the Minkowski inequality

s,

W%XM*&

L3, L

Let § denotes the Fourier transform §f(&)

11 < |

<

’ A12p f

p—2
AT S

p—2

L

A7 (A7 )

Lil g

L3

Ly

S’
L2

Wﬁf

12

L3

Ll

(0 (1)

(4.1.12)

2

(4.1.13)

= [e~™¢ f(z)dx. Using the Fubini

theorem and the definition of the operators §; and Aj, j = 1,2, 3, we have

s(a (87 (07 1))@

:/e—izl&/e—imiz/e—irs&[\;—r
iz € —imat r—=2 ‘12;2 PT*Z

:/e 1T 1/6 1T2 2&3(/\327‘ <A2f] (Alp f))

|£3| o / zz151/ zzggzg A 2q ( 2p f)

: /e—msl/e—imsg/e—m&sAQTq (A
r— . ) . =2

= ‘§3|Tr2/e—m3§3/e—293151 /e—1$2€2A22q (Al

/ —mgﬁg/ *”71513 A 2a (A 2r f))(xl’fg,xg)dl'ldxg

= |£3|T2_T2|§2‘%/e*1@353/ 77,:61513; ( T

—2 . . . pP=2
|§2|qz7q/e—m3§3/e—zx1£1/e—zx2§2A12p f(l'1,$27$3)d.7;2d.’];1d$3

= |&5] =

|£3| 27

r—2
= |& 2

p—2

7 f) (21, T2, x3)dr3drodr;

p—2

)
)

(A 2p f)) $1,$2,$3 dl‘gdl‘gdl‘l
(w1, 22, &3)dzodry
(w1, 72, &3)dz2dTy

2p f) (3?1, Zo, .’L‘g)dl’gdl’ld.’rg

(1,82, 23)dx1dxs

r— - . . . p=2
_ |£3|2—f|§2|q27(12/efzzgﬁs/efmzﬁz/efz:mglAl’zp f($1,1’2,1’3)d1’1d1’2d1’3

r—2
= |32

Tf) (&1, 22, 23)dx2drs

= |£3|%|§2‘%/67im353/67iz26231(A

2 22 —iw3és —iz282
ol 20 [&1] 27 [ e e S1f(&r, w2, x3)dwodes

= |53\%|§2|q2;“2|51\%/6_i$3€3/e_ngz/e_mglf(xla$2,903)d901d902d903
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R:R1

r—2 -2 p—2
= &7 [Ea] 20 [&1] 2P Ff(E)-
So using the last equality together with the Plancherel theorem we can continue
with (4.1.13) and complete the proof

st

L=/ 61l 16,7 0 e

L3

-

- ( GG i |5f<e>|”f|sf<5>|2<i+é+%>lds)2

1

=2 p=2 %+l+l,
0211 Novfll™ Al =

r—2
2r

<1951l

4.2 State of art and main results

In the following we will sum up the present state of art concerning our analysis.
Then, we will present our main results.

4.2.1 State of art

Let us sum up the present state of the art. The best result concerning us has
been proved in [117], Theorem 1. The regularity of a solution on (0, T is ensured
if uz € LP(0,T; LP), where

2 3 _3 1 10
-4+ -< -4+ — — . 4.2.1
+o<itan pe(5o) (4.2.1)

®

The condition (4.2.1) is not optimal for any p.
The results for Vug are optimal for p € (3/2,2]. The solution is regular on
(0,7 if Vus € LP(0,T; LP), where

% + % <2 9pe (g, g}, see [15] (4.2.2)
% 4 % <2, pc (%, 2), see [14] (4.2.3)
% 4 % <2, p=2, see[ll]] (4.2.4)
% + % < 3797 pE (27 %], see [101] (4.2.5)
% n % < Z n %, pe (% 3),  see [101] (4.2.6)
% n % < Z n %, el %) sec [116] (4.2.7)
% n % < g n %, pe [% %), see [100]. (4.2.8)

Remark 35. In fact in [14] the authors proved the following result: if moreover

the vorticity Vxug € L3/2 then Leray solutions satisfying us € L9(0,T; H'/?+2/1),
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rem_ani

q € (4,6), are regular on (0,77]. It is obvious that (4.2.3) follows as a direct con-
sequence, namely if Vus € L9(0,T; LP), where 2/q + 3/p = 2 and p € (9/5,2)
and q € (4,6), then Vug € L(0,T; H*9~1/2) and us € LI(0,T; H*>/9t1/2), Ap-
plying the criterion from [14] gives the regularity of u. The criterion from [15]
is the extension of the result from [14] for ¢ € (4, 00) and it implies immediately
(4.2.2).

