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Abstract

We show that a strong solution of the compressible MHD system driven by inhomogeneous
Dirichlet boundary conditions remains smooth as long as its L°-norm is controlled.
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1 Introduction

The present paper is a continuation of our work concerning conditional regularity of solutions
to open systems arising in fluid dynamics, see [2]. The results can be seen as another evidence
supporting the celebrated Nash’s conjecture, see [16]:

Probably one should first try to prove a conditional existence and uniqueness theorem
for flow equations. This should give existence, smoothness, and unique continuation (in
time) of flows, conditional on the non-appearance of certain gross types of singularity,
such as infinities of temperature or density.

This principle can be stated in a more concise way:
boundedness = reqularity.

The fact that bounded solutions of semilinear parabolic problems are smooth is well known, see e.g.
the monograph of Ladyzhenskaya, Solonnikov, Uralceva [13]. A similar statement in the context of
systems of equations in fluid dynamics is less obvious. The problem is relatively well understood
in the context of incompressible fluids described by the standard Navier—Stokes system, where
regularity is guaranteed by the Prodi-Serrin type conditions. The compressible case, where the
Navier—Stokes system is of mixed type, the situation is less obvious. In the pioneering work of
Sun, Wang, and Zhang [17], [18], regularity of solutions to the compressible Navier—Stokes system
is conditioned by boundedness of the density. In view of the recent results of Buckmaster et al. [4],
and Merle et al. [14], [15], this criterion seems almost optimal. Besides, there are several results
based on boundedness of solutions available in the literature. Fan, Jiang, and Ou [5] consider
the compressible Navier—-Stokes—Fourier system in a bounded fluid domain with the conservative
boundary conditions. The same problem is considered by by Huang, Li, Wang [9]. There are



results for the Cauchy problem Huang and Li [8], and Jiu, Wang and Ye [10]. In [7], the blow
up criterion for both the Cauchy problem and conservative boundary conditions is formulated in
terms of the maximum of the density and a Serrin type regularity for the temperature. We refer
to Wen and Zhu [22], [23] for previous results in this direction.

1.1 Compressible magnetohydrodynamics

Basically all results mentioned above apply either to the Cauchy problem or the boundary value
problem with conservative boundary conditions. Much less seems to be known for physically rele-
vant open systems, with a non—zero energy and possibly mass flux through the kinematic boundary.
Following our work on the Navier-Stokes—Fourier system [2] we consider the compressible magneto-
hydrodynamics (MHD) system describing the time evolution of the density o = o(¢, x), the velocity
u = u(t,z), the (absolute) temperature ¥ = ¥(t,z), and the magnetic field B = B(¢,z) of a
compressible, viscous, electrically and heat conducting fluid, see e.g. Weiss and Proctor [21]:

( )
Jro + div,(ou) = 0; (1.1)
O¢(pu) + div,(ou ® u) + V,p(o, ) = div,S(D,u) + curl,B x B + og; (1.2)
0B + curl, (B x u) + curl,(¢curl,B) =0, div,B = 0; (1.3)
Oi(0e(0,))+div,(oe(o, 9)u)+div,q(V,0) = S(D,u) : Dyu+|curl,B|* —p(o, ¥)div,u. (1.4)

. J

The viscous stress S is given by Newton’s rheological law
1 1
S(D,u) = 2u (]D)xu — gdivzu]l> + ndiv,ul, D,u = 3 (Vmu + V;u) , >0, 7>0. (1.5)

The heat flux obeys Fourier’s law
q(V.0) = —kV,0, k>0, (1.6)

where the transport coefficients p, 1, k as well as the the magnetic diffusion coefficient ¢ > 0 are
constant. The equations of state for the pressure p and the internal energy e are given by the
standard Boyle-Mariotte law of polytropic perfect gas,

plo, V) = 0V, e(o,9) = ¢V, ¢, > 0 constant. (1.7)

1.2 Boundary conditions

We suppose the fluid occupies a bounded domain 2 C R? of class at least C®. The boundary 0
admits a decomposition into two components:

aQ:FDUFN, FD,FN compact, FDQFN:@. (18)
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We consider the following boundary conditions:

u‘aQ = 0; (19)
Voo = Up; (1.10)
B x n|r, =b,;, B-n|r, =0b,, curl,B x n|r, =0. (1.11)

Although the compressible MHD system shares many properties with the simpler Navier—
Stokes—Fourier system studied in [2], incorporating the inhomogeneous boundary conditions (1.11)
is not straightforward. One of the technical difficulties is the absence of a proper (local in time)
existence theory in the class of strong solutions. Tang and Gao [19] adapted the elegant LP-
framework of Kotschote [11] to the compressible MHD equations replacing (1.11) by

B|r, =14, curl,B xn|r, =0.

Apparently, the problem is overdetermined with the former while underdetermined with the latter
condition. We propose a remedy incorporating the (correct) boundary conditions (1.11) in a proper
parabolic setting introduced by Kozono and Yanagisawa [12].

The paper consists of two parts. The first one concerns a conditional regularity criterion for
the compressible MHD system accompanied with the boundary conditions (1.9), (1.10) in the
framework of regular solutions introduced in the spirit of Valli and Zajaczkowski [20]. The second
one presents a blow up criterion in the same class adapting the LP—framework of Kotschote [11]
and Tang, Gao [19].

2 Conditional regularity criterion

We adopt the class of strong solutions introduced by Valli and Zajaczkowski [20, Theorem 2.5] in
the context of the Navier—Stokes—Fourier system. Specifically, we say that (o,?,u,B) is a strong
solution of the compressible MHD system in [0, 77 if

0 € C([0,T); W**(Q), 9,0 € C([0,T); W3(Q)), (OiTn)fQQ > 0,
1) %

9 € L*(0,T; W3(Q)), 9,9 € L*(0,T; WH(Q)), (Oi%fgﬂ >0,
') %

u e L*0,T; W*2(Q; R?)), o € L*(0,T; W(; R?)),

B € L*(0,T; W3*(Q; R*)), 0,B € L*(0,T; W'?(Q; R?)). (2.1)

In particular,
(0,0, 1, B) € C(0, T); W*(Q; RY)).

Accordingly, the initial/boundary data belong to the adequate trace spaces

0(0,) = 09 € W>?(Q), inf 0 > 0, (2.2)



€N

11(07 ) =Uup € W272(Q; Rs)u (2 )
B(0,-) = By € W2%(Q; R?), div,By =0, b, € W3A(T'p; R?), b, € W22(Dy).  (2.5)

9(0,-) = vy € W**(Q), inf dy(x) >0, i € W32(69), inf 05 > 0, (2.3)
4

Strong solutions automatically satisfy the relevant set of compatibility conditions specified in
the second part of the paper.

Finally, we introduce a quantity reflecting the size of the data:
||[datal|| =
. —1 /s -1 -1
max {(lgf ) 7(1gf o)™, (gbf UB)"", ||0o, Yo, wo, Bollw22(q), [[V8, br, bu||Wg,2(aQ)a ||g||W172(Q)} :

The first result of this paper is a conditional regularity criterion in terms of the amplitude of
solutions.

( )

Theorem 2.1 (Conditional regularity.). Let Q C R? be a bounded domains with boundary
9O of class at least C3. Suppose (p,9,u,B) is a strong solution of the compressible MHD
system (1.1)—(1.6) with the boundary conditions (1.9)~(1.11) on a time interval [0,T].

Then

T
sup |[o(t,-)[lwz2(0) + sup 0oL, -)|[wr2) + / 19, 0, B) [[§ys.20; ) it
te(0,7) te[0,T 0

T
+ / || (8t".9, atu, atB) ||12/V172(Q;R7) dt
0
< A (T, lldatall, | (0,9, 0, B)l| o o1y ) - (2.6)

where A : R? — [0, 00) is bounded for bounded arguments.

We point out that we do not assume existence of a strong solution. Theorem 2.1 should be seen
as a kind of a priori bound in the class of strong solutions. If the L® norm of a strong solution is
controlled on a time interval [0, 7], then all smooth norms are controlled only in terms of the data.
The solution remains regular and can be continued beyond the time 7. The rest of this section is
devoted to the proof of Theorem 2.1.

2.1 Extension of the boundary data

It is convenient to extend the boundary data inside €.

Agﬂg =0in Q, ﬁlag == 193,



curlxcurlx]ts) =0, divx]ts) =0in €, B x n|r, = b,, B- nlr, = b, curlx]~3 xnlp, =0. (2.7)

In what follows, we use the same symbol Y5, Bg to denote both the boundary data and their
extension inside €.