Concerning VZu3 the following result has been proved in [115]. The regu-
larity of w is ensured on (0, 7] provided

2 3 1
8183’&3,6283“3 S LB(O,T;LP), -4+ -<24—-,p€ (1,00).
g op p
An almost regular result is so achieved for p — 1. It is also noteworthy that
the condition is imposed here only on two items of the Hessian tensor.

4.2.2 Main results

We now present the main results. The following Theorem 36 is a slight gener-
alization of a result from [114]. It is interesting that for p; — 24, pa — 24, the
criterion is almost optimal.

Theorem 36. Let u = (uq,us,us) be a weak solution to (4.0.1) correspond-
ing to the initial condition ug € W12 which satisfies the energy inequality.
Suppose that p1,pa,p3s € (2,00, 3/(4p1) + 3/(4dp2) + 1/p3 < 3/4, B € (2,00],
D= (plap2ap3) and

us € LP (0,T; LF).
Then the condition

2 1 1 1 3 1 1
St T T 4.2.9
B p1 p2 ps 4 4p1  4dpe ( )

ensures the regularity of u on (0,T].

Putting p1 = p2 = p3 = p in Theorem 36, (4.2.9) reduces to (4.2.1) with one
slight improvement, the value p = 10/3 is now allowed. So Theorem 36 can also
be understood as a generalization of the above mentioned result from [117].

Remark 37. The result from Theorem 36 formulated in the framework of the
anisotropic Lebesgue spaces is almost optimal which is not the case for the
corresponding result formulated in the framework of the standard Lebesgue
spaces (see the result from [117], Theorem 1).

The following Theorem 38 improves the above mentioned result from [101]
(see (4.2.5)). It is due to the fact that while the proof from [101] has been based
on the Troisi inequality, the proof of Theorem 38 uses a generalized version of
the Troisi inequality using the anisotropic Lebesgue spaces (see Lemma 4).

Theorem 38. Let u = (uy,ug,us) be a weak solution to (4.0.1) corresponding
to the initial condition ug € W12 which satisfies the energy inequality. Suppose
that B € (2,00) and

Vus € L (0,T; LP),

where

B ope (2,§§) (4.2.10)

2.3
B p > 38 17
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and
2
g
Then u is regular on (0,T].

3.7 1 38
Sl 2 ). 4.2.11
+o<qtgy PE [17,00) ( )

Moreover, we have the following Theorem

Theorem 39. Let u = (u1,us,us) be a weak solution to (4.0.1) corresponding
to the initial condition ug € W12 which satisfies the energy inequality. Suppose
that
Vus € L7 (0,T; LP) (4.2.12)
where
p=(p1,p2,p3), pi€(Loo], i=1,23, Be(l00].
Suppose that there exist numbers ¢;,r; € [2,00),i =1,2,3 such that

1 1 1
S+ =1,i=1,2,3, (4.2.13)
pi G T

242 > - 4.2.14
41  4q2 g3~ 2 ( )
3
1 1
- >, 4.2.15
Z r, 2 ( )
i=1
Then the condition
3
2 1 1 1
Sy =2 — — — 42.16
B Di 4q1  4q2 ( )

ensures the regularity of u on (0,T].
The following Theorem 40 is a consequence of Theorem 39.