2.2 Induction equation

As observed by Kozono and Yanagisawa [12], the Maxwell system (1.3) with the boundary condi-
tions (1.11) can be conveniently written as a standard (unconstrained) parabolic system

0B — (A,B = curl,(u x B) in (0,7 x €,
B xn|r, =b,, div,B|r, =0,B - n|r, =b,, curl,B x n|sg = 0. (2.8)

If a solution of (2.8) is regular, its divergence U = div,B satisfies the conventional parabolic
equation

U — AU =0in (0,T) x €,
U’FD = O, VIU : Ille = 0,
U(0,-) = div,By. (2.9)

Indeed the homogeneous Dirichlet boundary condition for U on T'p follows directly from (2.8).

Moreover,
V.U -n=V,div,B-n=curl,(curl,B) - n+ A,B-n

on I'y, where
curl,LBxn=0 = curl,(cur,B) - n=0o0nIy.

while
(A;B-n=curl,(Bxu) -n= ((B -Vy)u— divqu> ‘n=0onIy.

Consequently, the required solenoidality div,B = 0 is inherited from the initial data div,By = 0.

Kozono and Yanagisawa [12, Lemma 4.4] showed that the Laplace operator A, endowed with
the boundary conditions (2.8) is uniformly elliptic satisfying the Lopatinski-Shapiro (complement-
ing) boundary conditions. In particular, the classical Agmon-Douglis—Nirenberg theory [1] applies
yielding the following elliptic estimates:

By = (IElwe2ageu) + el oo + 106l + [Bllzogeues))
whenever
A,B=finQ, Bxn|r, =0, B-n|r, =0, curl,B xn|r, =0,
s > 2 an integer, 1 < ¢ < oo. (2.10)

Accordingly, we recover the maximal regularity estimates for the parabolic system (2.8):

10:B || (0,7 L9(0,83)) + |Bl| e (0,7w 2.0 (02, 83))



=C (’|B0||w2—%ﬂ(9;33> Tl b oy T 10 l-da g+ leurla(u B)||L"(°’T5L"(Q;RZ))>
(2.11)
for any 1 < p,q < oo. In addition, in the class of bounded solutions,
||curlx(u X B)HLP(O,T;L‘Z(Q;RS))
< A(T,||datall, [le, ¥, u, Bl| =) (vauHLP(O,T;Lq(Q)) + ||va||LP(O,T;Lq(Q))). (2.12)

As ||B]| = is a priori bounded, we may combine (2.11) with (2.12) and a simple interpolation
argument to conclude

10:B|[ e (0,;29(0:r2) + Bl oo miw2a0;r%)
<A (T7 ||dataH7 HQ? U, u, BHL‘X’) <1 + HV;,;U||LP(07T;LQ(Q))> (213>
forany 1 <p<2,1<q<6.
Remark 2.2. The restriction on the exponents p, ¢ in (2.13) is due to the assumed regularity of

the initial data Bg.

2.3 Energy estimates

The following identity termed ballistic energy balance was derived in [3, Section 3.2]:

4
a J,
2
+/ %3 (S(]D)Iu) :Dxu+m|vf;9| —|—C|curle|2> dx
Q

L0
= —/ (QS(Q, Nu- Vg — /-@V
Q 9

+/ ((B x u) - curl,Bg + (curl, B - curleB> dz +/ og - u dz, (2.14)
Q Q

1 1
(§Q|u|2 + c,00 + §|B|2 —Ypos(p,¥) —Bg - B) dz

- Vxﬁg) dz

where s = s(p,1) is the specific entropy,

s(0,9) = log (19;) .

/ log(¥p)V,Up - n do,
o0

Next, observe that

J

0
Vﬁ Vi do < ¢(||datal]),

7



and

< clle.ul=) (1+ [ 1oso)] ar).

We point out that boundedness of the velocity is crucial to control the second integral.
It is a routine matter to apply the Gronwall argument along with the standard Poincaré and
Korn—Poincaré inequalities to deduce the energy bounds:

0s(0,9)u -V, g dx
Q

sup [ ollog(@)](t.) do <A (T, [datal]. o0 Blum),  (21)
tel0,T) JQ
g 1
/ /]Dxu—gdivzuH\Q dzdt < A (T, ||datal, |, 9, u, B| =)
0 Q
T
=+ [ Wl dt < AT datall o0, 0Bl (216
[ 000+ 19 108(@)) dwar < AT aetal o, B),

= [ 1B+ [ 1080y < AT atall Lo Blis) . (2)

/ / leurl, B|Zao s dz < A(T, [datal], 0.9, wBlz~).  (218)
0 Q

where we have used Poincaré inequality to obtain (2.16). In addition, it follows from (2.16) and
the estimate (2.13) that

10:B|| 20,722 (0 r3)) < A (T, ||datal], [|o, 9, u, Bl[1=),
1Bl L20,mw22(0:r2)) < A (T, ||datal], [[o, ¥, 0, B[1=) (2.19)
and, consequently,
sup [B(t,)llw @) < A (T, |[datal], o, 9,0, B 1) (2.20)

te[0,7

2.4 Estimates of the velocity gradient

This part follows to large extent the arguments of [2, Section 4] motivated by Fang, Zi, and Zhang
[6, Section 3]. We therefore focus only on the estimates of the extra terms involving the magnetic
field.

First, let us recall the concept of material derivative of a function g,

Dig = 0ig +u-Vag.
The momentum equation (1.2) reads

oD+ V,p =div,S + curl,B x B + pg. (2.21)

8



The scalar product of (2.21) with D,u yields
o|Dul? + V.p - Dyu = div,S(D,u) - Dyu + og - Dyu + curl,B x B - D;u. (2.22)

Repeating step by step the arguments of [2, Section 4.1], we get

1d
2°dt J,
< A (T, ||datall, || o, ?, u, Bl 1<) <1+/gyth9|\vxu| dx—i—/ IV ul? dz
Q Q

1
S(D,u) : Dyu dz — i/pdivgcu do + —/ o|Dsul? dx

+

/(curle x B) - Dyu dx
Q

) . (2.23)

Finally, estimating the last integral in (2.23) by the available bounds (2.20) we obtain

1d d , 1
S QS(]D)gcu) :D,u dz — E/delvxu dz + §/QQ|Dtu|2 dz
< A Jautal .00 B (14 [ DIVl a b [ (90 ot Dl ).
Q Q

(2.24)

where we have used (2.17). Integrating the above inequality in time and using standard Hélder
type estimates we conclude

TG o / / oDl dz

< A(T, ||datal], |0, 9w, B| ;=) <1+/ /Q|Dﬂ9|z dde/ | Dol 2 g
0 Q 0

+/ /\qu|4 dxdt). (2.25)
0 Q

2.4.1 Higher order velocity material derivative estimates
Applying material derivative to the momentum equation (2.21) we get
oD*u+ V,0,p + div,(Vep @ u)
= M(Al@tu + div,(Ayu ® u)> + (77 + ﬁ) <deivx8tu + div, ((Vdiv,u) ® u) > +ou-V,g

3
+ O0y(curl,B x B) + u- V,(curl,B x B). (2.26)

Thus, exactly as in [2, Section 4.1], we obtain
1d

—— [ o|Duf? dx—i—,u/ |V.Dul* dz + <7]+H> / |div, Dyu)|* dx

9



< A (T, ||datall, |0, ¥, u, B||1=) (1—1—/99\Dt19|2 dx+/Q|qu|4 dx+/Qg|Dtu|2 dz
+/Q [@(curle x B) +u-V,(curl,B x B)] - Dyu dx) : (2.27)
Next, using the relation
curl,B x B = div, (B ©B — %\BFH)
we may rewrite the integral
/Qat(curle « B)- Dy dz = —/Qat (B 2B — %|B]2]I> .V,Dyu dz. (2.28)

As 0,B is already controlled by (2.19), the integral (2.28) can be absorbed by the left-hand side
of (2.27). Accordingly, we get

1d

oW Q|Dtu|2 da:—i—,u/ |V.Dul* dz + <7]—i- /|d1v,,3Dtu)|2 dz

< A (T, ||datall, || o, ¥, u, B|| 1) <1+/Q\Dﬂ9\2 d:l:—i—/ |V, ul? dx—i-/ o|Dul* dz
0 Q Q

+

/ u-V,(curl,B x B) - D,u dx
Q

> . (2.29)