Theorem 40. Let u = (uq,ug,u3) be a weak solution to (4.0.1) corresponding
to the initial condition ug € W12 which satisfies the energy inequality. Suppose
that

Vus € L7 (0,T; LP),

where
D= (P17P27P3)7 p1,p2 € (1700] ,P3 € [2a 00]7 /6 € (1700}
Suppose further that if p1,p2 € (2,00] then

3

2 1
AP

i=

1/1 1
+-(— + *) 4.2.17
4 <P1 D2 ( )

YN

and if at least one of the numbers p; and py is not in (2, 00] then

2+§:1<7+1( Lo )
B “pi 4 4 \max(p,2) max(pz,2)/

Then u is regular on (0,T].
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Putting in Theorem 40 p; = ps = p3 € (2, 0], we obtain the following Corol-
lary 41. Tt further improves the above mentioned result from [101] (see (4.2.5)).
This improvement is better than the one from Theorem 38 due to the use of
the term [ |Vug||Vu||Vyu|de instead of [ |Vug| [u] [VViu|dz (see the proofs
of Theorems 38 and 39), which enables us to use more fully the potential of the
anisotropic Lebesgue spaces.

Corollary 41. Let u = (u1,us,us) be a weak solution to (4.0.1) corresponding
to the initial condition ug € W12 which satisfies the energy inequality. Suppose
that

Vus € L7 (0,T; LP),

where

3 7 1
Sy 2 2, 00).
+p_4+2p,p€(,oo)

IS

Then u is regular on (0,T).

The following theorem deals with criteria where conditions are imposed on
V2usz. Unlike the result from [115], we impose conditions on all items of the
Hessian tensor, but unlike [115] we get almost optimal result for a wide range
of p.

Theorem 42. Let u = (uy,us,u3) be a weak solution to (4.0.1) corresponding
to the initial condition ug € W12 which satisfies the energy inequality. Suppose
that B € (1,00), p € (1,3) and

V2uz € LP(0,T; LP).

If, moreover,

2 3
21223 pe(1,3/2 4218
55 (1,3/2] ( )
. 2 3 5 3
12224020 pe(3/2.3), 4.2.19
242242 penny (1219)
then u is regular on (0,T].

4.3 Proofs of main results

In the following, we prove the main results.

4.3.1 Proof of Theorem 36

Proof. Let T* = sup{r > 0;u is regular on (0,7)}. Since uy € W2l? u is
regular on some positive time interval and T* is either equal to infinity (in which
case the proof is finished) or it is a positive number and u is regular on (0,7%),
that is Vu € L2 ([0,T*); L?). It is sufficient to prove that T* > T. We proceed
by contradiction and suppose that T* < T. We take ¢ > 0 sufficiently small
(it will be specified later) and fix 71 € (0,7™*) such that |[Vul|p2(p, 7+;12) < €.
Taking arbitrarily T, € (T3,T*) the proof will be finished if we show that
[[Vu(Ty)|]2 < C < oo, where C' is independent of T». Actually, the standard

83



extension argument then shows that the regularity of u can be extended beyond
T* and it contradicts the definition of T*.
As in [116] we define

Ts
J(Tp)* = sup thu(r)IISJr/T IVVru(t)][3 dt

T€(T1,T2)

and

T2
L(Tz)* = sup ||3311(T)||§+/ IV8zu(t)]|3 dt,
T

T€(T1,T2)

where Vyu = (01u,02u). As was discussed in the first paragraph of this proof,
it now suffices to show that J(T3)? + L(T3)? < C' < oo uniformly in T.

To estimate L(T%) let us fix an arbitrary 7 € (Th,T*), multiply (4.0.1) by
—033u and integrate over R3 and (77, 7). We obtain

1 T 1 T
sloaaB+ [ Vol at = Slow@B+ [ [ uwdsudhu do dr
T1 Tl

(4.3.1)
Using integration by parts and the continuity equation, we get

/ujajukﬁggukda:
= —/83uj8juk33ukdas—/uj8]23uk83ukdx = —/83uj3juk.83ukdx

3 3
= Z Z/uk (8§juj83uk + 8]23uk83uj) dr + Z / (81U1 + aQUQ) OsuyOsupdr
k=1

j=1k=1
2
= Z Z/uk (Ogjujﬁguk + 8]2»3uk83uj) dx

j=1k=1
3

_ Z 2/ (ulagukagluk + uQﬁgukﬁgzuk) dx
k

—

< c/ |u| |95u| [VV | dz

< cllovully® |o2ully® |95ully? |85ully? |81 85ull3 [9:05ully/® |0:85ull5® ||V V 4 ull,

3 1/3 1/2 3 &
< cl|Vaull3 [9sully [0sully® [VVull3 05Vl

where we have also used the Hélder inequality, the interpolation inequality and
the Troisi inequality (see Lemma 3). So

/ /ujajuk6§3uk dx dt
Ty

i 2 1/3 1/2 4 1
<c /T IVnull3 [18sully”® [8sully [V Vhull3 |05Vull§ di
1

84



2 1 1 4 1

< C”vhqum (T1,7;L?) ”8311”200@1 ,7;L2) Ha3uH[242(T1,T;L2) ”vvhu”z2 (T1,m;L2) Ha3vu”z2 (T1,m;L2)
< eJ(1)’L(7)3.

Consequently, the last inequality and (4.3.1) yield

1 T 1 1
§\|5311(T)|\3+/ IV8zu(t)[|3 dt < §||33U(T1)||§+CJ(T)2L(T)§7 7€ (T, T).
Ty

So specially,
T
/ [[Vosu(t)||5 dt < c+ cJ(Ty)*L(T3)?
T

and due to the fact that J and L are increasing in T5

1 1
sup §||83u(7')||§ <c+ CJ(TQ)QL(TQ)é.
T€(T1,T2)

So it follows from the definition of J(T%) and L(T%) that
L(T3)? < c+ cJ (T2)*L(T2)"/?

and consequently

L(Ty) < e+ cJ(T)"3. (4.3.2)

The constant c¢ is independent of T5. It is worthwhile to notice that the estimate
of L(T5) is general and it does not require any additional conditions on u.
To estimate J(T2) we multiply (4.0.1) by —Apu = — 2521 97;u. We get

T

1
SV g+ [

1 =
IVVu(t)||3 dt = §||th(T1)||§+/ /ujajukAhuk dx dt.
T T

(4.3.3)

It is possible to show in a standard way (see, for example [117], proof of Theorem
1 and [61], Lemma 2.2) that

/ujajukAhukdx < c/ lug| |Vu| |VVhu|de.
So it follows from (4.3.3) that
T
J(T)* <c+ c/ /|u3| |Vu| [VV,u| dzdt.
T
Lemma 5 now yields the following estimate

/|U3| |Vu| |[VVu|de

< HH||U3||L§3 22 o HHHVHHL?’M”” 202/ (r2=2) Py VVhrul,
< o vul}T |oxval [osvul P [vuly FTE ) oy
< |lusllzzs . || 00Vl [0:Vullz? [105Vully® [[Vull, IVVhull,
2 Ll
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L4141 1+-L 4+ L
SHHHU3HL§3 v p3>||Vth||2 e

P2
L2

5 ol
,, 10sVullz® |G ull
1

L 1=+ +3s I+t o
ol 19l ) o9, e,

pP1
Ll

+ sty

P2
L2

We now use (4.2.9) and the Holder inequality gives

Ts
/ Adt
T
3__3 3 _ i1

4 4pyp  4p2 % 4 4py 4;2 1+P1 +P2 %
. [05ul[, [Vull, [VViull, |03V ul|3* dt
Ll

1 1

[shaze .

1,1 1

T
< /
T
1
4p1 4p2

N 1+ o
< lusllpe oy moem 1050l e (73 7y 2y ™ IV ooty T3 IV V00 a7 20 105V 3 (o gy e

1 1

T
/ Bdt < cet "1 W3 [(Ty) 75 J(Ty) i or toe s

We can conclude that

J(Ty)? < ¢+ cet ™ T~z J(T))>2. (4.3.4)

Choosing now ¢ sufficiently small, we can derive from (4.3.2) and (4.3.4) that
J(Tz) + L(Tz) is bounded independently of T5 € (T, T*) and the proof follows
immediately. O

4.3.2 Proof of Theorem 38

Proof. We proceed exactly in the same way as in the proof of Theorem 36 up
to the condition (4.3.3). It has been proved in [116] that

/ujﬁjukAhukdx < c/ |Vus| [Vyu|® dz + c/ [Vug| [u| [VVu| dz.