Finally, by parts integration yields
/ u-V,(curl,B xB): Du dzr = — / u- (curl,B x B)-V,D;u dx
Q Q
—/ V.,u- (curl,B x B) - D;u dz,
Q

where, similarly to the above, the first integral on the right-hand side can be absorbed because of
(2.20). Next, by Holder’s inequality,

/ V.u- (curl,B x B) - D;u dx
Q

S \|V$u||L4(Q;R3)||curle X B||L4(Q;R3)||Dtu||L2(Q;R3)
< 0||Dpul[ 729 + €(0) (/ [Veult do + [eurl,B x B||i4(Q;Rs)) :
Q
where, by virtue of (2.19) and Gagliardo-Nirenberg inequality,

sup ||curl,B x BHL4(Q gy < A(T, ||datal, [|o, ¥, u, Bl 1<) . (2.30)
te(0,7T)

10



Thus we rewrite (2.29) in the final form
[l datre [ ID g
Q 0

< A (T, ||datal, |0, ¥, u, B||L=) <1+/ U o|D,9)? dx—i—/ IV, ul! dx+/Q|Dtu|2 dx} dt).
0 Q Q Q

(2.31)
2.4.2 Velocity decomposition
Following Sun, Wang, and Zhang [17], we decompose the velocity field in the form:
u=v-+w, (2.32)
div,S(D,v) = V.p(0,9) in (0,T) x 2, v|sq =0, (2.33)
div,S(D,w) = pDyu — pog — curl,B x B in (0,7) x Q, w|gq = 0. (2.34)
Since
div,S(D,0yv) = V,0p in (0,T) x Q, v]sq =0,
we get
1d
/ Op div,v do = —/ Vop-v de=-— [ S(D,v):D,v dz. (2.35)
Moreover, the standard elliptic estimates for the Lamé operator yield:
| V]wrarsy < A (T, ||datal], [|o, ¥, u, B||g~) forall 1 < ¢ < oo, (2.36)
[Vllw2airey < A(T, |[datal], [[o, 9, 0, Bl|z=) (| Vaol ra@ire) + IVl Lary) 1 < g < o0.
(2.37)
Similarly,

[[w] W2.2(Q;R3)

SA (T, ||data”, ||Q7’l9, u, B||Loo> (1 + ||\/§atll||L2(Q;R3) -+ ||v$u|lL2(Q;R3X3) + ||VJIB||%2(Q;R3X3)>
<A (T> ”dataHa ”Q’ U,u, BHL"O) <1 + H\/EatuHLQ(Q;Rf*) + ||quHL2(Q;R3X3)>a (238>

where the last estimate follows from boundedness of the magnetic field stated in (2.20).
In view of (2.36)—(2.38), we deduce a Gagliardo—Nirenberg type estimates for the velocity field

4 <
/Q|qu|4 dz = ||V:vu||L4(Q;R3x3) ~ ||VIV||ZI{4(Q;R3X3) + ||vzwl|i4(Q;R3X3)
< A (T |[datall, o, 9, w, Bllze) (1 + Wl e e 180 W22 009 )
< (T, |[datall lo, ¥, 0, Bll<) (1+11Vaanl g + IVaulfaqy ), (239)

where ~ means there is a constant ¢ > 0 such that f < cg. Note that u and v are bounded in L*>
in terms of the data and so is w.

11



2.4.3 Temperature estimates

Here again, we anticipate the estimates obtained in [2, Section 4.3] with the exception of the
B—dependent source term. Accordingly, multiplying the internal energy equation on 0,9 and
integrating by parts, we report the following estimate:

/|vxq9|2(7,-) da:+/ /Q|th9|2 dxdt—/ﬂS(Dxu)  Dyu(r, ) dx—C/ﬁ]curlzB]2(7,~) dz
Q 0o Jo Q Q
< A (T, ||data]l, ||o, ¥, u, B/ 1) <1 +/ / (V29?4 [Veu)?) dzdt —i—/ H\/EatllH%Q(Q;Rs) dt
0o Jo 0
- C/ /198t]curlmB|2 d:cdt), (2.40)
0o Jo
where, by virtue of (2.20),
/ J|curl,B|*(7,-) dz < A (T, ||datal], ||o, 9, u, Bl|1~).
Q
The last integral in (2.40) can be rewritten in the form
/ O;|curl, B> dz = 2/ Jeurl,B - curl,0,B dr = 2/ 0;B - curl, <19(:urle> dx.
Q Q Q

Indeed
Yecurl,B - curl,0,B = curl, (ﬁcurlzB> - 0,B — div, (ﬁ(@tB X curle)>.