So it follows from (4.3.3) that

T2 T2
J(Ty)? §c+c/ /|Vu3| |th|2d:cdt+c/ /|VU3||u| V'V u dadt.
T1 Tl

(139

It is possible to prove easily (see also [116]) that
T ,
Vus| |[Vpu|” dedt < ceJ (T 2, (4.3.6) |eq:el04
f,, [l )
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Further,
Ty T>
//|Vu3||u|\Vth|dxdt§/ IVusll, lull, [VVrul,dt,  (43.7)
T T

where r = 2p/(p — 2).

We will now estimate the right hand side of (4.3.7). Suppose that the num-
bers a, 1,72, 73 satisfy all conditions from Lemma 4. Suppose further that the
following conditions are satisfied:

r

— 7 € [2:6], (4.3.8)
e
— 2,6 (4.3.9)
r—ayr+1 e e
r
9 4.3.10
— ek, (13.10)
r
2 4.3.11
arfrfa'yngrlE[’OO)’ ( )
r+ar—3a’ygr+321’ (4.3.12)
r 2
3ar 4+ 2r 4+ 10
< 4.3.13
V3= 10ar ) ( )
or +2
: . 4.3.14
Y3 < Sour ( )

By the use of Lemma 5 and (4.3.8) - (4.3.11) we have immediately the following
three inequalities:

3(2vgar—r—2) 5r—6ayyT+6
[Oul|l _» < |[[VOoull, > [O2ull, (4.3.15)
r—ayyr+1
3(2ay1 r—ar—2a+r+2) S5ar—5r—6ayyr+6a—6

[owl|___. <[V, "7 [Owull, YT (4.3.16)

e 5
and

2ygar—r—2 2ygar—r—2 3r—2ar+42ayzr—2 2ar4r—6ayzr+6
<|[0203ull, > [|0305ully " [[010s5ul, . [Osully 2"

Consequently, assuming that

1  ar—2avyr+2 3ar—2ayr—6a+4r—4  2o0y3r —r—2 1
Jé; 8r(a+1) dr(a+1) dr(a+1) 7
(4.3.18)
it follows from Lemma 4, the inequalities (4.3.15) - (4.3.17) and by the use of
the Holder inequality that

T>
/T IVusll, l[ull, IV hull, dt
1
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T> —ar+6a46aygr 3ar4+2r—10ay3r+10
< [ IVl [Vl T ol
1
art2—2avy3r 3ar—2ayzr—6atdr—4 2aygr—r—2
losulfly T IV VRl Y 195Vl T dt
—ar+6a+6a'ya7‘ 3a7‘+27‘710aw37‘+10

< ||VU3HL/5(T17T2;LP) thuHLm(z%r;;;Lz) ”a?)u”Loo(Tj\(Ta;[ll)Z)

ar+2—2aygr 3ar—2ay3r—6at4r—4 2ay3r—r—2
. Ir(a+1) 2r(a+1) 2r(at1)
H83uHL2(T1,T2;L2) ||vvhu||L2(T1,T2;L2) Ha3vu||L2(T1,T2;L2)
ar42—2aygr 2ar+4aygrtdr—4a 3ar—6ay3r46

SCE Ar(at1) J(Tg) 2r(a+1) L(TQ) Ar(at1)

ar42—2ay3r

< Ce wern  J(Ty)2
So it follows from the last inequality and (4.3.5), (4.3.6) and (4.3.7) that

ar+2—2avygr

J(T)? < c+ ced(Tp)? 4+ ce” @i J(Ty)%

We can conclude in the same way as in the proof of Theorem 36 that u is regular
on (0,77.
Notice that the condition (4.3.18) is equivalent to the following condition:

2y3_ Ty om 1

B p 4 2a+1) 2pla+1)
Thus, to complete the proof we will now discuss the following problem. Denote
fla,vs) = %er. We want to find maximum (respectively supremum)

of f on the set of all «,v1,72,73 such that a € (1,00); v1,72,7v3 € (0,1); 11 +
v2 + v3 = 1 which satisfy conditions (4.1.2) - (4.1.5) and (4.3.8) - (4.3.14). The
analysis of this problem leads, for example, to the following choice of a, 71, 2, v3-
Let € > 0 be sufficiently small. If, firstly, » € (19,00) (which means that
s € (2,38/17)), we take

12
a=-¢
5 5 He
nEgt et
31
’Y2—§—;,
5 7 5e

BT T a1

It is possible to verify that a € (1,00), 11,72,73 € (0,1), 71 +v2 + 93 = 1
and all conditions (4.1.2) - (4.1.5) and (4.3.8) - (4.3.14) are satisfied. Moreover,
flo,ys) = 3L — €(3113p — 1862) /(912p(19 — 7¢)). So, the solution is regular if
(4.2.10) is satisfied.

Secondly, let r € [10,19] (which means that p € [38/17,5/2]). We put

_27“—2
T or42’

r2—2r—8 e(r+2)
dr(r—1) r—1"~

"=
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L (r+2)?
72*m7

r—2 ¢e(r+2)

2r r—1

Y3 =

Again, the conditions (4.1.2) - (4.1.5) and (4.3.8) - (4.3.14) are satisfied, f(a,73) =

1/(2p) — 2e(p — 1)/(3p) and so the regularity of solution under the condition
(4.2.11) for p € [38/17,5/2] is proved. For p > 5/2 this fact has been proved in
[100]. The proof of Theorem 38 is complete. O
4.3.3 Proof of Theorem 39

Proof. We proceed exactly in the same way as in the proof of Theorem 36 up
to the condition (4.3.3). It is possible to show (see [117], proof of Theorem 2)
that

/ujajukAhukdx < c/ [Vus| |Vul|Vu| de.

So it follows from (4.3.3) that
T
J(Tp)? < c+c/ /|vu3\ |Vu| |Vyul dedt. (4.3.19)
T

Using (4.2.13) and the Holder inequality and then (4.2.14) and (4.2.15) and
Lemma 5 we can estimate the right hand side of (4.3.19):

/|VU3| |Vll| |Vhll|

<y I

il

T2
L2

L§2 Pl LgQ a1

1
Ll

1—2)/(2q1 —9)/(2
< HHHVusIIng 10, V)@= Ca) || g,y | 2 =2/ (2a2)

P2
L2

(|85 V| —2)/ (209) ||vu||2q%+é+é—% 100V |12/ )
Pt TR T

N0V a2 29y | G ||Vl

So we get using (4.2.14)

T3
J(Ty)? < /
Ty

1 1

L4141 1
V u 1 ) 73 2
IVl

Vs HL§3 L2

trgte 3 +1s -
[[Vu II(‘““ E )HV 137 OVl TE TS oy vl

2
and by the use of the Holder inequality and (4.2.13) and (4.2.16) we have

1

E+i4l e
J(T2) < HVUBHLﬁ(T1 To;LP) ”vhu”Loo(T1 Ty, L2 HV ”zg(Tiqi Lg) ’
ER 5_ 1 _ 1 _1_ 1 _1 11
s ks T
HVUHL?(T1 Tp:L?) ||vvhu||L2(§“11,T§;2L2) e ||83Vu||L2(}j)T2;L2) .

89



Using now the choice of T3, the definition of J(T3) and L(T%) and the fact that
L(Ty) < J(T3)*? we finally obtain

1

P L1145 11111 8,3
J(Tp)? < cenw T J(Ty) i T o 72 3 ar ~ i T r 7 s [(T) T T e g

+

SIS
W=

< ceritam ()t m () L et d ()2,

Choosing ¢ sufficiently small we get that J(T:) and consequently L(73) are
bounded independently of T5 and the proof is complete. O

4.3.4 Proof of Theorem 40

Proof. Theorem 40 follows immediately from Theorem 39. Supposing that as-
sumptions in Theorem 40 are satisfied and moreover p;,ps € (2,00] then we
proceed in the following way: if moreover ps € (2, c0], we put