Moreover, since b, is independent, it follows that

/ div, (19(8tB x Curle)> do = / 9(&,B x curl,B) - n do
Q I'p
+/ 9¥(0;B x curl,B) -n do = 0.
NN
Next, we write
/@B-curlx (19curl$B) dr = / 90;B - curl,curl,B dx—l—/ 0B - (curl,B x V,9) dz, (2.41)
Q Q Q

where

/Q&gB - curl, (ﬁcurle) dx

<A (T, HdataH, HQ, 19, u, BHL‘X’) ”BHw2,2(Q;R3) HatB”LQ(Q;R:s). (242)
Finally, the last integral in (2.41) can be handled as follows:

/ 0B - (curl,B x V,¥) dz
Q

< IV 200 1 Bllwrasrs) |0:Bl Lao; rs)

12



< Hvxwﬁ'ﬂm;m) + HBH%/VL“(Q;R?’)HatBH%‘l(Q;R?’)'
Moreover, the maximal regularity estimates (2.13) for the induction equation yield

Sllp) ||B||W174(Q;R3) + HatBHLQ(O,T;L‘l(Q;RS)) S A (T, Hdata||, HQ, 19, u, BHLOO) (1 —+ ||Vmu|\L4(Q;33x3)).

te(0,7
(2.43)
Thus we may infer that

/ /atB . (curle X V:,ﬂ?) dl’dt' S/ /‘Vﬁ&ﬁ d.%’dt—F/ HBHIQ/VlA(Q;R?’)HatBH%4(Q;R3) dt
0 JQ 0 JQ 0

T 2
1+ (/ HVIUH%4(Q;R3X3)dt) ]
0

§/ /\qu9|2 dz dt + A (T, ||datall, || o, ¥, u, Bl 1) <1+/ /|qu|4 dxdt). (2.44)
0 Jo 0o Jo

< [ [ V.0 dede+ A (2, [datal .9, Bl
0 Q

Consequently, in view of the previous estimates, we may rewrite (2.40) in the form
/|Vz7~9|2(7—7-) dx+/ /Q|Dt19|2 dxdt—/f}S(]D)wu) - D,u(r, ) dz
Q 0 JO Q

< A(T, |datal], |, 0, u, B =) (1+ / / (V.9 + [Voul) dedt+ / /@002 g
0 Q 0

+/ /|V$u|4 dxdt). (2.45)
o Jo

2.4.4 Estimates of the velocity gradient - conclusion

Controlling [, |V,ul* dz by means of (2.39) we can put together (2.25), (2.31), and (2.45) to
conclude

/ ol Doul® + [Voul® + 60| D9 — 69S(Dyu) : Dou] (7, ) de
Q

+ / | D21 syt + / / ol Deuf? dz dt
0 0 Q

< A (T, |[datal|, o, 9, w, B|| ) <1+/ [/ o Dt dx—i—/ /Qyptup dx] dt> (2.46)
0 Q 0 Q

for any 0 > 0. As 1 is bounded, we may choose § > 0 small enough and use the standard Gronwall
argument to close the estimates.
Summarizing we record the following bounds:

sElp] la(t, ) |lwrz@rs) < A (T, ||datal], ||o, ¥, u, B||z~), (2.47)
tel0,T
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sup ||voDw(t, )| r2rs < A (T, ||datal, [0, 9, u, B|| 1), (2.48)

te[0,T
sup [[J(t, -)[lwr2(@) < A(T [[datal], [, ¥, u, B[ <) , (2.49)
te(0,7)
T
/ / |V.Dul* dzdt < A (T, ||datal], ||o, 9, u, B||r~), (2.50)
0o Ja
T
/ / o|DY* dzdt < A(T,||datal], |lo, 9, u, B|z). (2.51)
o Ja
Moreover, it follows from (2.36), (2.39), (2.48)
s[up) (|Vault, )| zarexsy < A (T, ||datal], [0, 7, u, B||z) . (2.52)
telo,T

In addition, in view of (2.20), (2.51), (2.52), the internal energy balance (1.3) yields

T
| 1900y de < A (2 data] .9, . B ). (2.53)
0

2.5 Higher order estimates
2.5.1 Velocity
It follows from (2.38), (2.47), and (2.48) that

sup [w(t, )lwe2oirs) < AT, [|datal], [lo, ¥, u, Bl ) . (2.54)
telo,T

This bound, together with (2.36) and Sobolev embedding W'2(Q) < L5(Q), gives rise to

sup. IVaa(t, )l Lsrsxs) < AT, [[datall, [|o, 0w, B[ ) . (2.55)
tel0,T

Moreover, by virtue of (2.50), the material derivative Dyu is bounded in L?(L?), which, combined
with (2.55), yields

T
| 100l dt < A (T, datal .0, B ). (2.56)
Going back to (2.34) and using (2.20) with (2.55), (2.56), we get
T
| IRy dt < A (T, datal o, 2,0, ) (257
and, in accordance with (2.36),
T
/ [alf10g;mey At < A (T, [|datal], [lo, 9, u, B| ) for any 1 < g < oo. (2.58)
0
Remark 2.3. Strictly speaking, the bound (2.58) depends also on g.
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2.5.2 Density

Using (2.57), (2.58), we may proceed exactly as in [18, Section 5] to deduce the bounds on the

density
SuptE[O,T) (Hatg(t? ')||L6(Q) + ||Q(t, ')HWLG(Q)) < A (T7 ”dataHv HQv 197 u, B||L°°) .

2.5.3 Momentum equation revisited

The momentum equation reads

div,S(D,u) = pDyu + V,p — og — curl, B x B,

(2.59)

where, by virtue of (2.57), (2.58), (2.59), and (2.19), the right-hand side is bounded in L?(L9).

Thus the standard elliptic estimates for the Lamé operator yield
T
| Tl dt < A (T, datal .9, . B ).
0
In particular, as W16 «— >,

T
/0 IV aullZo o, psxs) dt < A (T, ||datal, o, 9, u, Bl| ).

2.5.4 Lower bounds on the density and the temperature

(2.60)

(2.61)

In view of (2.61), the standard method of characteristics an be applied to the equation of continuity

(1.1) to deduce a positive lower bound on the density,

inf t.x) > o(T) >0
il o o(t,x) > o(T) > 0,

in other words,
HQ_IHLOO(((),T)XQ) < A (T, ||datal], [|o, ¥, u, B[ 1) .

Now, we may write the internal energy equation (1.3) in the form

1

¢y (O +u-V,0) — EAmﬁ = — (S(Dyu) : Dyu + ¢|eurl,BJ?) — ¥div,u.
%

0

Applying the standard parabolic maximum/minimum principle we conclude

9 ) < A(T, ||datal], [0, 0, u, B[ =) .

' ||L°°((0,T)><Q
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2.5.5 Induction equation revisited

Using the bound (2.55) on the velocity gradient, we may apply the maximal regularity estimates
(2.13) to obtain

HatBHLz(O,T;LG(Q;Rs)) + HBHLQ(O,T;WQvG(Q;R3)) ,f, A (T, HdataH, HQ, 19, u, BHLoo) (266)
for any 1 < p < o0.

2.5.6 Parabolic estimates for the internal energy balance

Introducing a new variable ©® = ¥ — ¥ we may rewrite the internal energy equation as
1
Cr0 O — EAx@ = - (S :Dou+ C|curle\2) — Jdivy,u — cyu - V0 (2.67)
Y 0

with the homogeneous Dirichlet boundary conditions
Olon = 0. (2.68)

In view of the bounds (2.55), (2.66), the right-hand side of the above equation is bounded in
LP(L3), 1 < p < co. Thus the maximal regularity parabolic estimates yield, in particular,

Haﬂ9|\L2(o,T;L3(Q)) + HﬁHL?(O,T;W?vS(Q)) <A (T, ||datal], ||, ¥, u, B[ 1) . (2.69)

2.6 Final estimates

The final estimates are obtained by differentiating the internal and induction equation in time.
Introducing new variables 7 = 0;1 and B = 0,B, we obtain

T +cou-VoT — AT = —c,0u - V,0 — aLf </<;Ax19 +S(Dyu) : Dyu + §|curlzB]2>
0 0
2 1
+ —S(D,u) : D,0yu + —at(C|cur1xB|2) — Oyvdiv,u — 9div, 0,
0 0