2p;
pi—2’

qi = 7;:1727(]3:2

and
2p3

p3—2
If p3 = 2, then we choose € € (0,1/4) such that

371 1 1 1
(=+=)-3%
4 D1 D2 4 2+€

rL=Ty =2, T3 =

and put
2pi
pi — 2

qi = i:1727 q3:2+€a

4+ 2¢
rL=r9g=2, r3g= .
€

It is possible to verify that in both cases all the conditions (4.2.12)-(4.2.15) are
satisfied. Moreover, the veracity of (4.2.16) follows immediately from (4.2.17)
and the choice of ¢; and g3. So using Theorem 39 we get the regularity of u.

If we suppose that ps € (2, 00] and p1,p2 € (1,2] then by a possible decrease
of 3 we can suppose without loss of generality that

2 1 1 1 2 p—1pp—11
0<2— (54— +—+—)<min (o, 2= B2 ),
b2

8 p1 D2 387 2p1 7 2py T4
Putting
2 1 1 1
e=2-(S+—+—+—)
B p1 P2 D2
and
U S
Q1—CI2—2€»(I3— 9
, 2
ri:#7i:1527 r3 = b3 5
pi — 2ep; — 1 p3 —2

we can again verify all the conditions (4.2.12)-(4.2.16) and complete the proof
by the use of Theorem 39. We proceed analogically in the remaining cases. [
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4.3.5 Proof of Theorem 42

Proof. We proceed in the same way as in the the proof of Theorem 39 up to the
condition (4.3.19). Let g1, ¢2 € [2,00) and

1 1 3p-3

—y—=L""

o @ 2

Then by the Holder inequality

/VU3Vuvhud9€ < HHVU3||L§°

(19l 5

L3/ sy IV g

Further,

3—p

3p—3 2
H||VU3||L§° L22/@-p < (/|Vu3‘ 3-p |83VU3|dx) B

< ||VU3|| ||53VU3||p2” < dl|V?usllp

and using also Lemma 5, we have

q1-2
/ VusVaVpuds < o [V2us]| ||Vl |2 [0y Val], 2

q1—2 qp—2
[[02Vul|,* \IVhUIlz‘”II@thuH;” ||62th\|22"2
and
T>
/ /VU3Vthudxdt
T

T ) = L 2 3—p
< [ IVl Tl Va9l V],
T
Firstly, assuming that (4.2.18) holds, we can choose ¢; and ¢o in such a way

that 1/¢1 = 1—-2/(33) —1/p and 1/qo = 1/2+2/(33) — 1/(2p). Let 1/y =
5(3—2/8 —3/p)/12. Then we can estimate by the use of the Holder inequality

T> 3
/ /VuSVthudxdt S C(T2 — Tl)y||V2u3\|L5(O,T;Lp)|\83u||z";(0’T;L2)
1

||Vu||Z§1OTL2)||thH oTLZ)vahuHL’z (0,T;L2?)

< e J(Ty) w7 L(Ty) % = cein J(Ty)2.

Secondly, let (4.2.19) hold. Then we simply put g2 = 2 and ¢; = 2p/(2p — 3)
and estimate

/ /VUg,Vthudxdt < HV USHLﬁ(O T;LP) ||8311H£‘f,1o 0,T5L2)

=p 1
||Vu||L2(o T: L2)||th||L°°(0 T;L?) ||vvhu||Lg(o,T;L2) < cen J(T2)2'

As in the proof of Theorem 36 we can now conclude that J(T3) + L(T3) is
estimated from above independently of T5 and the proof is complete. O
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4.4 Conclusions

The global regularity problem we faced above has focused on the use of the
anisotropic Lebesgue space framework, thanks to which results in literature
have been improved (see Theorems 38 - 42). We believe that the tool could
be useful to improve other results in the literature concerning, for example,
other kind of models. Moreover, we would like to mention that since different
generalizations of the Troisi inequality can also be derived, it is not excluded
that some of these generalizations could lead to an even stronger criteria.
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