Tloa = 0; (2.70)
and

0B + curl, (B x u) + (curl,curl,B = curl,(0,u ® B),
B xn|r, =0, B-n|r, =0, curl,B x n|r, =0. (2.71)

Using the bounds previously obtained, we get
o € L*(0,T;WH(Q)), 0B € L*(0,T; WH2(Q; R?)) (2.72)
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and
Vv € L*(0,T; W32(Q2)), B € L*(0,T; W**(Q; R?)). (2.73)

Finally, going back to the momentum equation and using the same argument, we deduce
o € L*(0,T; WH2(Q; R?)), u € L*(0,T; W>?(); R?)). (2.74)

the required bounds for the density follow directly from the equation of continuity (1.1).
We have proved Theorem 2.1.

3 Blow up criterion

The main obstacle in converting the estimates presented in Theorem 2.1 into a blow up criterion is
the absence of a local existence result in the function spaces class used in Theorem 2.1. Indeed the
local existence proved by Tang and Gao [19], modulo the correct choice of the boundary conditions
(1.11), is established in the LP— setting. In particular, the magnetic field B belongs to the class

00,001, 0,B € LF(LP), ¥,u,B € LP(W??), 0,0 € LP(LP), o € C(W'P), p > 3. (3.1)

The regularity of the initial data in Theorem 2.1 is W22, Seeing that
W22 s W2 5P for 1 <p < %

we conclude that the initial data considered in Theorem 2.1 give rise to a (unique) local strong
solution in the class (3.1) for any 3 < p < &.
Consider the induction equation (1.3) written for the modified magnetic field b = B — Bg:

O:b — Ccurl,curl,b = curl,(B x u), b xn|r, =0, b-n|r, =0, curl,b xn|r, =0. (3.2)
Applying the operator curl, to (3.2), we get
d:h — (curl,curl,h = curl,curl,(B x u), h-n|r,, h xn|r, =0, (3.3)

where we have denote h = curl,b.
Next, in view of the bounds (3.1), we claim that

curl,curl, (B x u) € L?(0,T; LP(£; R?)).
Applying the maximal regularity estimates 2.11 we conclude

curl,b, € L*(0,T; LP(Q; R?)), curl,b € L*(0,T; W??(); R?)),
and curl,b € C([0, T]; W (Q; R?)). (3.4)
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It follows from (3.4) that the Lorentz force in the momentum equation (1.2) as well as the heat
source in the internal energy equation (1.3) belong to the regularity class:

curl,B x B € L*(0, T; W"(Q; R*)), 0;(curl,B x B) € L*(0,T; L*(; R?)),
lcurl,B|? € L*(0, T; W"2(Q; R*)), 0,(Jcurl,B*) € L*(0,T; L*(; R?)). (3.5)

In view of the estimates (3.5), we may interpret solutions of the compressible MHD system as
solutions of the Navier-Stokes-Fourier system (1.1), (1.2), (1.4) driven by a source term on the
right-hand side. By virtue of [20, Theorem 2.5], the solution (g,,u) belongs to the class (2.1).
Thus we have shown that the local solution guaranteed by [11], [19] emanating from the more
regular data (2.2)—(2.5) belongs to the regularity class (2.1). This fact, combined with Theorem
2.1 yields the following blow—up criterion.

( )

Theorem 3.1 (Blow—up criterion). Let Q C R® be a domain of the class at least C®. Let the
initial and boundary data belong to the reqularity class (2.2)—(2.5) and satisfy the compatibility
conditions:

190|89 = 1937 uOlaQ = 07 BO X n|FD = bTJ BO : n|FN — bu, CurlzBo X n|FN = 0,
diVx(QOuO & uO) + pr(go, 7.90) = leI(SanuO)) + CurleO X BO + QOg’aQ — 07
[curlx(Bo X ug) + Ccurl:ccurleO} x np, = 0,
[curlx(BO X up) + CcurlzcurleO} n|r, =0,

Qoe(go, 190)110 + leIQ(VI’ﬁo) — S(]D)xuo) . Dxuo — C\curle0|2 — p(@o, ﬁo)diVmUObQ = 0.
(3.6)

Then the compressible MHD system (1.1)—(1.11) admits a strong solution in the class (2.1)
defined on a mazximal time interval [0, Thyax). If Tmax < 00, then

limsup ||(o,w, ¥, B)(t, -)|| o (:r5) = 00.

t—Tmax—
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